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Preface 


The present textbook is designed for university students studying science and 
engineering, and can be used in one-semester or two-semester courses. I have 
aimed for a comparatively short book that would give a sufficiently full expo- 
sition of the fundamentals of the theory of functions of a complex variable to 
prepare the student for various applications. Several important applications 
in physics and engineering are considered in the book. 

At the same time I have not skimped in the thoroughness of the presen- 
tation: all theorems (with a few exceptions) are presented with proofs. No 
previous exposure to complex numbers is assumed. In one respect this book 
is larger than usual, namely in the number of detailed solutions of typical 
problems. I hope this makes the book useful for self-study as well. 

A specific point of the book is the inclusion of the Laplace transform in a 
textbook on Complex Analysis. As a rule the Laplace transform is studied in 
textbooks on differential equations, separately from Complex Analysis. But 
such a presentation is incomplete because these two topics are closely related 
to one another. Concepts in Complex Analysis are needed to formulate and 
prove some of the basic theorems in the theory of Laplace transform, such as 
the inverse Laplace transform formula. Moreover, methods of Complex Anal- 
ysis provide an alternative approach for solving typical problems involving 
Laplace transforms. For instance, we provide a second method of calculating 
the inverse Laplace transform. 

An essential part of the book is a translation from the Russian edition 
[3]. Work on the original version of the textbook was begun at the suggestion 
of Professor B.P. Osilenker, to whom I am grateful for discussions about the 
structure of the book and other valuable advice. I also owe a debt of thanks to 
Professor S.Y. Khavinson, who carefully read the manuscript of the Russian 
edition and made numerous comments and suggestions contributing to its 
improvement. 

I am grateful to the translator of the book Dr. Andrew Dabrowski, co- 
operation with whom contributed to the deep revision of the original text. 
Moreover, he provided me with invaluable technical support. 

On the advice of reviewers, a large chapter has been added to the book 
containing applications of Complex Analysis. I want to express my deepest 
gratitude to the reviewers Professors James Brennan and Al Boggess for their 
advice, which contributed to the improvement of the book. 
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Introduction 


Over the course of human history the introduction of increasingly broader 
classes of numbers arose from practical needs. Thus the need to count ob- 
jects led to the emergence of natural numbers, the nonnegative whole num- 
bers. Even this concept did not arise at once; its formulation took centuries. 
For the measurement of magnitudes allowing arbitrary subdivisions, fractions 
were required. With the development of algebra the need to solve linear and 
quadratic equations led to the introduction of negative numbers, which Dio- 
phantus employed freely already in the 3rd century C.E. In this way were 
introduced the rational numbers, which can be represented as ratios of inte- 
gers, or equivalently all integers and fractions, whether positive or negative, 
and zero. 

Already the ancient Greeks had encountered the need to expand the class 
of fractions, having discovered that not all line segment lengths can be ex- 
pressed rationally in terms of a given unit length segment—for example, the 
diagonal of a square cannot be expressed rationally if the square’s side is taken 
as the unit. Numbers which are not rational, i.e. which cannot be expressed 
as a ratio of two whole numbers, are called irrational. The union of the ratio- 
nal and irrational numbers forms the set of real numbers. Each real number 
corresponds to a point on the number line, and conversely each point on the 
number line corresponds to a real number. In this way the real numbers fill 
and exhaust the number line. 

Operations with “new” numbers, the squares of which are less than zero, 
were begun by the Italian mathematicians Cardano and Bombelli in the 16th 
century. They arrived at the need for these strange numbers in developing 
methods for the solution of the cubic equation. Of course the square of any 
real number is greater than or equal to zero; so these new numbers, and the 
wider class of complex numbers in which they were included, were treated with 
suspicion for a long time—in fact as late as the 16th and 17th centuries many 
European mathematicians did not even recognize negative numbers, calling 
them false or impossible. 

The distrust of complex numbers dissipated only at the end of the 18th 
century, after the celebrated work of Euler and Gauss and the geometric in- 
terpretation of complex numbers as points in the plane. This geometric in- 
terpretation shows that there is no fundamental distinction between real and 
complex numbers: they both can be drawn in the plane, the real numbers cor- 
responding to just the x-axis while the complex numbers correspond to the 
whole plane. Operations on real and complex numbers have the same basic 
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properties and are performed according to the same rules. Thus the set of real 
numbers forms part of the set of complex numbers. 

Complex numbers lend clarity and completion to some areas of classical 
analysis. They permit the solution of a number of problems to which complex 
numbers might seem irrelevant; one of these, the evaluation of improper in- 
tegrals, will be considered later. Note that complex numbers, unlike the real 
ones, arose not from the practical needs, but from the demands of mathemat- 
ical theory. Subsequently, these numbers found important applications in the 
mathematical descriptions of processes in physics and engineering, for exam- 
ple in hydrodynamics, aeronautics, electro-magnetism, elasticity, etc. Some of 
these applications will be considered in this book. The former suspicion lingers 
only in a few vestigial terms like “imaginary”; the development of the theory 
and its diverse applications have long since established equal rights for real 
and complex numbers. 
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Complex Numbers and Their Arithmetic 


1.1 Complex Numbers 


A complex number z is an ordered pair (x,y) of real numbers x and y. That 
(x,y) is an ordered pair means that if x 4 y then (a, y) is distinct from (y, x); 
in other words not just the values of x and y are important in identifying the 
pair, but also the order in which they are listed. 


Complex numbers have a y 
simple geometric meaning. 
Introduce a system of rect- 
angular Cartesian coordi- 
nates into the plane (Fig. 
1). Then every pair z = 
(x,y) of real numbers cor- 
responds to a point in 
the plane with coordinates 
(x,y), and conversely every 
point in the plane corre- 
sponds to a complex num- 
ber z = (a, y). Fig. 1 


The first component 2 of the complex number z = (2,y) is called the 
real part of z and is denoted by x = Rez; the second component y is called 
the imaginary part of z and is denoted by y = Imz. The terms “real” and 
“imaginary” harken back to the uncomfortable early history of the theory of 
complex numbers; it is plain to us nowadays that the first coordinate of the 
point z is no more real than the second. 

When the points are thought of as complex numbers we refer to the plane 
as the complex plane, and denote it by C. Two complex numbers 21 = (#1, y1) 
and z2 = (x2, y2) are considered equal if 2; = x2 and y; = ye, or in other 
words if z; and zg correspond to the same point in the plane. 

Complex numbers of the form z = (2,0) fall on the z-axis, which is iden- 
tified with the real number line. The x-axis is therefore called the real azis, 
and the number z = (z,0) is usually written simply as a: 


z= («,0) =z. 
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2 Complex Numbers and Their Arithmetic 
In particular, z = (0,0) is denoted simply as 0. 


Complex numbers of the form z = y 
(0, y) fall on the y-axis, which is there- 
fore called the imaginary axis, honor- 
ing historical practice, and z = (0, y) is 
called a pure imaginary number. The 
particular number (0,1) is called the 
imaginary unit, and is denoted by i 
(Fig. 2): 


z= (0,1) =2. Fig. 2 


Sometimes it is convenient to think of a complex number z = (a, y) as the 
vector Oz from the origin to the point (x,y), in other words as the position 
vector of the point z. The length of this vector is called the modulus of the 
number z and is denoted by |z]|. So |z| is equal to the distance of the point z 
from the origin. Applying the Pythagorean theorem to Fig. 1, 


r= lava ye (1.1) 


The angle ¢ between the positive z-axis and the vector Oz, measured in the 
counterclockwise direction, is called the argument of z, and is denoted by 
@ = argz; for the number z = 0 the value of argz is undefined. We will 
measure the angle in radians. 


Example 1.1 Graph the set of points in the complex plane defined by the 
inequalities 
jz] <4 and 1<Imz<3. 


Solution The inequality |z| < 4 says am 
that the distance from z to zo = 0 is 4i 
less than 4; this set of points is the inte- 7 311 o™~ 
rior of the circle centered at the origin Ji; 

with radius 4. YH 
The condition 1 < Imz < 38 says that 
the y-coordinate of the point z is be- 
tween 1 and 3; the set of such z is the 
strip lying between the horizontal lines 
y=landy=3. 

The desired set is the intersection of 
the disk and the strip, shown in Fig. 3; 
note that the boundary of the shaded 


Vy 


region is not included in the set. Fig. 3 
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It is clear from Fig. 1 that 


x=rcos ¢, y=rsing (1.2) 
from which we get 
x x 
cos@¢=—-—= ; 
Tr 2 aa y? 
y y (1.3) 
sin @ = " = yea 


The value of arg z is not determined uniquely, but only up to a term 27n, 
where n is an integer. It is useful to define the principal value of the argument 
of z to be the value of the argument that satisfies the inequality 


—™7<@<T. 


The principal value of the argument of z is denoted by Arg z. In the future 
the vector Oz will usually be denoted simply by z. 


1.2. Operations with Complex Numbers 


1. The sum and difference of 
complex numbers as well as y 
the multiplication of a com- 
plex number by a real one 
are determined in exactly the 
same way as the correspond- 
ing operations on vectors. Let 
z1 = (a1, y1) and zg = (£2, y2) 
(Fig. 4). Then the sum of z 
and z2 is defined as the com- 
plex number 


Z= 2+ 2 


Z= 24 +22 => (a1 +22, YitYye)- 


The difference is defined as the 
complex number 


‘Z = 22 
Fig. 4 
Z= 21-2 = (41-22, yi — Ye). 

So the sum or difference of two complex numbers corresponds to the sum 
or difference of their real and imaginary parts. From Fig. 4 we see that the 
modulus |z1 — z2| is equal to the distance between the points z, and 22. 
Therefore, the distance p(z1, z2) between two points z; = x, + ty, and 22 = 
Z2 + ty is found by the formula 


p(21, 22) = V/(#1 — 2)? + (y1 — yo)? = lar — 29]. 


4 Complex Numbers and Their Arithmetic 


By this, the equation of the circle of radius R with center at the point z looks 
like |z — zq| = R, and the set of points z lying within the same circle is given 
by the inequality |z — z9| < R. 
The product of the complex number z = (x,y) with the real number 4 is 
defined as 
Az = (Ag, ry). 


Since (see Fig. 4) side Oz of the triangle 0zz; cannot be longer than the 
sum of the lengths of the other two sides, we get the triangle inequality 


|z1 + 2a] < |z1| + zal; 


equality occurs if and only if the vectors z; and z2 are co-directed, that is 
pointing in exactly the same direction. 

Now we introduce another way of expressing the complex number z = 
(x,y). Writing (7,0) = x and (0, y) = (0, 1)y = iy, we get 


z=(a,y) = (2,0) + (0,y) = a+ iy. 


The expression z = x + iy is called the algebraic or Cartesian form of the 
complex number z. Substituting the formulas from equations (1.2) gives the 
expression 


z=rcos@+irsingd=r(cosd+isingd), r= zl, (1.4) 
which is called the trigonometric or polar form of the complex number z. This 


provides a natural way of using the polar coordinates (r,@) in the complex 
plane, and can be very helpful in some contexts. 


Example 1.2 Express the complex number z = —2+2,/3i in trigonometric 
form. 


Solution Here « = —2 and y = 2\/3. Therefore the point representing the 
number z lies in quadrant II (Fig. 5). 


By formula (1.1) 


r= \/(—2)2 + (2V3)? = V44+ 12 =4. 


Then by formulas (1.3) 


2 1 
cos ¢ = ar eae 
sing = . 


Since cos @ = —} we have 
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1 2 
o= +cos~+ (-5) + 20k = tan + 2k, 


with k € Z, where Z denotes the set of integers {0,+1,+2,...}. Since ¢ lies 
in quadrant II, we must have 


2 
ob=argz= gt + 2nk, 


2 


37. Therefore in trigonometric 


and the principal value of the argument is ¢ = 
form the number z becomes 


4 ge es el 
—— a 1sin — " 
3 3 


Of course one may use other values of the argument: 


2 
z = 4cos (F a ont) + 4isin (F i ont) 


for k = 0,-+1,+2,.... 


Example 1.3 Plot the set of points z in the complex plane which satisfy 
the equation 
jz—2+i|=|z+5—-2i]. 


Solution The value of |z— zo| is the 
distance between the points z and 2. 
So the given equation says that z is 
equidistant to the points a = 2—7 and 
b = —5+ 27. From geometry we know 
that the set of such points is precisely 
the perpendicular bisector of the seg- 
ment ab as shown as Fig. 6. Here the 


15 = midpoint of a and 6 is 
a Oe  2=8-5420 | oe 
3° = 2 or 


So the desired set is the line through c 
Fig. 6 which is perpendicular to ab. 


Example 1.4 Graph the set of points in the complex plane defined by the 
system of inequalities 


|z — 32] < 2, [Arg 2 — | < - Imz < 4. 


6 Complex Numbers and Their Arithmetic 


Solution (a) First we graph the points satisfying |z — 37| < 2, which is 
the set of points of distance less than 2 from 32: this is the interior of the 
disk centered at 32 with radius 2 (Fig. 7 a); the boundary of the disk is not 
included in the set. 


(b) The inequality 
lar Zz | < ’ 
be ISG 
is equivalent to the relations 


2 
= < Argz- >< 7 or << Argz< a 
The points z, which satisfy these conditions fill the interior of the sector bor- 
dered by the rays at angles 3 and 2 to the x-axis (Fig. 7 b). 


(c) The set Imz < 4 is the open half-plane 
lying below the line y = 4; the line itself is not 
part of the set. 

The desired set is the intersection of the three 
sets constructed: a “hexagon”, three of whose 
sides are curved (Fig. 8). The boundary is not 
part of the set. 
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2. Now we consider the multiplication operation on two complex numbers. 
Let us start with the simple product i-i=7i?. We define 


?=-1. (1.5) 


This definition is of fundamental importance. We know that for any real 
number, represented by a point on the x-axis, the square is nonnegative. But 
among this wider class, the complex numbers, we find some numbers whose 
square is negative. Such numbers must correspond to points in the plane that 
are not on the z-axis. 


On first seeing complex numbers students often ask, Why is 7? equal to —1 rather 
than some other value? From a formal point of view, equation (1.5) is a definition 
which does not require proof (beyond its consistency with existing facts). But that 
answer is not considered convincing. Let us try to find a reason for setting the value 
of i? equal to precisely —1. Given that we naturally want to preserve the customary 
rules of algebra in our multiplication of complex numbers, one particular rule we 
would like to keep is the distributive law: 


ziz2 = (a1 +iy)(o +i yo) = cite +iyiei tiniys +7 mye, 
while also maintaining the property of the modulus that 
|2122| = |za| |zel, 


which holds for all real numbers. 
We will show that these two properties can be preserved only by assuming equa- 
tion (1.5). Take z1 = 1+ and z2 = 1—i. If these two properties hold then 


mz =(i+i\(1—i) =14+i-i-#? =1-7; 


|1 — é?| = |z1z0| = |z1| |zo| V1? 4 12,/12 + (-1)? = 2. 


Setting w = —i?, we will show that w = 1. In fact, 


1-# =14 (-#) =14w, 
from which 
\1 + w| =|1—27| =2. 
On the other hand w = i(—1), so by the modulus property 
lu] = [él] — i] = 1. 
This means that 
|l+w|=2=]1)4+|w. 


The equation |1+ w| = |1|+|w| implies (by the triangle inequality) that the vectors 
corresponding to 1 and w are in the same direction. Since |w| = 1, that means that 
w and 1 are identical, i.e. w = 1. Hence, —i? = 1, and equation (1.5) follows. 


With that established, the product of two arbitrary complex numbers given 
in algebraic form can now be calculated as follows. Let z; = x1 +7y, and 
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22 = ©2+7Yy2. We expand the product using the standard distributive law, 
and then simplify using the identity i? = —1. 
2122 = (x1 + iyi) (x2 +iy2) 
= 41%2 +4Y1%2 +12 YQ + yLye 


= (2122 — yry2) + i(yiv2 + ©1y2). 


Therefore, 


2122 = (41 %2 — yi ye) + (yee + 1y2). 


But when multiplying complex numbers it is preferable to carry out this pro- 
cedure directly rather than memorizing the formula. 


Example 1.5 Find the product of the numbers 


z= 2-31 and 2g = —4+1. 


Solution 


129 = (2—31)(—44 74) =-2-443-4442-1-3.7 
==-8+12i +2143 = —5-+ 143. 


From the definitions of addition and multiplication on complex numbers 
it follows that they have the same properties as the corresponding operations 
on real numbers: 

Zt 22 = 22 + 21; 


2122 = 22413 (1 6) 
21 (22 + 23) = 2120 + 21233 , 


ZY (2223) = (2122) 23. 


This in turn means that all the usual multiplication formulas apply also to 
complex arithmetic, for example: 


(21. +22)? = 27 + 2229-+23, 
(21 + 22)(a1 — 22) = 27 - 3, 
etc. In particular note that 


(x +iy)(e—iy) =a? — (iy)? =a? +y". (7) 
Two complex numbers whose real parts are equal and whose imaginary 
parts differ in sign are said to be mutually conjugate. If z = x +7y then its 
conjugate is denoted by 
Z=U-Vvy. 
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Points representing conjugate numbers 
are symmetric about the real axis 
(Fig. 9). It is easy to see that 


lz] = |2| = Va? +? 


Arg z = — Arg, 


with the exception in the latter identity 
of negative real numbers, for when z = 
x < 0 then Argz = Argz = a. By 
virtue of equation (1.7), 


z-Z=erty’ = |z|*. (1.8) 


3. Division of complex numbers, as with real numbers, is defined as the inverse 
operation to multiplication. Division is possible by any complex number except 
0. To find the quotient a of two complex numbers given in algebraic form 
we multiply the numerator and denominator of the fraction by Zz and then 


simplify using equation (1.8): 


a @itin — (@itiyi)(t2—ty2) — (ti tiyi)(e2—ty2) 


22 Lo +tys (rq + 4 y2)(x2 — 1 Yy2) 15 + y3 


After this we must carry out the multiplication in the numerator, and then 
divide the real and imaginary parts of the result by the denominator: 


zy _ (a1 tiyi)(t2 —ty2) 


z2 v3 + y3 
— (@1@2 + yry2) + i(yiv2 — @1y2) 
7 x3 + yp 
_ Mit2+yiye | .yite — £1Y2 


| 
2 2 ! 2 2 
Ly — Ya La + Yd 


As in the case of multiplication we recommend that, instead of memorizing 
this formula, the student should become comfortable with this method for 
evaluating quotients. 


Example 1.6 Find the quotient of the numbers z; = —5 + 147 and z = 
—4+i. 


Solution 


za —5+14i  (-5 + 14i)(—4 — 3) 
wm —4+i (—44+0)(-4-0) 
20-56i+51+14 34-51% 


(-4)24+12 17 


= 2-31. 
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Note that here we have carried out the inverse operation of the multiplication 
from Example 1.5. 


4. Now we look at the multiplication and division of complex numbers given in 
trigonometric form. Before we start, you will need to recall from trigonometry 
the addition formulas for cos and sin, 


cos(¢1 + ¢2) = cos d1 cos dg — sin dj sin do 


sin(¢1 + ¢2) = sin ¢1 cos d2 + cos dj sin do. Ve) 


Now let 


ZL =7T1 (cos On +isin o1) 


22> r2(cos 2 + isin ¢2) 


where r; = |z1| and rg = |z9|. Then 


2122 = 1112((cos d1 cos d2 — sin d; sin ¢2) + i(sin 1 cos dg + cos ; sin d2)) 


= 111 2((cos(d1 + $2) + ¢sin(¢1 + ¢2)). 
(1.10) 
So we see that in the multiplication of two complex numbers, their moduli are 
multiplied and their arguments are added: 


|2122| = |z1| |z2 


(1.11) 
arg(z122) = arg z, + arg 2. 


These formulas mean that the vector z,z2 is obtained from the vector z1 
by rotating it through the angle ¢2 and multiplying its length by |z2|. For 
example, the product of a number z with 7 is obtained from z by rotating it 
counterclockwise through the angle 5, since Argi = 5 and |7| = 1. 

From formula (1.11) it follows that an analogous property holds for the 
product of an arbitrary finite number of complex numbers. For example, 


|212223| = |(2122)23| = |2122| |23] = |21| [zal [zs] 
and 
arg (212223) = arg((z122)z3) = arg(z122) + arg z3 = arg z1 + arg z2 + arg z3. 


In particular, 


n times 
ey Ser 
et Slee aoe Sle ae 


oI 


arg(z”) = narg z. 


Therefore 
z” =r" (cosn@d + isinn®). (1.12) 
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We turn now to the division of numbers z; and zg given in trigonometric form. 
Note that if 
22 = T2(cos d2 + isin d2), 


then 


% = r2(cos(—dz) + isin(—dz)). 
Therefore 


Z1 2122 _ r1r2(cos(¢1 — $2) +isin(d: — ¢2)) 


2q 2Q2Q re ; 
from which we get 
21 Ty Se 
— = —(cos(d1 = $2) + isin(dy _ @2)). (1.13) 
22 r2 


So the modulus of the quotient of complex numbers is equal to the quotient of 
their moduli, and the argument of the quotient is equal to the difference of the 
arguments of the dividend and the divisor: 


41 41 cal 
= lal arg — = arg 2, — arg 22, when 2) 4 0. 


22 |z2| 22 


In particular, when 
z; = 1=1(cos0+i#sin0) 


and 
z2 = 2" =r" (cosnd + isinnd), 


then we get 


g *, (cos(—nd) +isin(—n@)). (1.14) 


We set 2° = 1 by definition when z 4 0. Then, by virtue of formulas (1.12) and 
(1.14), for any integer m (positive, negative, or zero) the following equation, 
called de Moivre’s formula’, holds: 


z” =r™(cosmd +isinmé). (1.15) 


Example 1.7 Express the number (2 — V6)‘ in algebraic form. 


Solution 1) Let us plot the number /2 — V6i (Fig. 10) and write it in 
trigonometric form: 


1 Abraham de Moivre (1667-1754) was a French mathematician. 


12 Complex Numbers and Their Arithmetic 


2 
r= |2| = (v2)? + (v6)? v2 
= 246 = Vis; 0 : 
v2 1 
cos@ = — = ==, 
8. 2 
from which we get a6 
z 


ef Ft eh: keZ. 
3 Fig. 10 


Since the angle ¢ lies in quadrant IV, in fact 
o= =a + 2rk, 
so may use the principal value ~a to evaluate z: 
2 = VB (cos ( *) isin ( =): 
2) We use de Moivre’s formula (1.15) to find 2+: 
4 4 
go = (v8)4 (cos ( _ + 7sin ( 7) 


2 2 1 
= 64 (cos 32 + isin =) = 64 (-3 + aa = 32(-1+ v3). 


2 2 


(Note that we have made use of — + 27 = 32.) 


5. By the nth root of a complex number z we mean a number w, which when 
raised to the nth power equals z, i.e. w” = z. An nth root of z is denoted by 


Wz. 
Let z = r(cos¢+isin@) be given, and let w = p(cos0+isin@) be the 
nth root of z which we wish to find. Since by definition w” = z, then 


jw"| =|2], argw" = arg z, 
and therefore 
p =r, nO=P64+2rk, kEZ. (1.16) 


Because r and p are nonnegative real numbers, the equation p” = r implies 

p= Yr, that is, the nonnegative real number whose nth power equals r. The 
second equation in (1.16) gives 

27k 

(es acs ee ee, 


n 
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In this way we get 


20k 21k 
w= V¥z= FF (cos SFO 4 isin #2) (1.17) 
n n 


where & = 0,+1,+2,.... Substituting in (1.17) the values k = 0,1,2,...,n—1, 
we obtain n distinct values for the nth root; let us call them wo, w1,...,Wp_1- 
For each of them |w;| = %/r, so that the corresponding points lie on a circle 
of radius */r centered at the origin (Fig. 11). The arguments of the wz 


+ 20k 2 


nm nm nr 


Oi, k 


increase by 2E as k increases by 1. When k = n we get 


ee ary eee ee 
nm 


This means that the points wo 
and w,, are identical. When 
k=n+1,n+4+2,... we will 
again get the points wi, wa, 
etc. Analogously, when k = 
—1,-2,..., the corresponding 
points still give us the same 
Wo, W1,---,Wn—1 (in the oppo- 
site order). So we are led to the 
following conclusion. 

Every complex number z # 
0 has exactly n distinct nth 
roots. All these roots are found 
from formula (1.16) with k = 
0,1,2,...,2 — 1. The corre- Fig. 11 
sponding points form the ver- 

tices of a regular n-gon cen- 

tered at the origin. 


Formula (1.17) is also called de Moivre’s formula; it essentially corresponds 
to substituting m = + into formula (1.15). 


Example 1.8 Find all values of /Z when z = 32(-1+ V3i). 


Solution First we find the modulus and argument of the number z: 


r= ¥/322((-1)2 + (V3)?) = 32-2 = 64; 


— 1 2 
cos = I = 5p d= £5 + 2nk, keZ. 


14 
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Since Rez < 0 and Imz > 0, the angle ¢ lies in quadrant II, therefore 


2 
b= = + onk, 


keZ. 


In formula (1.17) we can use any value of the argument ¢, so let us take the 


simplest, ¢ = ou . Substituting these values of r and ¢ into formula (1.17) we 
get 
4 7 2m + 20k an + 27k 
32(-1+ V3i) = V64 cos “7 + isin i 
k; k 
=2V2(0os (7 5 ) isin(7 43 )) 


(using 64 = /8 = 2/2). Substituting the values k = 0,1,2,3 we obtain four 
distinct values for ~/2: 
Wo = 22 (cos 7 + isin 7 ) v2 


F434) = V6 4 v2i; 


2 
Wy, = 2/2 (cos > Be ea 


.. UT 
sin 
ase 


W3 = 2/2 (cos $F + isin ) = V2 — V6i. 


7 
W2 = 2/2 (cos = 


Other values of & would not produce new points. Note that in extracting the 
4th root of z = 32(—1 + V3i), we have solved a problem inverse to the one 
dealt with in Example 1.7, and the root w3; = /2 — V6i happens to be the 
number which was raised to the 4th power in the earlier example. But besides 
w3 we have found three other values of ~/z: the points corresponding to wo, 
W1, W2, and w3 are located at the corners of a square inscribed in the circle 
of radius 2\/2 and centered at the origin. 

The ability to extract roots of any given number allows us to solve the 
quadratic equation 

az? +bz+c=0 
with arbitrary (complex) coefficients a, b, and c. The roots of the equation are 
given by the quadratic formula 
—b a 
2a : 

which is derived in the same way as in the case of real numbers a, b, c, and 
z, by completing the square of the quadratic polynomial az? + bz +c. For the 
term b? — 4ac we can take either of the two values of the roots; these are 
related by the equality wo = —w1. 


(1.18) 


21,2 > 
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Example 1.9 Solve the equation 
z2742z74+2=0. y 


Solution Let D = b? —4ac = 2? — 
4-1-2=—4, Then 


VD =V—-4= V-1-4= 2V-1 = 42. 


By formula (1.18) 


21,2 SS SS —1+i, 


so that z3] =—1+%, z =—1—i. The Fig. 12 
roots z; and zg are shown on Fig. 12. 


In a high school math course, students are usually taught that if the dis- 
criminant D < 0 then the equation has no solutions. In fact there are no 
solutions if we are looking only for real solutions, that is points lying on the 
z-axis. But in the wider class of complex numbers solutions can indeed be 
found, but the corresponding points lie off of the real axis. 

So every quadratic equation has exactly two, possibly equal, roots. Later we 
will show that for every natural number n the equation 


agz” +ayz"- 1 +--+ + an =0 


has exactly n roots—generally speaking, complex valued. This means that to 
find solutions for algebraic equations of higher degree, it is not necessary to 
further expand the set of numbers, e.g. by looking at points in 3-space. The 
present set of complex numbers is already enough for finding a solution to any 
algebraic equation. 


6. To conclude Chapter 1 we introduce one more form for representing a 
complex number. We define the exponential function on imaginary numbers 
i@ by the following equation: 


e'? = cosd+ising. (1.19) 
Recall that a number z can be expressed in the trigonometric form 
z=r(cos¢+isin ¢) 
where r = |z|. This can now be shortened to 


z=re?, r=|zl, 


called the exponential form of a complex number. 


Let 
g1 $2 


za=re zg = ree’ 
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In view of formulas (1.10), (1.12), and (1.13), the following equalities hold: 


ryroet eiF2 = 212 = ryrget(oit 2) so that gi@te = eilpitee), 


id\n _ .n _ ,,n_ ing { id\n _ pind 
(re ?) = 2% =r"e sothat  (e ?) Sree es (1.20) 
me A ede att tL eilbi—da), 
rete 22 T2 en 


Hence we see that the exponential function defined in equation (1.19) above 
has the same properties as the usual exponential function of a real variable. 
To some extent, this explains why the exponential function of an imaginary 
argument is defined by formula (1.19). In Section 4.3.1 we will see that the 
definition (1.19) provides us with a natural extension of the exponential func- 
tion e* from the real axis onto the complex plane. Formula (1.19) is called 
Euler’s formula? A deeper account of the origin of Euler’s formula will be 
given in Section 6.4. 
Problem 1.10 Write the number 

6ei/™3 
(3 — 2i)? 


— 


in algebraic form. 


Solution By Euler’s formula (1.19) 


2 
(3 — 21)? =9 —2- 61+ (21)? =9-—12) -4 = 5 — 123; 
= 3(1 + iV3) _ 3 (L+iv3)(5 + 12%) gos 12/3) + i(12 + 5/3) 


1 3 
6e%/™3 — 6 (cos ¢ + isin =) =6 (; +i) = 3(1+iV3); 


5 — 12% (5 —124)(5+12%) 25 + 144 
_ 3(5 — 123) ff (U2 + 5/3) 
a 169 169 
Problems 


1. Use the triangle inequality to prove that 
|2a — 2a| = |41| — |zal, 


\zy + 29| > \z1| = | zo]. 


2. Using formula (1.18), show that a quadratic equation with real coefficients 
whose discriminant is negative will have solutions that are mutually conjugate. 


2Leonhard Euler (1707-1783) was a great Swiss mathematician, physicist, astronomer, 
geographer, and engineer. He spent most of his adult life in Saint Petersburg, Russia. 
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3. Prove the identities and interpret them geometrically: 

(a) |zy — 29|? = |za|? + |zo|? — 2|z1| |z2| cos 8, 
where 6, 0 < 6 <7, is the angle between vectors z; and 22. 

(b) Jz + 22[? + [21 — 22]? = 2(\z1/? + |z21?). 


4. Let 21, 22,23 be consecutive vertices of a parallelogram. Find the fourth 
vertex z4 which is opposite to z2. 


5. Prove properties (1.6). 


6. Prove that (a) 7 +22 =71+%; (b) Am= AR. 
7. Express the number (/3 — i)” in algebraic form. 


8. Express the following as numbers in algebraic form. 


7 
ta 


a) (-1—iv3)®; b) a3 


pane 
9. Find all values of the root ' ae 


10. Find all values of the roots. 


a) v1; b) yes c) W—16; d) vi. 


11. Calculate the values of 


3/ (2 — 2%)4 + 724 4% 
(1—21)?+ 5% ° 


and plot the values found in the complex plane. 


12. Carry out the operations on the complex numbers and plot the values 
found in the complex plane. 


3(2 + 22) aa (2 — 31)? ye (2—1)?—3. 
(1+ 31)? +14 4a at poe (-147)8 ’ 
a) 7[Ca2P+ 0420? (1+ iV3)° — 60 + 2% 

44(1 +2) ae Q-)3-64+9 


13. Find all solutions of the equation z® + 28z° + 27 = 0. 
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14. Find all roots of the equation z* — 2z7+4=0. 
15. Find all roots of the equations. 

a) 2©— 923 +8 =0; b) 24+827+16=0; cc) 27+224+4=0. 
16. Graph in the complex plane the set of points given by the system of 
inequalities. 

a) |jz—i| <2, Imz>2 

b) |z—4| <4, |z—2| > 2, |Argz| < ¥ 

6) |je=—144|< 1, |Atee+4| <4 

d) |z-—3-3%| <2, 2<Rez<4, Imz>3 
2—1+%| <2, |Argz|< 7, Imz>-1 


) 
) |z—2t| <3, |z + 2i| < 3, |Imz| <5 


Lary 


17. Find systems of inequalities that describe the set of points graphed in 
Fig. 13. The boundaries are included into the sets. 


a b c 


Fig. 13 


\ 
\ 


18. Graph in the complex plane the set of points z satisfying the equation 


|z—-1-i] =|z+3— 34]. 


2 


Functions of a Complex Variable 


2.1 The Complex Plane 


If « and y represent variable (real) quantities, then z = x + iy is called a 
complex variable. By changing the values of x and y, the corresponding point 
z= a+ty runs through some set of points in the complex plane C. The entire 
complex plane therefore is calledplane of the complex variable the plane of the 
complex variable z. 


2.1.1 Curves in the complex plane 


First we recall some facts about curves. Any curve in the plane can be written 
in the form of parametric equations 


c=a(t), y=ylt), as<t<B, (2.1) 


where x(t) and y(t) are real-valued functions of the real variable t. Since each 
point (a, y) in the plane can also be thought of as a complex number z = x+%y, 
the equations (2.1) can be rewritten as 


z(t) =a(t)+iy(t), a<t<f. 


When ¢ runs from a to £, the corresponding point z(t) runs along the curve. 
The curve is called a Jordan curve if the functions x(t), y(t) are continuous 
on the closed interval [a, 6] and z(t) 4 z(t2) as a < ty < tg < G. It means 
that the curve does not intersect itself when ¢ is in this half-open interval 
la, 3). A Jordan curve is called closed Jordan curve or contour if in addition 
2(a) = 2(8). 

A curve is said to be smooth on the interval [a, 6] if the functions «(t) 
and y(t) have continuous derivatives on [a, 6] and 2’(t) and y’(t) are never 
zero at the same t; the derivatives at the endpoints a and ( are taken from 
the right and left, respectively. A curve is piecewise smooth if it is continuous 
(that is the functions x(t), y(t) are continuous) on [a, 3], and consists of a 
finite number of smooth curves. 
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2.1.2. Domains 


Recall that |z, — zg| is the distance between two points 21, and zg. Therefore, 
the equation of the circle of radius R with center at the point zo looks like 
|z — z9| = R, and the set of points z lying within the same circle is given by 
the inequality |z — zo| < R. 

For a fixed point zp in the plane of the complex variable and a positive 
value 6, the set of points satisfying the inequality |z — zo| < 6 is the interior 
of the circle of radius 6 with center at zg. This set is called the 6-neighborhood 
of the point zo, or, if the value of 6 is unimportant, just a neighborhood of zo 
(Fig. 14). 


Yh A set D of points is said to be open 
we tC=<CS<S;32 oe if all of its points have a neighborhood 
, “ Se contained in D, (i.e. entirely consisting 
: R ra. 7 of points from the given set D). For 
/ : — \ example, the set D={z : |z— 2| < 
o eee | R} (see Fig. 14) is open. Indeed, take 
\ ; any point z,; € D. Then |z; — z9| < R, 
” / & and d= R-—|z — zo| > 0 will be the 
\L i distance from z to the circle |z— zo| = 
Se. D gC R. So if 6 is chosen so that 0 < 6 < d, 
ae then the set |z — zo| < 6 lies in D; this 

Fig. 14 shows that D is open. 


A set D is said to be connected if for any two points of D there exists a 
continuous curve, lying entirely in D, which contains the two given points. 
An set which is both open and connected is called a domain. Here are some 
examples of domains: 


1. the disk |z — zo| < R; 

2. the ring r < |z — zo0| < R, where0 <r < R; 

3. the entire plane C; 

4. the half-plane Rez > a, where a is a real number. 


However the similar disk |z — zo| < R is not a domain, as it is not an open set: 
for points z for which |z — zo| = R, there is no neighborhood lying completely 
within the disk. 

A point 2, is called a boundary point of the set D if every neighborhood 
of z; contains both some points belonging to D as well as some points not 
belonging to it. The set of boundary points is referred to as the boundary 
of the set D. The set containing its boundary is called a closed set. The set 
composed of a domain D and all of the boundary points of D is called a 
closed domain and is denoted D. For example, the disk |z — z9| < R and the 
ring r < |z — z0| < R are closed domains; but the ring r < |z — zo| < R is not 
a closed domain (as the boundary points lying on the circle r = |z — z0| do 
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not belong to the set), neither is it a domain (it contains boundary points on 
the circle |z — zo9| = R, and thus is not open). 

A domain is said to be bounded, if it lies inside some circle of sufficiently 
large radius. 


Example 2.1 Give a system of inequalities which describe the closed 
bounded domain shown in Fig. 15. 


Solution The points in this region lie within the closed disk centered at 
—2i with radius 2; therefore they satisfy the inequality 


|z + 2i| < 2. 


In addition, these points lie within a 
sector whose vertex is at the origin, 
putting constraints on their arguments. 
It is easiest to state these constraints in 
terms of the principal value of the ar- 
gument, for which —7 < Argz < 7m. 
For the points of the given region, the 
angle Arg z is measured clockwise from 
the positive z-axis, and so the values 
are negative: 


I .15 TE Zz . 


Thus the desired system of inequalities is 


3 
|z + 2i| < 2, -= <Argz< 7 


Domains in the plane are divided into two categories: simply connected 
and multiply connected. A bounded domain D is said to be simply connected 
if its boundary is connected (for example, consists of a single Jordan curve). It 
means that for any closed Jordan curve lying in D, all points inside the contour 
belong to D. Informally, D is simply connected if it does not have holes.! In 
particular, the disk |z — zo| < R and half-plane are simply-connected domains. 


1For unbounded domains in C this definition requires refinement. For example, the ex- 
terior of the unit disk has a hole, but its boundary is a single Jordan curve, namely the 
unit circumference. Later on we will extend the definition of simply connected domains to 
unbounded domains. 
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A domain which is not simply con- 

nected is called multiply connected. 

More specifically, a bounded multiply 

connected domain is said to be n- 

connected if its boundary consists of n 

(n > 1) connected components; some 
x of the components may be degenerate, 
i.e. just points. For example, in Fig. 16 
a 4-connected domain D is depicted; 
its boundary is composed of the four 
curves 1, Y2, Y3, and ya. 


Fig. 16 


Fig. 17 


Next we will look at one additional geometric interpretation of complex 
numbers. Let S be a sphere of radius 3, touching the complex plane C at 
the point z = 0 (Fig. 17), and let P be a point on the sphere diametrically 
opposite to the point 0; P is the north pole of the sphere and 0 is the south 
pole. Take an arbitrary point z € C and construct the ray Pz. This ray has a 
unique intersection Z with the sphere S$; obviously, Z # P. In this way each 
point z € C can be put into correspondence with a point Z € S$, Z # P. 
Conversely, if we are given a point Z € S, Z # P, an analogous construction 
gives us a point z € C. In this way we have defined a 1-1 correspondence 
between the points of the complex plane C and the points of the sphere S 
excluding P. This correspondence is called the stereographic projection of C 
onto S \ P. It’s not hard to see that if the points z, in the plane C grow 
infinitely far away from the origin, then the corresponding points Z,, on the 
sphere approach P; the point P does not correspond to any point in C. 
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Now we bring into consideration an additional, special, point not shown 
in the diagram: this is called the point at infinity and is denoted by z = oo. 
This imaginable point z = oo will be added to the plane C, and we place it in 
correspondence with the point P € S. This combination of C with the point at 
infinity is called the extended complex plane and is denoted by C (this notation 
is used because in fact C has some of the properties of a closed domain). Each 
point z € C corresponds to a unique point Z € S, and conversely. The sphere 
S is called the Riemann sphere.” 

The Riemann sphere shows that the point z = oo is, in some sense, just as 
valid as the other, finite, points of C: both finite and infinite points represent 
points of the sphere S. The Riemann sphere is often a convenient place to 
work in situations that require consideration of the point at infinity, or points 
approaching it. It is possible to show that the stereographic projection maps 
lines and circles in C to circles in S, and that angles between intersecting 
curves are preserved. 


In Fig. 18 we see lines 7; and y2 in C which meet at the point zo € C; the circles 
IT; and [2 are the images in the Riemann sphere of the lines under the stereographic 
projection, which maps them to circles. Also shown is the image Zo of zo; and strips 
of the planes formed by P and 7 and by P and 72; the line containing P and 2p is 
the line of intersection of these strips, and the top edges of these strips are parallel 


to 71, yz, and are tangent to the Riemann 
sphere at P, as well as to T; and [2 (re- 
spectively). The angle between 7 and 72 
will be the same as the angle between IT; 
and [2 at P; the proof of this is omit- 
ted, but it is visually obvious. When two 
circles like Ty and T2 intersect at distinct 


be points, the angle between them is the same 

—___ (Wa at both intersections; so the angle between 
we V; Ty and [2 at Z in the Riemann sphere is 

Fig. 18 the same as the original angle between 71 


and 72 at z in C. 


Let us take some neighborhood in S of the point P, that is, a spherical cap 
centered at P. A point Z 4 P of this neighborhood will correspond to a point 
z € C, lying outside some disk centered at the origin. A neighborhood of the 
point at infinity refers to a set consisting of points in C for which |z| > R, and 
also the point z = oo; that is, the exterior of the disk of radius R, centered at 
the origin, with the addition of the point z = co (usually R will be large). 

Now we define n-connected domains in C exactly in the same way as 
for bounded domains. Namely, a domain D in C is said to be n-connected 
if its boundary consists of nm connected components. If n = 1, we say that 
a domain is simply connected. For example, the domain D = C \ {|z| < 


2G. Riemann (1826-1866) was the great German mathematician. 
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1} = {|z| > 1} Uoo is simply connected. Note that the set of points on the 
Riemann sphere corresponding to D is a cap “without holes”. But the domain 
C\ {lz| < 1} = {|z| > 1}, z © C, is 2-connected, since its boundary consists 
of the circumference |z| = 1 and the point z = co. 


Problems 


1. Prove that the strip 0 < Imz < 1 is a simply connected domain. What is 
the image of the strip under the stereographic projection onto the Riemann 
sphere? 


2. Graph the set of points in the complex plane defined by the inequalities 
a) |jz—2i|<2 and 1<Imz<3; db) |z-—2i)<2 and 1<Imz<3. 
Is this set a domain? If so, is it simply connected or multiply connected? 


3. Determine whether the sets of points defined in problem 16 of Section 1.2 
are domains? If so, are they simply connected or multiply connected? 


4. Determine whether the sets of points defined in problem 17 of Section 1.2 
are domains? If so, are they simply connected or multiply connected? 


2.2 Sequences of Complex Numbers and Their Limits 


Suppose that for each counting number n = 1, 2,3,... some complex number 
Zn, is defined. Then we say that we have a sequence {z,,}. Since we may write 
Zn = In + 1Yn, a given sequence {z,,} of complex numbers is equivalent to 
being given a pair of sequences {x,,} and {y,,} of real numbers. 

A complex number A is said to be the limit of the sequence {z,,} if for any 
positive number e there exists some counting number N (which depends on 
€) such that for all n > N the inequality |z,, — A] < € is satisfied. 

Satisfying these conditions means that however small the e-neighborhood 
of the point A may be, all points z, with n > N fall into that neighborhood, 
and only finitely many z,, remain outside it. In fact an equivalent definition 
is: A is the limit of the sequence {z,,} if any neighborhood of A contains all 
but finitely many of the z,. 

A sequence which has a limit is said to be convergent. The statement that 
A is the limit for a sequence {z,,} can be written as 

lm z,=A 

noo 
or aS Z, > A as n-— o, or just z, > A if the context is clear. Our 
definition of limit matches that given for limits of sequences of real numbers. 
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Theorem 2.2. A sequence of complex numbers {Zn = tn +iyn} has the limit 
A=a+ib if and only if the sequences of real numbers {x,y} and {yn} have 
limits and specifically 


lim g, =a and lim yp, = 0b. 
noo noo 


Proof. Only if (Necessity): Let us assume that 


lim z, = A. 
noo 


We must show that z, — a, and yy, > b,. Note that 


len — Al = Ven — a)? + Yn — BP. (2.2) 


It follows that 
|tn —al <|Z,—A] and |yn —b| < jz, — Al. (2.3) 


Take an arbitrary € > 0. Since z, — A as n — oo, we can find some number 
N such that when n > N the inequality |z, — A| < € is satisfied. Combined 
with (2.3) we get 


|t, —a|<e and |y,—b|<e when n>N. 


From the definition of limit of a sequence of real numbers, we then have 
Ln 4 Gn and yy, > bp, as required. 
If (Sufficiency): Now assume that 
lim g,=a and lim y, =b. 
noo N+ 0o 
We will show that z, ~ A =a+ib. Take an arbitrary € > 0; since x, > a we 
can find some number Nj such that for any n > Nj the inequality 


€ 
Ln — al << —= 2.4 
Jen — al < (2.4) 
is satisfied (making use of the definition of the limit of a sequence of real num- 


bers). Analogously, from the assumption y, — b there follows the existence of 
some number Np» such that for any n > N2 


wo 


Set N = max(N,,N2). Then whenever n > N both inequalities (2.4) and 
(2.5) will be satisfied. Combined with equation (2.2) we get 


ee é 
|Zn — Al < mh gs when n>WN. 


Thus, for an arbitrary « > 0 a number N can be found such that when n > N 
the inequality |z, — A| < € is satisfied. This means that z, > A as n — oo. 
This completes the proof of Theorem 2.2. 


2 = b < (2.5) 
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Using Theorem 2.2 it is easy to show that convergent sequences of complex 
numbers have the same properties as convergent sequences of real numbers: 
lim (2, +w,) = lim z,+ lim wy 
noo n—0o noo 


lim (ZnWn) = lim z,- lim wp 


lim Zp, 
. nm noo . - 
lim — = — if lim w, 40. 
N+0O Wy, lim wy, n—+00 
noo 


The derivation of these formulas (2.6), from the corresponding properties of 
sequences of real numbers, is left to the reader. 

The notion of limit introduced above deals with the case when the limit 
A # oo. Now we will consider the case of sequences tending toward infinity, 
ie. A=oo. 

The limit of the sequence {z,,} equals infinity if, for any value R > 0 
however large, there can be found some number N (which depends on R) 
such that for any n > N the inequality |z,| > R is satisfied. In this case we 
write 


lim z, =o. 
noo 


Using the notions of the point at infinity and its neighborhoods, which were 
introduced at the end of Section 2.1, we can reformulate the new definition in 
the following form: 


lim Zz, =o if, for any neighborhood of the point A = oo, there is a pos- 
noo 


itive integer N such that all points z,, with n > N fall in that neighborhood. 
In this form the definitions of finite and infinite limits are analogous to 
each other. 


Problems 


1. Using Theorem 2.2 and the properties of convergent sequences of real num- 
bers, prove the formulas (2.6). 


2. Prove the following statements. 


1 
(a) If lim zp, = 00, then lim |z,| =0o and lim — =0. 
noo noo N—-+OO Zn, 


1 
(b) If lim w, =0 and all w, £0, then lim — =o. 


noo N00 Wn 
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2.3. Functions of a Complex Variable; Limits and 
Continuity 


Let D be some set of complex numbers. A single-valued function of a complex 
variable is a rule that assigns, to every complex number z in the set D, a unique 
complex number w. This association is denoted by w = f(z), or f: 2H wu; 
here f refers to the rule. 

The set D is called the domain of the function f. For example, the function 
w = 2? assigns to each complex number z = x + iy the complex number 
w = (a4 +iy)? = x? —y? + 2ixy; this function is defined on the entire plane 
of the complex variable z, and if we set f(oo) = co, then it will be defined on 
the entire extended complex plane. 

If we let z = a+ iy and w = u+ iv, then being given a function w = f(z) 
of a complex variable is equivalent to being given, on the same domain, two 
real-valued functions of the real variables x and y: u = u(x, y) and v = (a, y). 
For example, for the function w = z? we have u = 2? + y? and v = 2zy. 

Along with the plane of the complex variable z = «+7y, let us also consider 
the plane of the complex variable w = u + iv. Under the function w = f(z), 
each point z = «+ iy of the domain D is associated with a well-defined point 
w = u-+iv in the (u,v)- or w-plane. As the point z runs through the set D 
in the z plane, the associated point w runs through some other set F in the 
w-plane. In this way, the single-valued function f maps the set D onto the 
set E, i.e. each point z € D is associated with a point w € E, and for every 
point w € F there is at least one point z in D such that w = f(z). The point 
w is called the image of the point z, and the point z is called the preimage 
of the point w, under the mapping w = f(z). A point w may have several 
(or even infinitely many) preimages. For example, under the mapping w = 2” 
each point w 4 0 has n preimages—the nth degree roots of w. 

From this it is evident that the behavior of a function of a complex variable 
cannot be illustrated with the help of two- or three-dimensional Cartesian 
graphs; four-dimensional graphs would be required, but they are rather hard 
to work with. So in order to understand visually the geometric properties of 
a function w = f(z), we must explore how this or that region or curve in the 
z-plane is mapped under f to some type of set in the w-plane. 


Example 2.3 Consider the mapping w = f(z) = 27, and the region D of 


the quarter disk, in the first quadrant, with radius R centered at the origin. 
To what region in the w-plane is D mapped under f? 


Solution Let us write the variables z and w in exponential form: z = re’®, 
w = pe’’. Since w = 2z?, then pe’? = (re*®)? = r7e’?*, from which it follows 
that 

p=r? and 6=2¢. (2.7) 
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Fig. 19 


Let us find out what kind of curve it is that the boundary of the region D maps 
to under w = z?. Let us traverse this boundary starting at the point z = 0 
and moving in the positive direction (i.e. keeping the region D on the left side 
as we move—Fig. 19, a). From formula (2.7) it follows that the section of the 
real axis 0 < r < R, d = 0 in the z-plane goes to the section 0 < p < R?, 
6 = 0 of the real axis in the w-plane; the quarter circle r = R, 0 < ¢ < 1/2 
goes to the half circle p = R?, 0 < 0 < a (Fig. 19, b); and, last, the section 
of the imaginary axis 0 < r < R, ¢ = 7/2 goes to the section 0 < p < R?, 
6 = 7, ie. to the interval [—R, 0] in the real axis. Every interior point z in the 
quarter circle D goes to an interior point of the half circle E in the w-plane, 
and moreover the entire half disk FE will be completely filled by images of the 
points z, without any “holes”. 


Example 2.4 What region is the image of the disk |z| < R under the 
function w = 1? 


Solution As in the previous example, we write z = re’? and w = pe”® so 


that w = ‘ = te i?, Therefore 


p= : and @=-—4¢. 
; 

Now consider the circle |z| = r, r < R (Fig. 20, a); it goes to the circle 
lw] = 2 > % (Fig. 20, b). Therefore the disk |z| < R is mapped to the 
exterior of the circle of radius %, or in other words to the set |w| > 7. Also, if 
we traverse the circle |z| = r in the counterclockwise direction, then by virtue 
of the equality 6 = —@¢ the direction is reversed while traversing the circle 
jl = 2. 


Other elementary functions of a complex variable will be considered in 
Chapter 4. 
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Fig. 20 


Now we introduce the important notion of the limit of a function at a 
point. Let a point z € C and a positive number 6 be given. A punctured 
neighborhood of a point zp is a 6-neighborhood of that point, which however 
excludes the point 20 itself (i.e. it is the disk of radius 6 centered at zo from 
which the center has been removed). This set can be written in the form 
0<|z-—2z| <6. 

Now let the function w = f(x) be defined in some punctured neighborhood 
of the point z9. A number A is called the limit of the function w = f(z) at the 
point zo if, for any € > 0, there is a number 6 > 0 (dependent on ¢), such that 
for all points of the punctured 6-neighborhood of the point zo (that is for all 
points z for which 0 < |z — zo| < 6), the inequality 


If(2) - Al <e (2.8) 


is satisfied. 
The statement that a limit A exists for the function w = f(z) at the point 
zg can be written as 


lim f(z) =A 

ZZ 
and can be paraphrased as: for any neighborhood U, of the point A, however 
small, we can find some punctured neighborhood of the point zo, such that 
for all points z from the punctured neighborhood, the associated value w = 
f(z) lies in Uy. In this form the definition of limit also covers the case when 
z = oo and/or when A = 00; a punctured neighborhood of the point z = co is 
understood as a set of the form |z| > R, z € C. 

The definition of limit for a function of a complex variable is closely anal- 

ogous to the definition given for the limit of functions of one and of two real 
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variables. Therefore the important theorems, such as those about limits of 
sums, products, quotients, etc., remain valid for functions of a complex vari- 
able. More precisely, if z = «+ iy and f(z) = u(z,y) + iv(a,y), then the 
equality 

lim f(z) =A=a+ib 


ZZ 


is equivalent to the two equalities 


Jim u(z,y)=a and lim o(a,y) = 6, 
yyo yYo 
in which are seen limits of the real functions u(x, y) and v(x, y) of the two 
real variables x and y. 
We now give the definition of the limit of a function at a boundary point 
of its domain (denoted D, Fig. 21; the points of D are shaded in the detail). 


If the function f is defined only on the 
domain D, then a boundary point 2; 
will have no punctured neighborhood 
in which f(z) always has a value; this is 
the difference with the preceding case. 
But this is easily remedied. A num- 
ber A is called the limit of the func- 
tion w = f(z) at the boundary point 
zo if, for any € > 0, there is 6 > 0, 
such that the inequality | f(z) — Al < € 
Fig. 21 holds when z is both in the punctured 
6-neighborhood of zg and also in D. 


Now we move to the definition of continuity for functions of a complex 
variable. A function w = f(z), defined in a neighborhood (non-punctured!) of 
zg, is said to be continuous at the point Zo if 

lim f(2) = (eo). 

The continuity of the function w = f(z) = u(x, y) + iv(a, y) at the point 
Zo, is equivalent to the continuity of the two real-valued functions u(x, y) and 
u(x, y) of the variables x and y at the point (0, yo). 

A function w = f(z), defined on a domain D, is said to be continuous on 
D if f is continuous at each point of D. A function w = f(z) is said to be 
continuous on the closed domain D if it is defined on D and for each point 
zo € D (including boundary points) the equality 

lim f(z) = f(z) 


ZZ 


is satisfied. 
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Let us fix a point zp in D, and compare it to another point z € D. The 
change in value Az = z — z = Ax + iAy, is called the increment of z. The 
corresponding change in the function 


Aw = f(z) — f(z0) = f(zo + Az) — f(20) 

is called the increment of the function. It is not difficult to show that if zg 4 co 
and f(zo) 4 00, then a function w = f(z) is continuous at the point zo if and 
only if 

lim Aw =0 

Az—-0 

— the proof is left to the reader as problem 1 below. 

Problems 


1. Prove that if z9 4 oo and f(zo) 4 ~, then a function w = f(z) is contin- 
uous at the point zo if and only if limy,,9 Aw = 0. 


2. Let f(z), 2 € C, be such that f(z) = + as z #0, z 4 oo, and f(0) =~, 
f(co) = 0. Prove that f(z) is continuous on C. 


3. Use the definition of limit to prove that 


a) lim (22+%)=2+432; 6) lim 


z—>1ti zi Zt 


1 
C) lim (22 + 7) = 00; d) lim —- =0. 


Taylor & Francis 
Taylor & Francis Group 
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Differentiation of Functions of a Complex 
Variable 


———EEEaaas 
3.1 The Derivative. Cauchy-Riemann Conditions 
3.1.1 The derivative and the differential 


The definitions of derivative and differential of a function of a complex variable 
match exactly the corresponding definitions given for a function of a real 
variable. 

Let the function w = f(z) = u+iv be defined on some neighborhood U of 
the point zo € C. We give to the independent variable z = 7+iy an increment 
Az = Ar +iAy, not taking z outside the neighborhood U. Then the function 
w = f(z) gets a corresponding increment Aw = f(z + Az) — f (20). 

The derivative of the function w = f(z) at the point zp is the limit of the 
ratio of the increment of the function, Aw, to that of the argument, Az, as 
Az approaches zero—from any direction.! 


d d, 
The derivative is denoted in several ways: f’(z), w’, or s The defi- 
z Zz 
nition of the derivative may be written as 
A Az) - 
PGs tee eo” = ty EE (3.1) 


Az30 Ag Az—0 Az 


The finite limit in (3.1) might not exist; then we say that the function w = f(z) 
does not have a derivative at the point zo. 

A function w = f(z) is said to be differentiable at the point zo if it is 
defined on some neighborhood of zp and its increment Aw can be expressed 
as 

Aw = AAz + a(Az) - Az, (3.2) 


where the complex number A does not depend on Az, while the function 
a(Az) is vanishingly small when Az is near zero, i.e. a(Az) > 0 as Az > 0. 

As also is true for real-valued functions, it can be shown that a function 
f(z) is differentiable at the point zo if and only if it has a derivative at z9, 


1We will see that this “omnidirectionality” of the derivative imposes severe restrictions 
on functions for which the limit exists; and that in turn means that such functions of a 
complex variable have many surprising special properties. 


DOI: 10.1201/9780367810283-3 33 


34 Differentiation of Functions of a Complex Variable 


in which case A = f’(z9)—see problem 1. The term f’(z0)Az is called the 
differential of the function f at the point z) and can be referred to by dw or 
df (zo). Similarly the increment Az of the independent variable z is also called 
the differential of z and can be referred to by dz. In this way we have 


dw = df (zo) = f'(z0)dz. 


The differential is the principal linear part of the increment of the function, 
or in other words, the best linear approximation to the increment Af (ao) in 
terms of dz. 


Example 3.1 Determine whether the function w = f(z) = Rez has a 
derivative at an arbitrary point zo. 


zotAz 


Az=iAy 


Fig. 22 


Solution According to the definition of derivative, the limit (3.1) must not 
depend on the way in which z = z9 + Az approaches zp as Az — 0. In this case 
w = f(z) =Rez =a, and we first take Az = Az (Fig. 22, a). So Aw = Az, 


and 
Aw Ax _ 1 
Az Ag ~ 
If we now take Az = iAy (Fig. 22, b), then Ax = 0, and consequently Aw = 0, 
which means a 
w 


Az 
Therefore the limit of the ratio Re as Az — 0 does not exist, and thus the 


function w = Rez = x does not have a derivative at any point. 


On the other hand the function w = z = x+7y obviously has a derivative at 
every point, and f’(z) = 1 (why?). From these examples it is clear that the real 
and imaginary parts of a differentiable function f may not be arbitrary—they 
must be connected by some additional relation. This relationship arises from 
the fact, mentioned earlier, that the existence of f’(z) is substantially more 
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restrictive than the existence of the derivative of a function of one real variable, 
or partial derivatives in the case of several real variables: the limit in (3.1) 
must not depend on the path by which the point z = z9 +Az approaches zo as 
Az — 0. To arrive at the necessary relationship we first recall the definition 
of differentiability for functions of two real variables. 

A real-valued function u = u(x,y) of real variables x and y is said to be 
differentiable at the point P5 = (20, yo) if it is defined on some neighborhood 
of the point Po and its total increment Au = u(ao + Ax, yo + Ay) — u(20, yo) 
can be expressed in the form 


Au = BAaz + CAy + B(Aza, Ay): Ax + y(Ag, Ay) - Ay, (3.3) 


where B and C are real numbers independent of Ax and Ay, while 6 and 
y are real-valued functions of the variables Ax and Ay, tending to zero as 
Ax > 0 and Ay > 0. 

If the function w is differentiable at the point Po, then it has partial deriva- 


tives at Po, and 


a a 
B= = (Po) and C= —(Py). 


But, in contrast to the case of functions of a single variable, the existence of 
partial derivatives of u(x, y) does not imply that it is differentiable. 


3.1.2 Cauchy-Riemann conditions 


Theorem 3.2. Let the function w = f(z) of the complex variable z = x+iy = 
(x,y) be defined on a neighborhood of the point zo = (0, yo), and let u and 
v be the real and imaginary parts of f, i.e. f(z) = u(a,y) + tv(a,y). Then 
f is differentiable at the point zo if and only if the functions u and v are 
differentiable at the point (xo, yo), and the conditions 


Ou Ov 


hold at this point. 


The equations (3.4) are called the Cauchy?-Riemann conditions.? 


Notice that the necessity of the conditions (3.4) follows easily from the require- 
ment that the derivative of w = f(z) must be same in all directions; so the derivative 
in the real direction 


dw _ du x {2 

dx dz dx 
must be equal to the derivative in the imaginary direction 
dw du . dv dv .du 


ft 


: : ; a 
d(iy) d(iy) — d(iy) dy dy’ 

? Augustin-Louis Cauchy (1789-1857) was the great French mathematician. 

3The conditions (3.4) were already investigated in the 18th century by D’Alembert and 
Euler, so they are sometimes called the D’Alembert-Euler conditions, which is more histor- 
ically accurate. 
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(using diy = idy, since i is a constant). Then setting the real and imaginary parts 
equal yields (3.4). But these arguments do not yield differentiability of u and v. 


Proof. Only if (necessity): Suppose the function w = f(z) is differentiable 
at the point Zo, i.e. 


Aw = Au + iAv = f’(z)Az + a(Az) - Az. (3.5) 
We will write 
f' (zo) = at ab, 
a(Az) = B(Az, Ay) + i7(Az, Ay), 


Az = Axr+iAdy, 


where @ and ¥ are real functions of the variables Az and Ay tending to zero as 
Az > 0 and Ay > 0. Substituting these expressions into (3.5) and separating 
the real and imaginary parts we get 


Au + iAv = (a + 1b)(Ag + iAy) + (8 +77) (Ax + tAy) 
= (aAa — bAy + BAa — yAy) + i(bAx + aAy + yAa + BAY). 
(3.6) 
Since an equality between complex numbers is equivalent to the equalities 
of the real and imaginary parts, then (3.6) is equivalent to the system of 
equations 


Au = aAz — bAy + BAx — yAy, 
Av = bAaz + aAy + yAz + BAy. 
The equations (3.7) mean that the functions u and v satisfy the conditions 


(3.3), and therefore are differentiable. Since the coefficients of Ax and Ay are 
equal to the partial derivatives by x and y respectively, we get 


(3.7) 


Ou 5 Ou 
a= 5 — ; 
Ox Oy (3.8) 
_ Ov o Ov : 
Ox’ Oy’ 


from which the conditions (3.4) follow. 
If (sufficiency): Now we assume that the functions u(x, y) and v(z, y) 
are differentiable at the point (xo, yo), and the conditions (3.4) are satisfied. 


If we denote 9 9 
o2 and pS 


Ov Oy 
then applying (3.4) gives the equations (3.8). From that and the differentia- 
bility conditions for u and v, we have 
Au = aAz — bAy + 8; Ar + y,Ay, 
Av = bAg + aAy + BoAa + y2Ay, 
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where 1, 71, 2, and 2 are functions tending to zero as Ax > 0 and Ay = 0. 
Thus 


Au + iAv = (a + ib)(Az + iAy) + (61 + iB2)Ax + ("1 +i72)Ay. (3.9) 
We define the function a by 


By + By) Ax + (41 + iy2) Ay 
Az 


a(Az) = ( 
and we set A = a+b. Then (3.9) can be rewritten in the form 
Aw = Au+iAv = AAz + a(Az)- Az, 


which agrees with (3.2). So, to prove the differentiability of the function f(z) 
it remains only to show that 


lim_a(Az) =0. 
Ax—0 


From the equation 
[Az] = v (Az)? + (Ay)? 


it follows that |Az| < |Az| and |Ay| < |Az|. Therefore 


+i Az| + +4 Az ; ; 
|a(Az)| ea (1 Bal | a ya! | | = |Br iBo| lea iy2I. 


If Az > 0 then Az > 0 and Ay > 0, which means that the functions 61, 71, 
G2, and 72 also tend to zero as Az > 0. Therefore a(Az) > 0 as Az > 0, 
and the proof of Theorem 3.2 is complete. 


Example 3.3 Check whether the function w = z? is differentiable. If so, at 
which points? 


Solution Writing the function as 
w=utiv = (a+ iy)? = 2? — y? 4 izy, 


we get 
u=2?—y? and v= 2zy. 


Clearly u and v are differentiable, and 


Ou 9 Ov Ou Ov 
Ox Oy Oy 


Therefore the Cauchy-Riemann conditions (3.4) are satisfied at all points, and 
the function w = z? is differentiable on C. 
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Example 3.4 Check the differentiabiility of the function w = Z = x — ty. 


Solution Writing the function as w = u+iv = x — iy, we get u = x and 


uv = —y, so that 


Ou Ov 
Bx = 1 and ay =-l. 


So the Cauchy-Riemann conditions are not satisfied anywhere, and the func- 
tion w = Z is not differentiable. 


Checking a function for differentiability and finding its derivative can also 
be carried out directly from formula (3.1). 


Example 3.5 Use formula (3.1) to check the function w = z? for differen- 
tiability. 


Solution Here 
Aw = (20 + Az)? — 22 = 2zpAz + (Az)?, 


from which 
Aw . 2zAz+ (Az)? 


lim — = lim —W——~ = 


= li 2 Az) = 22. 
Az>0 Az = Az30 Az amt 20 + Az) £0 


2 


Consequently the function w = z* is differentiable at any point zo, and its 


derivative is f’(zo) = 220. 


Remark 3.6 Seeing as the basic theorems about limits hold for functions of 
a complex variable, and the definition of the derivative as a limit also does not 
differ from the corresponding definition for functions of a real variable, then 
the well known rules for differentiating sums, differences, products, quotients, 
and compositions of functions remain valid for functions of a complex variable. 
Also analogously it can be shown that if a function f is differentiable at a point 
zo, then it is continuous at that point (the converse is not true!). 


3.1.3 Analytic functions 


A function w = f(z) which is differentiable not only at the point zo, but also 
on a neighborhood of that point, is said to be analytic at the point zo. If it is 
analytic at each point in a domain D, then it it is said to be analytic on the 
domain D. (If D is open, this is no different from saying that f is differentiable 
at each point in D.) 

From the properties of the derivative it follows immediately that if f(z) 
and g(z) are analytic functions on the domain D, then so are the functions 
f(z) +9(), f(z) —g(2), and f(z)-g(z); also the quotient f(z)/g(z) is analytic 
at all points in D where g(z) 4 0. For example, the function 


f(z) = 


(z—I(z-%) 


is analytic on the plane C excluding the points z = 1 and z = 1. 
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From the theorem about derivatives of compositions of functions we get 
the following statement: if the function u = u(z) is analytic on the domain 
D, and maps D to the domain D’ of the variable u, and the function f(u) is 
analytic on the domain D’, then the composed function f(u(z)) of the variable 
z is analytic on D. 

Now we introduce the notion of a function which is analytic on a closed 
domain D. Unlike the case of open domains, here there are also points on 
the boundary, which do not have neighborhoods lying within D; therefore 
the derivative at these points is not defined. The function f(z) is said to be 
analytic on the closed domain D if this function can be extended to some 
wider open domain Dj , containing D, on which it is analytic. 

The following property of analytic functions is analogous to the corre- 
sponding property of differentiable functions of one real variable. But the 
proof is essentially different. 


Theorem 3.7. Suppose f(z) is analytic on a domain D, and its derivative 
is zero everywhere in D. Then f(z) is constant. 


Proof. Writing f(z) = u(z) + iv(z), we see that 


Ou Ov 
/ Am, a. —— 
f(ij= a 0 and ap 0, 


so u and v do not depend on x. And by the Cauchy-Riemann conditions, we 
also have 


Ou Ov 
ay =—0 and ay = 0, 


so u and v do not depend on y either. Thus those functions, and hence /, are 
constants. 


Problems 


1. Prove that a function f is differentiable at the point zo if and only if it has 
a derivative at zo and A = f’(zo). 


2. Find the points at which the function 
w = 2(%—3-Imz) 
is differentiable, and if any exist, compute the derivative at those points. 


3. Determine the points at which the given functions w = f(z) are differen- 
tiable, and if there are any, calculate the derivative at those points. 

a) w=zImz b) w= zRez 

c) w= 2(z+ 2Rez) d) w=(%+4+1)z 

e) w=(z4+1)2 
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3.2. The Connection between Analytic and Harmonic 
Functions 


A real-valued function u = u(x,y) of two variables x and y is said to be 
harmonic on a domain D, if it is defined on D, has continuous first and 
second partial derivatives everywhere in D, and satisfies Laplace’s equation 


Ou Oru 


at each point in D. Laplace’s equation and harmonic functions play an impor- 
tant role in physics and technology. For example, the static temperature dis- 
tribution on a domain D, and electric potential fields on charge-free domains, 
are harmonic functions. The connection between analytic and harmonic func- 
tions, which we will study in this section, is exploited in various applications 
of analytic functions. 


Theorem 3.8. The real and imaginary parts of an analytic function are har- 
monic functions. 


Proof. Let the function f(z) = u(x, y)+iv(x, y) be analytic on the domain D; 
we must show that functions u(x, y) and u(x, y) are harmonic on D. We need 
the following fact, which will be proved (in greater generality) in Section 5.4 
(see Theorem 5.18): the real and imaginary parts of analytic functions have 
continuous first and second derivatives. 

Since f is analytic on D, then at each point in the domain D the Cauchy- 
Riemann conditions (3.4) are satisfied. Differentiating the first identity with 
respect to x, and the second with respect to y, we get 

2 2 2 2 
OF ea (3.11) 
Ox? OyOx Oy? OxOy 
In a course on multivariable calculus (see for example [9], Section 14.3) the 
reader will have learned that if a real-valued function v(x, y) has continuous 
first and second derivatives, then the mixed second derivatives are equal, i.e. 


Pv av 
OyOx = OxdOy" 


Adding up the equalities (3.11), we get Laplace’s equation (3.10), as required. 
The harmonicity of the function v is proved in a similar way. 


So if f(z) = u+iv is an analytic function, then u and v are harmonic. But 
the converse is false: if u and v are arbitrarily chosen harmonic functions, then 
the function f(z) = u + iv will not necessarily be analytic. For example, the 
function f(z) = Rez = «+10 is not analytic (see Example 3.1), although the 
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functions u = x and v = 0 are harmonic. In order for the function f(z) = u+iv 
to be analytic, the functions u and v must not only be harmonic, but must also 
satisfy the Cauchy-Riemann conditions (3.4). A harmonic function v which is 
related to the harmonic function u by the Cauchy-Riemann conditions, is said 
to be (harmonically) conjugate to u. From Theorems 3.2 and 3.8 we get the 
following proposition. 


Theorem 3.9. Given two harmonic functions u and v, the function f(z) = 
u+iv is analytic if and only if v is conjugate to u. 


Suppose that u = u(z,y) is a harmonic function on a simply connected 
domain D, and it is known that it forms the real part of some analytic function 
f(z) = u+iv. Then for the imaginary part v = v(a,y) we find from the 
Cauchy-Riemann conditions (3.4) that 


Ov Ou Ov Ou 

= =-= and —=—. 

Ox Oy Oy Ox 
In this way, whenever we are given such a function u, we can find the partial 
derivatives of the function v. A theorem of multivariate analysis says that a 
function of several variables on a simply connected domain can be determined 
from its partial derivatives, and uniquely so, up to an additive constant (one 
method for doing this calculation is shown below, Example 3.10). Thus, given 
a harmonic function u on a simply connected domain D, we can uniquely 
determine (up to an additive constant) the function v which is conjugate to it, 
and thereby also determine the analytic function f(z) = u+iv. Similarly, f can 
also be determined uniquely (up to an additive constant) from its imaginary 
part v. 


Example 3.10 Find an analytic function whose imaginary part is 


v=Aryty. 


Note that it’s easy to check that this function v is harmonic, since 
Ou 6x3 07v 
Ox? Oy?" 


Solution From the Cauchy-Riemann conditions (3.4) we find the partial 
derivatives of the as yet unknown function u: 


Ou Ov 

= =4r+1 12 
Ox Oy a (32) 
Bs OU a py (3.13) 
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We will integrate the equation gu = 4x + 1 with respect to x; the constant of 
integration C = C(y) does not depend on x, but may depend on y: 


u= [e+ t)de= 20? +04), 


We substitute this expression for u in equation (3.13) to determine the function 
C(y): 
5 CW) =~ 
so that 
Cu) = | (Ay) dy = -2y + Cr, 
where C; is an arbitrary constant. Therefore 


usa? +a-2Qy?+C, and 
f(z) =utiv = (22? + 2 — 2y?) + i(4cy ty) + Ch. 


We can rewrite f(z) in a different form: 


f(z) = 2a? + Biay-—y?)t+at+iy+C 


(a + ty)? + (@ +iy)C) = 227 +24C\. 


I 


2 
2 
If the simply connected domain contains a segment of the real axis, then the 
last step—writing the obtained expression for f(z) in the variables x, y as an 


expression with the variable z—can be done in the following much simpler 
way.* Namely, it’s sufficient to replace x by z and y by 0. For example, 


f(z) = (Qa? +2 — Qy”) + i(4ey ty) + Cy 
= (227 +2-0) +2(4z-04+0) + C) = 227 +2+C). 


The justification of this rule is based on the uniqueness theorem— 
Theorem 6.28—which will be proved later. 


Problems 


1. Construct an analytic function f(z) for which the real part is 
u(z,y) =e “sina +y, 
and takes value 1 at z = 0. 


2. Reconstruct the analytic function f(z) from its real part u(x, y) and its 
value at the point z = 0. 


4T am grateful to Professor M. P. Ovchintsev for this useful remark. 
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a) u(t,y)=2?-y? +a, f(0) =0; 

b) u(z,y) = 2? — 3ay?+1, f(0)=1. 
3. Reconstruct the analytic function f(z) from its imaginary part v(x, y) and 
its value at the point zp = 0. 

a) v(a@,y) =e* cosy, f(0)=1+%; 

b) v(z,y) =2ey+22, f(0) =0; 

c) v(z,y) = 827y—y®, f(0)=1. 


4. Give a detailed proof of Theorem 3.9. 


3.3. The Geometric Meaning of the Derivative. 
Conformal Mappings 


3.3.1 The geometric meaning of the argument of the 
derivative 


Let z(t) = x(t)+iy(t), a <t < 6, beasmooth curve (the definition of smooth 
curves is given in Section 2.1.1). We take two values, to and to + At, from 
the interval (a, 6); they correspond to the points z(t9) and z(tp + At) on the 


a curve. The vector 


Az = 2(to + At) — z(to) = Ax + iAy 


is the direction of the secant line 
through these two points (Fig. 23). If 
we multiply Az by the real number 
1/At, we get the vector Az/At, par- 
z(to) = zo allel to the vector Az. Now we start to 
reduce At; then the point z(to + At) 

0 * approaches z(to) along the curve, and 
Fie. 23 the vector Az/At will turn, approach- 

ig. . 
ing the vector 


li (= + ist) = a'(to) + ty'(to) = 2"(to). 


lim <= = 
aio At At-30 
The limit of the secant line through the point z(to) is called the tangent line to 
the curve at that point. So the vector z‘(t) is in the direction of the tangent 
line at z(to). 
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Now suppose that the function f(z) is analytic at the point 29, and that 
f' (zo) #0. Also assume that a curve ¥ passes through the point zo, and that 
the parametric equation for y is z(t) = x(t) + iy(t), with z(to) = zo. The 
curve y is mapped by the function w = f(z) to the I lying in the plane of the 
variable w; the equation of the curve [ can be written w(t) = f(z(t)); then 
zg is mapped to the point wo = f(z). By the chain rule 


w’ (to) = f' (20) : 2' (to). (3.14) 
From this it follows (see (1.11) that 
arg w’ (to) = arg f’(zo) + arg 2’ (to). (3.15) 


But 2’(to) is a vector tangent to the curve y at the point zg (Fig. 24, 


A 
v1 @) 
) z' (to) 
Y 
Z0 
>. > 
a b 
Fig. 24 


a), and w’(to) is a vector tangent to the curve I at the point wo (Fig. 24, 
b). Therefore the equality (3.15) allows us to give the quantity arg f’(zo) the 
following geometric interpretation: the argument of the derivative is equal to 
the angle through which the tangent to a curve through the point z9 1s rotated 
under the mapping w = f(z). This means that this angle does not depend on 
the curve 7, i.e. the tangents of all curves passing through zg will be rotated 
through one and the same angle, equal to arg f’(z9). 

Now take any two curves y and 7 passing through the point zo, and 
introduce the tangents to the curves (Fig. 24, a). Under the mapping w = f(z) 
the curves y and 7 go to the curves and I; and each of the tangents to 
and 71 are rotated through the same angle. Therefore the angle # between the 
tangents to y and 7 will be equal (not only in size, but also in orientation, i.e. 
clockwise or counterclockwise) to the angle between the tangents to T and T). 
Recall that the angle between two curves at a point of intersection is defined 
to be the angle between their tangents at that point. Therefore, if f’(zo) 4 0, 
the mapping w = f(z) preserves the angles between curves. 
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3.3.2. The geometric meaning of the modulus of the 
derivative 


Fix a point z and take an increment Az; obviously the modulus |Az] is 
equal to the distance between the points z) and z = z) + Az (Fig. 25, a). 
Let w = f(z), wo = f (zo), and Aw = w — wo. Then the quantity |Aw|/|Az| 
represents the ratio by which the distance between the points zp and z changes 
as a result of the mapping w = f(z). The limit of |Aw|/|Az| as z) > 0 is 


IF (zo 
@ 2 © 


|Aw| 


Fig. 25 


called the dilation coefficient at the point zo under the mapping w = f(z). 
Since 
_ [Aw! 


] 
Pa |Az| 


= |f"(0)|, 


the modulus | f’(zo)| is equal to the dilation coefficient at zo under the mapping 
w = f(z). If|f’(zo)| > 1, then in a sufficiently small neighborhood of the point 
zo the distance between points is increased under the mapping, and the result 
is a dilation or expansion (in the geometric sense); but if | f’(zq)| < 1, the 
mapping leads to a contraction (although |f’(zo)| is still referred to as the 
dilation coefficient). 

Because the derivative |f’(zo)| does not depend on the path by which 
the point z + Az approaches zo, the dilation coefficient is the same for all 
directions. This property can be illustrated in the following way. Take a circle 
1 with center zo and radius |Az| (here we assume that Az has a fixed modulus, 
but may vary in direction—Fig. 25). Under the mapping w = f(z) the circle 
goes to the curve L (Fig. 25, b). The distance from the point w = f(zo + Az) 
to the point wo = f(zo) equals 


|Aw| = |w — wo| = |f(zo + Az) — f(z0)I- 
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Since 
Aw = f'(z)Az + a(Az)Az, 


where a(Az) > 0 as Az > 0, then 
|w — wo| = |f’ (zo) Az + a(Az)Az]. 


This equation means that the points of the curve L will deviate very little 
from the circle |w — wo] = |f’(zo0)||Az| with center wo and radius | f’(zo)||Az|. 
(More precisely, L will differ from the circle by an error of order higher than 
|Az|—see Fig. 25, 6.) 


3.3.3 Conformal mappings 


A mapping is said to be conformal at the point zo if 
1. the mapping preserves the angle between any two curves through Zo; 
2. the dilation at the point z) does not depend on the direction. 


If a conformal mapping also preserves the orientation of angles, then it is said 

to be a conformal mapping of the first kind; if on the other hand the orientation 

of angles changes, it is said to be a conformal mapping of the second kind. 
The results we just reached above can be formulated as a theorem. 


Theorem 3.11. If the function w = f(z) is analytic at the point zo and 
f' (Zo) £0, then f performs a conformal mapping of the first kind at zo. More- 
over arg f’(z9) is the angle of rotation, and | f'(zo)| is the dilation coefficient, 
of the mapping. 


An example of a conformal mapping of the second kind is given by the 
function (which is not analytic!) w = %, mapping every domain D to its 
reflection F about the x-axis. 

If f’(zo) = 0, then in general the mapping is not conformal at the point 
z. For example, the mapping w = z? doubles every angle whose vertex is at 
the origin—see Example 2.3 and equations (2.7). 


A 


Conformal Mappings 


In this chapter we will look more deeply into the geometric aspect of functions 
of a complex variable. 

A function w = f(z) is said to be one-to-one (1-1) on the domain D if 
distinct points in D are assigned distinct values by f; ie. if 21 4 z2, then 
f(z1) # f(z2). For example, the function w = 2? is not 1-1 on the entire 
complex plane, because (—1)? = 17. However it is 1-1 on the half-plane D = 
{z: Rez >0} (prove it!). If a function is analytic and 1-1 on D, it is said to 
be univalent on D. 

Suppose that f(z) maps the domain D onto the domain EF. Then if f is also 
1-1, it means that each point w € F has only one preimage in D. Therefore in 
this case the mapping from D onto F, carried out by the function w = f(z), is 
a bijection: each point z € D is associated with a point w € E, and conversely 
each point w € F is associated with a unique point z € D. 

A mapping from the domain D onto the domain F is said to be conformal 
on the domain D if it is 1-1 on D and conformal at each point of D. 

From Theorem 3.11 it follows that if a function f(z) is univalent on the 
domain D and f’(z) is never zero on points of D, then this function performs a 
conformal mapping on the domain D.! Notice that if a mapping is conformal 
at each point of D, it’s not necessarily conformal on D since it might be not 
1-1 on D. For example, as we show in Section 4.3, the mapping w = e” is 
conformal at each z € C but is not 1-1 in any domain containing points 21, z2 
with z) — z2 = 27ni, where n is a positive integer. 

We will look now at some important elementary functions and the prop- 
erties of their mappings. 


$< 
4.1 Linear and Mobius Transformations 
4.1.1 Linear functions 


The function 
w=azt+b (4.1) 


1In Section 7.4 we will prove that if a function f(z) is univalent, that is 1-1 and analytic 
on the domain D, then f’(z) 4 0 on points of D. 
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where a and b are given complex numbers, is called a linear function. As long 
as w’ = a £0, the mapping (4.1) is conformal on the whole complex plane C. 
It is also 1-1 on C: for if 


wy =az,+db and wo=az2+b 


then 
W1 — We = a(z1 — 22), 


so that if 2; A z then w; 4 wg. 

If we additionally define w(oo) = co, we obtain a 1-1 mapping of the 
extended complex plane C to C. 

In studying the geometric properties of the mapping (4.1), we first consider 
the case when b = 0, i.e. w = az. Let 


a=|ale’* and z=|zle’?; 


then 

w = |al|zle"or. 
Therefore to obtain the vector w = az we must perform the following two 
actions. 


1. Multiply the given vector z by |a|. In doing this the direction of the vector 
z remains unchanged, but its length is multiplied by |a|. In other words, 
multiplying by |a| performs a geometric dilation about the origin, with 
dilation coefficient |a|. 


2. Rotate the vector obtained from the previous step through the angle a. 


Turning to the general case of (4.1), note that adding the vector b to the 
vector az simply performs a parallel translation of the endpoints of the vector 
az along the vector b. 

Thus the mapping (4.1) is effected by means of the following operations: 1) 
a geometric dilation about the origin with coefficient |a|; 2) a rotation about 
the origin through angle a; and 3) a parallel translation along vector b. 


Example 4.1 Find the linear function which maps the square D with side 
2 onto the square FE with side 4 (Fig. 26) and maps point A to point B. 


Solution We will determine each of the three steps that make up the linear 
mapping. 


1. A geometric dilation which takes D to a square D, with side 4. Evidently 
the dilation coefficient is 2, so the transformation must be w; = 2z. Then 
the point A = (V2, V2) goes to A, = (4V2, 22), and A’ goes to A‘. 
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Fig. 26 


2. A rotation of D; about the origin to a square D2, which makes side A} Aj 
parallel to side B’B. Obviously the angle of rotation must be 45° coun- 
terclockwise; this transformation can be written in the form w2 = wye/4, 
Point A; then goes to 


Ay = (4V2 + i2V2) (cos 4 risin®) = (4+ 2i(1 +i) =24 6. 


4 


3. There remains a parallel translation of the square D2 along the vector 
A2B. Considering that B = 6 + 2i, we have AgB = 4 — 47 and w = 
we +4—- 41. 


Thus 
w=w.+4-44) = wye/4 44-45 = Qze7/4 44.4 — Ai, 
and the linear mapping we sought is w = az + b where 


a=2e7/4 = V2+iv2, and b=4-4i. 


Let us note that each one of the three steps of a linear mapping (dilation, 
rotation, and translation) preserves lines and circles, i.e. lines are mapped to 
lines, and circles to circles. Consequently linear mappings (4.1) also possess 
these properties. 
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4.1.2. Mobius transformations 


Now we move to the study of the Mébius transformation, or fractional linear 
transformation, defined by the equality: 
az+b 


= : 4.2 
a cz+d a) 


The function which performs this transformation is a ratio of linear functions. 
Since 


. az+b a : az+b 
lim =-— and lim =0o, 
z>00 cz +d C z>—d/ecz +d 
it is natural to define w(oo) = * and w(—4) = ov. Defined like this, the 


function is continuous on the entire extended complex plane C. 

Ifc =0 then w = $z+ 5 and the Mobius transformation reduces to the 
linear case which we have already explored. So in the rest of this subsection 
we assume that c 4 0. 

Multiplying the numerator and denominator of (4.2) by c, and adding 


ad — ad to the numerator, allows us write the function in the form 


az+b_ alcz+d)+(be—ad) a, be—ad 
cz+d c(cz + d) ~ e. c(ez+d) 


(4.3) 


If bc — ad = 0, then w = © and the function (4.2) reduces to a constant. So 


we will now assume that the conditions 
c#0 and be—ad#0 (4.4) 


are both satisfied. 
_We will show that the Mébius transfomation (4.2) is a bijective mapping 
of C onto C. With this in mind we solve the equation (4.2) for z in terms of 


w (which is possible when z -4, z# oo, wF 4, and w # oo): 
— b d be — 
— dw as = } . ae . (4.5) 
cw-—a c c(cw—a) 


Therefore each value w # 4 and w # oo has exactly one preimage z # —¢ 
and z # oo. But by definition the value w = £ is associated to z = oo, and 
the value w = oo is associated to the value z = —¢, Thus every point w € C 
has only one preimage in z € C, as we needed to show. 
Now we establish the conformality of the mapping (4.2). Since 
, ad — be 


~ (ez +d)?’ 


? August Mébius (1790-1868) was a German mathematician and theoretical astronomer 
best known for his discovery of the Mobius strip. 
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then when z # =4 and z # oo the derivative w’ exists and is nonzero. By 
Theorem 3.11, therefore, the Mobius transformation is a conformal mapping 
everywhere except those for two points. 

To clarify the situation at z = =4 and z = oo we need the following 
definition. 

The angle value between two curves meeting at the point at infinity is the 
angle value between the images of those two curves under the mapping w = 4, 
at the origin. 


Example 4.2 Find the angle value between the arm of the parabola y = 2”, 
where x > 0, and the ray y = 2//3 at the point z = oo (Fig. 27, a). 


Fig. 27 


Solution Any point of the parabola may be written in the form 


z= rel), 


where $(r) + 1/2 as r — oo. Under the mapping w = + this point of the 


parabola goes to 


1 1. 
w= — = -e PC"), 


z r 


If we let r + oo then |w| = 4 > 0, and argw = —¢(r) > —%. This means 
that the arm of the parabola is mapped to a curve which is tangent to the 


negative y-axis (Fig. 27, b). For points of the ray, z = re’"/®. Hence, 


w= . = 1 -in/6, 
z fr 
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This means that ray is mapped to new ray which is the reflection of the 
original about the z-axis. The angle between the images of the curves in the 
plane of the variable w is, evidently, 7/3; so this is, by definition, the angle 
value between the original curves at the points z = oo. 


Why was the angle value between curves meeting at z = oo defined as it was? For 
example, why do we use the mapping w = 1/z rather than, say, w = 1/ 27? Consider 
for simplicity two straight lines y, and 72 passing through the origin. Referring back 
to Fig. 18 with zo = Z = 0, the natural definition of the angle at z = oo between 
lines yi and 72 would be the angle at P between their images I; and I'2 under the 
stereographic projection; but it is preferable to give a definition that does not refer 
to the Riemann sphere and the stereographic projection. Recall that in Fig. 18 the 
angle between IT; and I'2 at the north pole P is equal to the angle at zo = 0 between 
the lines 7, and y2 in C. Now we apply the simple Mobius transformation w = 1/z 
to lines 71 and y2, obtaining y; and 75. In Example 4.2 we saw that +, and 5 are 
just the reflections of yi and y2 about the z-axis. Hence, the angles between 4, 
and between 71, 72 at the origin are the same. So we see that the angle between Ti 
and [2 at P is the same as the angle at 0 between the images of 71 and 72 under the 
mapping w = 1/z. So, the choice of the mapping w = 1/z is justified by its property 
to preserve angles. 


A mapping is said to be conformal at the point z = oo if it preserves angles 
between any two curves passing through that point. 

Now we are ready to check the Mobius transformation (4.2) for conformal- 
ity at the points z = —¢ and z = oo. Let 71 and 72 be two curves meeting at 
the point z = —¢ where they form the angle a. The Mobius transformation 
(4.2) takes them to some curves yj, and 75 intersecting at w = oo. To find the 
angle between them we must, by definition, map y;, and 5 by means of the 
function W = 1/w to some curves yj/ and 74, and then measure the angle 
between them at the point W = 0. The mapping from y; and yz to yj/ and 
yy has the form 


1 cz+d 
Ww=--—H= ; 4.6 
w az+b =o) 
The derivative 
dW _ be—ad 
dz  (az+b)? 
at the point z = —¢ exists and is nonzero. Consequently the angle between 


yi and 7% at the point W = 0 is equal to a; this means that the angle 
between 7, and 9% is also equal to a. The dilation coefficient under the Mobius 
transformation at this point is oo in all directions, and therefore independent 
of direction. So the Mébius transformation (4.2) is conformal at the point 
g=—4, 

Now we check conformality at the point z = oo. Let 71 and 72 be two curves 
meeting at the point z = oo. We will let y; and y4 denote the curves to which 
7, and y2 are mapped under the Mobius transformation (4.2), denoted here by 


Linear and Mobius Transformations 53 


f; in particular the intersection at z = oo is mapped to w = f(oo) = $. Now 
consider the inverse function f~'(w) = z; we have already shown that f~? is 
itself a MObius transformation—see (4.5); moreover it maps ¢ to z = oo. By 
the result from the previous paragraph, f~! is conformal at <. That means 
the angle at w = © between 7, and 73 is equal to the angle at z = oo between 
v1 and 72. And that is the condition for the conformality of f at z =o. 

We can formulate this result as a theorem. 


Theorem 4.3. Any Mobius transformation 


b d 
w= ey where ad—bc #0, w(oo)= ay and u(- ) = oo, (4.7) 
cz+d c c 


performs a bijective conformal mapping from the extended complex plane C 
onto itself C. 


Note that this theorem covers also the case when c = 0, because then the 
function becomes linear, and so possesses the same properties claimed in the 
theorem. 

Now we will see that Mobius transformations have an additional property. 
To state the following theorem as simply and generally as possible, it’s con- 
venient to think of lines as being circles of infinitely large radius. We will use 
the term circle for this extended notion of circle (that is circle means circle or 
line). 


Theorem 4.4. Under Mobius transformations circles are preserved, i.e. they 
are always mapped onto other circles. 


(Of course, it is possible for a circle of infinite radius, that is a line, to be 
mapped onto a circle of finite radius, and vice versa.) 


Proof. Consider the equation 


A(x? + y?) + Br + Cy+D=0, (4.8) 


where A, B, C, and D are real coefficients. When A = 0 we get Br +Cy+D = 
0, which is the equation of a line. If A # 0, then dividing by A, and then 
completing the squares, produces an equation of the form 


(x — x9)? + (y— yo)? =+R’, 


which defines some circle, if the right side is +.R?, some point, if R = 0, and 
the empty set, if the right side is —R?. On the other hand, any circle can be 
expressed in the form of equation (4.8). 

First we show that the mapping w = 1/z preserves circles. Take an arbi- 
trary circle in the complex plane, and express it in the form of equation (4.8). 
Writing z = «+ iy and w = u + iv, and using z = 1/w, we get 


7 1 U— iw 
ctiy= == . 
utiv u2+v? 
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From this it follows that 
v 


i d 
c= —-—~ an — ee 
y uz + v2 


u2 + v2 
To get the equation of the curve to which the circle is mapped under w = 1/z, 


we plug these expressions for x and y into (4.8): 


A ie Bu Cv 
wt | wt wt! 


or 


A+ Bu—Cu+ D(w? +7) =0. 


We have arrived at an equation of the same form as (4.8), except in the plane 
of variable w = u+ iv. As we saw earlier, such an equation defines either a 
circle, a point, or the empty set. But any Mobius transformation is a bijection; 
so the image of a circle cannot be either a single point or the empty set. That 
means the image must be a circle, so the mapping w = 1/z preserves circles. 

Now consider the general case of a Mobius transformation of the form 
(4.2). If c = 0, then we get a linear mapping of the form w = a,z + 61, which 
breaks down to a dilation, a rotation, and a translation. Clearly each of these 
component mappings preserve circles; and therefore so does their composition, 
wW=ayz+ by. 

Now suppose that c 4 0. Making use of the equality (4.3), let us put the 
Mobius transformation in the form 


= =o4 =E+—_, 4.9 

cz+d c c2(z + 4) cieamre a oY) 
where , q q 
E="5, Fa" ond G=*. 
c c c 


From the equality (4.9) it follows that the Mobius transformation can be 
broken down into the following three components: 


1) w = 24+G 
2) W2 = an 


We have already established that each of these mappings preserve circles. 
Therefore the composition of the three, i.e. the original Mobius transforma- 
tion, also preserves circles, which is what we were to prove. 


In order to state the next theorem, we need a new definition. The points 
A and A’ are said to be symmetric about a circle of radius R < oo, if they 
both lie on the same line through the center O of the circle, and 


OA-OA' = R?. (4.10) 
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Here are a few simple facts to note: if 

a point A approaches the circle, i.e. if A! 
OA — R, then OA’ also approaches 

R; every point on the circle is sym- 

metric to itself; and if OA —> 0 then 

OA' + co, and therefore the point O 

is symmetric with the point at infinity. 

Points are symmetric about a circle of 

radius R = co (that is about a line) if 

they are symmetric in the usual sense, Fig. 28 


i.e. one is the image of the other under reflection over the line. 


Lemma 4.5. Two points A and A’ are symmetric about the circle T if and 
only if any circle passing through A and A’ is perpendicular to T (Fig. 29). 


Proof. The proof is simple for symmetric points about lines, and that is left 
to the reader. In what follows we deal only with the case of symmetry about 
a proper circle. 

Only if (necessity): Let points A and A’ be symmetric about the circle 
T. Take an arbitrary circle I’ through points A and A’. Then I” might be 
a line, but by definition, the line through A and A’ must pass through the 
center O, and therefore is perpendicular to . So we may assume that I” is a 
proper circle. 
Let B be a point of I’ at which the 
segment OB is tangent to I’. A well 
known theorem of elementary geome- 
try says that 


OA-OA' = OB’. 


By assumption, the left side of this 
equation is equal to R?; therefore we 
must have OB = R. So evidently the 
point B lies on the circle [’, and hence 
B is a point of intersection of the two 
circles. Because OB is a radius of I, it 
is perpendicular to [’; and because 


Fig. 29 


OB is tangent to I’, the angle it makes with T is the same as the angle that 
T and I” make with each other. Hence the circles intersect at right angles. 
If (Sufficiency): Now let A and A’ be such that any circle passing 
through both, also meets T in a right angle; we will show that A and A’ are 
symmetric points about [. By assumption, the line through A and A’ must 
be perpendicular to I’, so it must pass through the point O. So A, A’, and 
O are collinear. In fact A and A’ must lie on the same side of O. For if not, 
consider the circle I’ with diameter AA’; the point O would be in the interior 
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of this circle. Let B be a point of intersection of [ and I’, then OB is a radius 
of I’. Since O is inside I’, OB cannot be tangent to I’; and hence I’ cannot 
be perpendicular to I’. 

Now take an arbitrary circle I’ passing through A and A’, and let B be 
a point of intersection of IT and I’. By assumption, the intersection at B 
forms a right angle, hence the radius OB of T is tangent to I’. Therefore 
the relationships of Fig. 29 hold, and by that same theorem of elementary 
geometry quoted earlier, OA-O.A’ = R?, which means A and A’ are symmetric 
about [. 


Now we are ready for the following property of Mobius transformations 
which we will call preservation of symmetry. 


Theorem 4.6. Any pair of points symmetric about a circle are mapped by 
any Mobius transformation to a pair of points symmetric about the image of 
the circle. 


Proof. Let z,; and zg be symmetric about the circle [. Under a Mobius trans- 
formation f of the form (4.2) T will be mapped to a curve y, which, by 
Theorem 4.4, is also a circle. We write the images of z; and zg as w; and 
w2; we must show that w,; and wz are symmetric about y. Take any circle 
y' passing through w, and we, and consider its preimage I” under f, i.e. the 
set of points in the plane of the variable z which are mapped to y’. Recall 
that the inverse function f~!(w) is also a Mébius transformation, and under 
f—' the circle y’ is mapped to I’; and by Theorem 4.4, I” is also a circle. 
Since I’ passes through the points z,; and z2, which are symmetric about I, 
by Lemma 4.5 the circle I” is perpendicular to T. Because the mapping f is 
conformal, the circle y' must also be perpendicular to y. Since y' was arbi- 
trary, we have shown that any circle through w ; and we is perpendicular to 
y; hence by Lemma 4.5 those points are symmetric about 7, completing the 
proof. 


These properties of Mobius transformations just established enable us to 
find mappings from one domain bounded by a circle to another. 


Example 4.7 Find a Mobius transformation mapping the upper half-plane 
Im z > 0 onto the interior of the unit disk |w| < 1. 


Solution Let z be the point in the upper half-plane which is mapped to 
the center of the unit disk, i.e. w(zo) = 0. By Theorem 4.6, the point %, 
which is symmetric to z about the real axis, must go to w = ov, the point 
symmetric to w = 0 about the unit circle. Any Mobius transformation which 
satisfies w(zo) = 0 and w(Z%) = co must look like 
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where A is a complex constant. But this constant is not completely arbitrary, 
since for any real value z = x its image w must lie on the unit circle, hence 
|w| = 1. Since 


|x — z| = |x — Zl, 
we get 
a — £9 w— Zo 
1=jol=|4 ol || 22] = |Al 
«L— 20 XL — Zo 


Therefore A = e’?, and the desired function must have the form 


w = t= ll where Imz > 0. (4.11) 
z— £2 


Note that indeed |w(z)| = 1 for real z, and any function of the form (4.11) 
maps the upper half-plane onto the unit disk. 

We see that there is an infinite family of such Mobius transformations, 
performing the required mapping. Each of these functions is determined by a 
real number ¢ and a complex number Zo. 


Example 4.8 Find a Mobius transformation which maps the unit disk |z| < 
1 onto itself, i.e. |w| < 1. 


Solution Let 2 be the point in the unit disk |z| < 1 which is mapped to 
the point w = 0. Then the point 2), which is symmetric to zp about the unit 
circle |z| = 1, must go to the point w = oo, the point symmetric to w = 0 
about the unit circle |w| = 1. Let us express zj in terms of zo. Since zo and 
z lie on the same ray starting at z = 0, we can write 2) = kz, where k isa 
positive real number. From the definition of symmetric points we know that 
|20||26| = 1, or k|zo|? = 1, which means that k = 1/|zo|? and 


20 20 1 


zi = kz : 
: |zo|?, 20% = Zo 


Any Mobius transformation satisfying the conditions w(zo) = 0 and w(1/Z%) = 
co, must have the form 


where A is complex constant. As in the previous example, the value of A is 
constrained by the condition that points on the unit circle |z| = 1 must be 
mapped to the unit circle |w| = 1. In particular, if z = 1 then 


— 
1=|wl =| AR; a 


=|- Az, 


— 29 


(using |1 — zo| = |% — 1|). Therefore —AZ = e’®, and the desired mapping 
must have the form 
w= ge (4.12) 
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On the other hand, any function of the form (4.12) maps the unit disk |z| < 1 
onto itself. The reader can prove this fact directly, substituting z = e’’ into 
(4.12), or use Theorems 4.4 and 4.6 (problem 7). 

Here again the mapping is not unique. In Fig. 30 you can see the preimage 
of the polar grid in the plane of w. The preimages of radial lines (Fig. 30, 


Fig. 30 
b) are arcs perpendicular to the circle |z| = 1 (Fig. 30, a); the preimages of 
circles |w| = r < 1, are similar circles in the z-plane, without however being 


concentric. 


Problems 


1. Find an analytic function which maps the triangle with vertices at 


onto the triangle with vertices at 
A’ = (3,0), B’=(5,-6), C’ =(1,-6) 


(see Fig. 31). 


2. Find an analytic function which maps the triangle with vertices at 
(0,0), (—1,2), (1,2) onto the triangle with vertices at (2,0), (6,2), (6,—2). 


3. How many distinct linear functions mapping the square D onto the square 
F are there? In Example 4.1 we have found one so far. 
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4. To what domain is the disk |z + 2i| < 2 mapped under the transformation 
w= 4? 

5. To what domain is the disk |z + i| < 3 mapped under the transformation 
w= +? 

6. To what domains do the following disks go under the mapping w = +? 


a) |z-i| <1; b) |z-4| <2. 
7. Prove that any function of the form (4.12) maps the unit disk |z| < 1 onto 
itself. 


8. Find a conformal mapping w = f(z) of the disk |z| < 1 onto the disk 
|w| < 1 which satisfies the conditions 


w(-5) =0 and Argw’ (-5) =7- 


Also find the dilation coefficient at the point zo = —i. 


9. Find a conformal mapping w = f(z) of the unit disk onto itself which 
satisfies the conditions 


1 ,{l T 


Determine the dilation coefficient at the point zp = 4. 


10. Find a mapping of the upper half-plane Im z > 0 onto the disk |w] < 1, 
satisfying the conditions 


w(2i)=0 and Argw’(2i) =7. 
Also find the dilation coefficient at the point z) = 2%. 


11. Find a conformal mapping w = f(z) of the upper half-plane Imz > 0 
onto the unit disk |w| < 1 which satisfies the condtions 


w(t) =0, Argw’(i) = a 


Determine the dilation coefficient at the point zp = 2. 


12. Find a Mobius transformation f(z) mapping the interior of the unit disk 
|z| < 1 onto the upper half-plane Im w > 0. 


13. Find a Mobius transformation f(z) mapping the interior of the unit disk 
|z| < 1 onto the upper half-plane Im w > 0 in such a way that the upper half 
of the unit circle is mapped onto the positive real axis. 


60 Conformal Mappings 


4.2 The Power Function. The Concept of Riemann Sur- 
face 


Let us look carefully at the power function 
w= 2", (4.13) 


where n is a positive integer. The derivative w’ = nz"~! exists and is nonzero 


at all points except 0 and oo. Therefore the mapping performed by this func- 
tion is conformal everywhere except z = 0 and z = oo. Writing z and w in 
exponential form, z = re’? and w = pe’®, leads to the equations 


p=r" and d=né¢d 


(we have already considered the power function in the case n = 2 in Exam- 
ple 2.3). From this it is clear that the circle |z| = r goes to the circle |w| = r”. 
Also, an angle of measure a, with 0 < a < 2n with vertex at the origin in 
the z-plane, goes to an angle of measure na in the w-plane; so we see that 
conformality is violated at z = 0, since angles at that point are not preserved, 
but rather multiplied by n. It is easy to show also that the conformality fails 
at. z =o (the reader should try it). 

Suppose points z; and z2 satisfy zo = ze , assuming n > 1; in other 
words, 22 is the result of rotating z, about the origin through an angle of oh, 
Then obviously 2; 4 22, and 


i2n/n 


so the function f(z) = z” is not 1-1 in C. However, it is 1-1 on any sector of 
the complex plane with angle a < 2m and the vertex at the origin. We are 
almost ready to introduce the inverse to the power function, but we need one 
more definition. 

A multivalued function of a complex variable is a rule that associates to a 
complex number z, a set of complex numbers {w;}; this set may be of any 
size, including infinite. 

All functions considered so far have been single-valued, with the exception 
of the arg z function; that function is multivalued: 


arg z = Arg z+ 27k, 


where Arg z is the principal value of the argument, and k is any integer. 
From this point in the text, when the term function is used without any 
qualification, it is understood to refer to a single-valued function; if a function 
is to be multivalued, that will always be stipulated explicitly. 

Now let the function w = f(z) maps the domain D onto the domain E. The 
inverse of the function w = f(z) is the function (which is generally speaking 
multivalued) z = g(w), defined on the domain E, which associates to every 
w € E the set of z € D for which w = f(z): 


gw) = {2+ f(z) =v}. 
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In other words, the inverse to the function w = f(z) associates to each w € E 
all the preimages of w in D. 

If the function w = f(z) is 1-1 on D, then the inverse function will be 
single-valued (and also 1-1) on E; if w = f(z) is not 1-1, then the inverse 
function will be multivalued. For example, the inverse to the function w = z” 
is the multivalued function z = ~/w: each value of w, besides 0 and oo, 
is associated with n different nth roots, defined in the formula (1.17). The 
numbers 0 and oo each have only one root: */0 = 0 and Vo = CO. 


Theorem 4.9. Let the function w = f(z) be univalent on the domain D, 
mapping D onto a domain E,, and suppose f'(z) #0. Then the inverse func- 
tion z = g(w) is also univalent on the domain E, and 


ae oe 
f(z) 
Proof. Let us fix an arbitrary point z € D, and consider an increment Az # 0. 


Then, because the function w = f(z) is 1-1, the corresponding increment 
Aw = f(z + Az) — f(z) is also nonzero. Therefore 


g' (w) (4.14) 


g(wt+Aw)—g(w) Az 1 


Aw — Aw Aw’ 
Zz 


Since f’(z) = lima, 40 au # 0 and the function f(z) is a bijection, it is true 
for the inverse function that Ag(w) = Az > 0 as Aw — 0. Hence 


Gis i Az _ 1 — ol 
Be naan A yc, CRM Pay 
lim —— 
Az>0 Az 


as required. 


Now we have an awkward notational issue: the input to the inverse function 
z = g(w) is the variable w, although by convention we like to denote the 
input to a function by z. So for consistency with the convention we will write 
w = g(z); for example, the inverse to the function w = 2” is written as 
w= V2. 

Let us investigate the function ~/z further. As mentioned above, it is mul- 
tivalued. Nevertheless it is possible to define this function on a set different 
from, and more complicated than, C, but which allows the function ~/z to be 
a continuous bijection. 

Let us construct this set. Take n copies of the complex plane, denoted Do, 
Dy, ..., Dn—1, called sheets. We cut each of these sheets along the positive 
real axis, that is we remove the positive real axis, producing two edges in each 
sheet: an upper edge (leading to y > 0) and a lower edge (leading to y < 0). 
Then we lay all the sheets on top of each other (Fig. 32 illustrates the case 
n=A4). Next we take the lower edge of Do and glue it to the upper edge of 
Dj ; the “glue” consists of copy of the positive real axis which binds to both 
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Fig. 32 


of these sheets. Then glue the lower edge of D; to the upper edge of D2; and 
continue in this way until the lower edge of D,,_2 is glued to the upper edge 
of D,—,. Finally we glue the one remaining free lower edge, of D,—1, to the 
one remaining free upper edge, of Do. 

If you are following these instructions at home with paper and glue, you 
will find that last step is physically impossible (at least in three dimensions), 
because after the gluings in the previous steps, Do is now separated from 
D,_, by the intervening sheets. But we will agree to consider the lower edge 
of D,—1 as glued to the upper edge of Do, and to consider that there are no 
intersections between different sheets—in particular, the points of the glue, 
i.e. copies of the positive real axis, are distinct at each level. 

The finished construction is shown in Fig. 33; this is called the Riemann 
surface for the function w = (/z. Over each point in the complex plane, 
except 0 and oo, lie exactly n points in the Riemann surface. This includes 
each point on the positive real axis x > 0, since all the gluings which lie over 
it are considered nonintersecting. Only two points do not have this property: 
z = 0 and z = oo. All sheets of the Riemann surface are considered glued 
together at the points lying above z = 0 and z = on. 

Now we define the function w = ~/z on the new Riemann surface. Recall 
that if z = re’? then the nth roots of z are given by (formula (1.17)) 


w= Vz= JF (cos 22 is isin @* 2"), (4.15) 
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Fig. 33 


where k = 0,+1,+2,.... The angle ¢ can be chosen from any interval of width 
27; we find it convenient to use 0 < ¢@ < 27. 

The points z = re’? lying in the sheet Dg along with the glue to Dn_1, 
we associate with the value of the root obtained using & = 0; the points lying 
in the sheet D; along with the glue to Do, we associate with the value of the 
root using k = 1. And so on: points lying in Dz, 1 < k < n—1, along with 
the glue to D,_1, are associated with the root using the given k. The function 
constructed this way is a single-valued function on the Riemann surface. 

It is not hard to show that this function is a bijective mapping from the 
Riemann surface onto the complex plane. In fact, the sheet D; will be mapped 
to the sector k= < ¢ < (k +1), and the glue will be mapped to the rays 
between adjacent sectors. So the entire complex plane is filled by images of 
points in the Riemann surface. 

Now we will show that this mapping is continuous. Let z be a point in 
Dy (not in the glue); then continuity at this point follows immediately from 
formula (4.15) with fixed k. To demonstrate continuity at points in the glue, 
consider a curve on the Riemann surface consisting of points lying above the 
circle |z| = 1 in the complex plane. We begin traversing this curve at the point 
z which lies on the glue bound to the upper edge of sheet Do; here r = 1, 
¢=0, and k=0,so %/r =1. From this point we traverse the curve along its 
branch through sheet Do, so that @¢ > 27 and 


hn ie 270». 12 4 
Wz = cos — +isin — > cos + isin 
n n 
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Having reached the glue to Dj, the root is now defined by 


2 2 
pace f eas ud 
n 


% 


n 


since k = 1. In particular, when ¢ = O we are at the same point that is 
approached from the lower edge of Do. This means that at points of the glue 
from Do to D,, the function ~/z will be continuous. By analogy, the root is 
also continuous at the points gluing Dy_; to D; for l1<k<n-1. 

Finally, we traverse the curve through D,_,, and toward the lower edge 
of the cut, using k = n — 1. Along here ¢ > 27 and 


2 2 —1 2 2 —1 
</z — cos ere) + isin Ba eaie=t) 
mr 


=cos27 +7sin27 = 1, 

n 

which is the same value with which we began on the upper edge of sheet Do. 
Therefore the function ~/z is continuous at all points of the Riemann surface. 
Since it is the inverse to an analytic function, it is also a 1-1 and analytic 
function on this surface (except at z = 0 and z = ov). 

Now take any circle in the complex plane embracing the point z = 0. This 
circle can also be regarded as embracing z = oo. As we traverse the curve in 
the Riemann surface consisting of points above this circle, we move from one 
sheet of the Riemann surface to another. For this reason the points z = 0 and 
z= co are called branch points of the Riemann surface. No other points in C 
have this property: any point other than z = 0 and z = oo will have circles 
centered around it and not containing 0. When lifted to the Riemann surface, 
they become n disconnected circles, each never exiting a single sheet, and not 
a connected path through all the sheets. 

Let F(z) be a multivalued function on a domain D. A function f which 
is single-valued and analytic on the same domain D is said to be a regular 
branch (or sometimes just branch) of F' if the value of f(z), at each point z 
in D, matches one of the values of F(z). 

A multivalued function F(z) is single-valued and analytic on its Riemann 
surface, with the exception of branch points. So if a regular branch exists 
on a domain D, it must also be possible to place this domain somewhere in 
the Riemann surface, without cutting it or touching any branch points. The 
domain D must either fit entirely within one sheet, or straddle several sheets 
around their glue binding (like a carpet over adjacent stair steps). 

For example, the ring 1 < |z| < 2 could not be placed in the Riemann 
surface of the function F(z) = */z (n > 2), because the points over the 
positive real axis would have to be in different sheets at the same time, which 
is impossible. But if we cut the ring along some radius, then it would work; 
moreover the placement could then be done in n distinct ways, allowing n 
distinct branches of the function ~/z to be constructed. 

To construct a particular regular branch, it suffices to set the value of the 
function at any one point in the domain D. That would determine which sheet 
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of the Riemann surface that point would be placed in, and thus determine the 
placement of the entire domain D. 


Example 4.10 Work out a regular branch f(z) of the function w = ~/z on 


the domain ; 
; 1 7 
D= =re’?; — ee 
{* re 5 <o< 5 \ 


and satisfying the condition that f(1) =i. Also find f(—1). 
Solution The domain D is the complex plane with a cut removing the 


positive imaginary axis (y > 0); so defining a regular branch on D is possible. 
By formula (4.15) 


P=42 248 (cos 24228 | jsin 24 PF) | 


3 
where k=0,1,2,3 and ~S<o<5. 


In order to define the branch f(z) we must find the right value of k. Since 
f(1) =i, then ¢ = 0 and r = 1; and we get 
aes PP i, _ Qk 
7 = cos —— + isin —— 
s fi s rae 


from which it follows that k = 1. So the required branch is 


Pa 2T sages o+2n fo 37 7 
m isin —] r 5 


fOEkG (cos 
In particular, 


peo = 2 D 2 
(1) = VT (cos 2 E+ isin =“ *\.¥ ae 


We carried out our construction of the Riemann surface for the function 
w = %/z by cutting the complex plane along the positive real axis. It is worth 
pointing out that the choice of which curve to cut along is not critical: an 
analogous construction can be carried out by cutting along, for example, any 
ray starting at the origin. 


Problems 


1. Work out a regular branch f(z) of the function w = </z satisfying the 


condition f(—1) = 4 —i¥3, and find f(1) if 


(a) D= {ere -F<o< oh (0) D= fennel: -F<o< Sh. 
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2. Let D be the complex plane C with a cut removing the closed interval 
[—1,1] (that is D is the exterior of this interval). Let f(z) be the branch of 
the function w = Vz? — 1 defined by the formula 


f(z) =|2?-1]'e"*, where ¢ = 3(Arg(z—1) + Arg(z+1)). 


Prove that: (a) f(z) is analytic and single-valued in D; (b) f(z) is not contin- 
uous (and therefore is not analytic) in C. 


3. What is wrong in the following chain of equalities? 


1=V1l=/(-1? =-1. 


4.3. Exponential and Logarithmic Functions 
4.3.1 Exponential function 
The exponential function f(z) = e* can be defined for any z = x + ty by 


z 


e* = e"t — e* (cosy + isiny). (4.16) 


The second equality in (4.16) holds if take e?**Y = ee’ to be true by defini- 
tion, and then apply the Euler formula (1.19). From (4.16) it follows that 


le?| =|e7t| =e” and arge* =y+2rn. 


Using definition (4.16) and the properties of the function e’® it is easy to show 
that the exponential function retains its usual properties: 
e* 
Gre Sealers! ere fer ae (4.17) 
e*2 
We will prove the first of these. Let 2) = 71 +iy; and zg = rg + iy. Applying 
(4.16) and (1.20) we get 


e21t22 — e%1 6iY1 o2 p1¥2 — eT1 o%2 oii pt¥2 — etit®2pi(yity2) — e21+22_ 
The reader can easily prove the other two (problem 6). 

Now we will show that the function e* is analytic on the entire complex 
plane C. For this we must verify that the Cauchy-Riemann conditions (3.4) 
are satisfied. So let w = u+iv, and then from (4.16) we have 


u+iv =e* cosy +ie* siny, 
and 
u =e" cosy, v=e" siny; 


Ou Ov Ou Ov 


= — =e" cosy, 
y 
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So the Cauchy-Riemann conditions are satisfied, and therefore the function e* 
is analytic. To compute the derivative (e*)’, we will exploit the independence 
of the derivative from the direction in which it is taken, and simply compute 
the derivative in the direction of the x-axis: 


) 
(ey = Due (cosy +isiny)) = e*(cosy +isiny) = e*. 
Therefore we get the usual formula for the derivative: 
(e7)' =e”. 


However, as a function of a complex variable, e* has a property not shared 
by it real-valued cousin e”: the function e* is periodic with purely imaginary 
period 271. Indeed, for an arbitrary integer n, 


z+2rni 


€ = e* (cos (y + 27n) + isin (y + 27n)) = e* (cosy + isin y) = e”. 


One consequence of the periodicity of this function w = e” is that it is not 


y vA 


Fig. 34 


1-1 on the entire complex plane. On what kinds of domains is this function 
1-1? To explore this, let us again set z}] = 2, + iy, and z2 = x2 + iyo. By 
(4.16), the equality e*4 = e*? is equivalent to the following conditions: 


e*1 =e*?, cosy, =cosy2, and = siny, = sin yp, 


which implies that 7, = x2 and y, = y2+2z7n, where n is an arbitrary integer; 
or, in other words, 
21 — 22 = 2nni. (4.18) 
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So the mapping w = e” will be bijective on the domain D if and only if D 
contains no pair of points for which (4.18) holds. An example of such a domain 
is any horizontal strip of width 27, for example 


{z:-0o0<4<o, Wtk<y< I(k+1)}, 


where k is any integer. Each such strip is mapped to a set of values w = e* = 
e*e'Y = pe®® for which 


O0<p<co and 2nk <0 < 2n(k+1). 


(Here, p = e* and @ = y.) This set is the entire complex plane, but with 
the positive real axis cut out. The horizontal lines y = yo (shown as dotted 
in Fig. 34, a) go to the rays 0 = yo (Fig. 34, b), and the vertical segments 
v= xo, 2tk < y < 27(k +1) (shown for the the case k = 0) go to the circles 
p = e*° (which however omit the points on the positive real axis); the strip 
0 < Imz < h < 27 is mapped to sector 0 < 6 < h. Note that the strip 
0 < Imz <7 is mapped onto the upper half-plane. 


4.3.2. The logarithmic function 


The function inverse to the exponential function is said to be the logarithmic 
function. Since the exponential function is not 1-1, the logarithmic function 
is multivalued; it is denoted log z. Let us take w = log z, so that z = e”, and 
set 


w=utiv and z=re'? =re'™8?, 


Then 


4 arg z z ew eutiv evel” . 


re 


Equating the expressions on the left and right ends, we conclude that 
r=e- and ¢@@8* =e, (4.19) 


From the first equality we get u = Inr, where In is the usual natural logarithm 
of a positive number r. From the second equality we get v = arg z. So we have 


log z = In|z| + arg z. (4.20) 


This formula associates every complex number different from 0 and oo with an 
infinite set of values log z, each of which differs from the others by a mulitple 
of 277. Recall that arg z can be written in terms of its principal value —7 < 
Argz <7, 


argz = Argz+2rk, k=O0+41,+2,.... 


This allows us to write log z in a similar way: 


log z = In|z| +7(Argz+ 27k), k=0+41,+2,.... (4.21) 
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For any fixed value of k, the function log z is single-valued and continuous on 
the complex plane minus the negative real axis; it also analytic since it is the 
inverse of the analytic function e*. So for each value of k, the formula (4.21) 
defines a regular branch of the multivalued function log z. This branch maps 
bijectively the plane cut along the negative real axis onto the strip 


—n7 +2rk <Imw < 7+ 27k. 


The branch defined when k = 0 is denoted by Log z and is called the principal 
value of the logarithmic function: 


Log z = In|z| + i Arg z. (4.22) 


For example, 


If we approach the point z = —1 from the upper half-plane y > 0, then 


lim Log(—1 + iy) =In1 + ia = 17; 
yor 


But if we approach from below, then 


lim Log(—1 + iy) =In1 — ia = —in. 
yO 
To form the Riemann surface of the logarithmic function log z, we need 
infinitely many copies of the complex plane to serve as sheets. We cut each 
one along the negative real axis, and then glue them together (with copies of 
the negative real axis) as shown in Fig. 35. 


Lying over (and under!) every point of 
the complex plane, except 0 and oo, 
are infinitely many points of the Rie- 
mann surface. At the points z = 0 and 
z = oo, the function Log z is undefined, 
and there are no points corresponding 
to them in the Riemann surface. Those 
two points are called branch points of 


i infinite order. 
Yy 0 Fig. 35 illustrates the fact that 
Fig. 35 lim Log(—1+iy) 4 lim Log(—1+%y). 
y0F y07 


For if we assume that the points —1 + ih and —1 — ih, h > 0, move over a 
single sheet of the Riemann surface as h — 0, then the limit points turn out 
to be on different sheets. 
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As with the power function, for the logarithmic function there are different 
ways that C can be cut in order to permit a regular branch to be defined; a 
cut along any ray starting at the origin would work. Suppose the cut is made 
along a ray starting at the origin and making the angle 6 with the positive 
x-axis. Then a regular branch can be defined by, for z = re’®, 


Log z = Inr + 7(¢ + 27k), (4.23) 


where 06 < 6 <6+27 and k is any fixed integer. The formula in (4.22) is just 
the case when 0 = —7 and k= 0. 


Example 4.11 Work out a formula for a regular branch f(z) of the function 
log z, defined on C with a cut along the ray Arg z = 7; it should also satisfy 
the condition that f(1) = 0. Then find f(—1). 


Solution The formula for f(z) will follow that of equation (4.23) with 
Z << 3. Then 1 = le?”’, and we get 


0 = f(1) =In1+4+ i(2a + 27k) = i(2n + Qrk), 


so evidently 27 + 27k = 0 and k must be —1. So this branch is given by the 


formula 5 
f(re’®) =Inr +: i(¢ — 2n), . <o< = 


When z = —1, then r = 1 and ¢ = 7; therefore 
f(-1) =In1 + i(a — 27) = —-in. 


Note that the choice = < $< 2 of the interval for ¢ is not unique—see 
problem 7. 


The multivalued function log z retains the usual properties of the logarith- 


mic function: 
log(z122) = log z1 + log za, 


zy (4.24) 
log {| — ) = log z; — log 2, 
22 


where z; and z2 are any complex numbers except 0. But it must be remem- 
bered that each of the equalities in (4.24) is an equality of sets of values. The 
left side of each is the set of values of a multivalued function; we interpret 
the right side of each as being the set of sums or differences of all possible 
values of the functions log z; and log z2. For example, let us prove the first 
equality. Of course we know that any two positive real numbers r; and r2 
satisfy In(rir2) = nr; + nrg; therefore 


log(z122) = In|z129| + iarg(z122) 


=In|z1| + In|zo| +2 arg z1 +i arg z2 = log z1 + log za, 


(using equality (1.11)), as required. 
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But at the same time, a regular branch of log z will violate, for some values 
of z; and zg, the corresponding two properties for log z. 


Example 4.12. Check the validity of Log(z-z) = Log z+Log z, or Log(z?) = 
2 Log z, for (a) z = all —1), (b) z= ao) ae — 1). 


Solution (a) We see that |z| = e and Arg z = —4, so 


a wT Tw 
Logz =Ine +i ( 7a iD 2Logz=2—-%5. 


Now we find Log z?: since z* = —ie?, we have |z|? = e? and Arg(z?) = —§, so 


Log(z”) = Ine? 4 i( | Sia oc 


Thus the equality Log(z?) = 2 Log z holds. 
(b) Here |z| = e and Arg z = — 32, so 


3 3 
Logz =1—- oe 2 Log z = 2 — iF. 
But 2? = ie?, so we have |z|? = e? and Arg(z”) = $, making Log(z”) = 2+73. 
Thus, 
3 
Log(z?) = 2 +i5 £9 iF = 2Log z. 


Note that 2 +75 and 2 32 are both values of the multivalued function 
log(z?) when z? = ie?; so this example does not contradict equations (4.24). 
To conclude this section, we will show that derivative of any regular branch 


f(z) of the logarithm is given by the formula 


analogous to the formula in the case of the real logarithm In. This comes from 
the equation (e*)/ = e* and the formula (4.14) for the derivative of an inverse 
function. Here the inverse to w = f(z) is the function z = e”, and so from 
(4.14) we get 

1 1 1 1 


g(w) (ery ewe 


(4.25) 


Problems 


1. Find the principal value and all values of the logarithmic function at the 
given point: (a)z=1+i; (b)z=-1+i; (c)z=-1-V3. 
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2. Find all roots of the following equations: 
(a) e* =—-1; (b) e* =e; (c) e* = -te. 
3. Find a conformal mapping of the strip between the lines y = «+1 and 
y =«2+3 (Fig. 107) onto the unit disk. 
4, Find conformal mappings of the given strips onto the unit disk |w| < 1. 
a) between the lines y = —x and y = —x +7; 


b) between the lines y = /3x and y= J3a +7. 


5. Find conformal mappings from the given strips to the unit disk. 


a) —1 <Imz < 3; b) 1< Rez <3; c) —t < Rez < 3a. 


6. Prove the last two identities in (4.17). 


7. Use reasoning similar to that used in the Example 4.11 to find the formula 
for the regular branch of the function log z on - <o< 4, still satisfying 
the condition f(1) = 0. Verify that value of f(—1) will be the same as in 
Example 4.11. (In fact the solution can be derived from the previous one by 
making the substitution ¢; = ¢ — 27.) 


8. Show that Log(z1z2) = Log z; + Log zg if and only if Arg(z1z2) = Arg z1 + 
Arg z2. Formulate and prove similar criteria for Log(z1/z2) and Log(z”") = 
n Log z, where n is a positive integer. 


9. What is wrong in the following chain of equalities? 


0 = Log 1 = Log(—1)? = 2Log(—1) = 2zi. 


10. For which z the equality Log z = Log(—1) + Log(—z) is valid? 


4.4 Power, Trigonometric, and Other Functions 
4.4.1 The general power function 


This is the function of the form w = z*, where a is a fixed complex number 
a=a+i; it is defined by 
ee (4.26) 


If z = re’?, we have log z = nr + i(¢+ 27k) for all k € Z. Plugging this in to 
(4.26), 


yt = e(o+i8) (In r+i(o+2rk)) _ e@ In r—B(P+2rk) (i(a(pt2rk) +6 In n) 
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where we have separated the real and imaginary parts of the exponent. From 
this we see that, as long as 8 4 0, the modulus |z@| = e®!""—9(¢+27*) assumes 
an infinite number of different values. So, like the logarithm, the function z°® 
is infinitely multivalued. 


Example 4.13 Find all values of the function w = z’ at the point z = i. 


Solution Since logi = In1 + i(4 + 27k), we get 


gi — cilost — pi (E+20k) _ p-F-2ek pp _ gg 44 49 
So all the values of i* turn out, rather ironically, to be real. 
When £ = 0 we get 
7% = e% In 7 pta(pt+2rk) (4.27) 


Here we see the values vary only in the argument 0, = a(¢+ 27k). If a is 
a rational number, i.e. expressible as an irreducible fraction a = ™ (m and 
n are integers without common factors), then the 0, produce only n distinct 


values of z@ = e%™"e!%«: in fact we can restrict the values of 6; to just 


Qrk 
cer a ed where £=0,1,2,...,n—-1, 
n n 


since when k = n,n + 1,... the new values produced differ from the first n 
by multiples of 27, and therefore lead to no new values of e’* or z%. So when 
a= ™ the formula (4.27) gives us 


m ‘i (cos m(e+ 2k) | ve md * =) 


z =frr T 
nm 


, k=0,1,2,...,.n—-1 


we have used the equality e*!™" = r® for real numbers r and a). Comparin, 
q iy g 


this formula with the root formula (1.17), we see that 


So for rational powers a, the function z° is finitely multivalued. 

When the exponent a = a is real and irrational, then no two distinct values 
of 0, = a(¢+ 2k) differ from one another by a multiple of 27. For if 6,, and 
Ox. were such values, then 6,, — 0%, = 2tkia@ — 2atkga = 271, where | is an 
integer and ky 4 ky; which would mean 


l 


my Te 


is rational, contrary to our assumption. Therefore when the power a is real 
and irrational, the power function z° is infinitely multivalued; and its Riemann 
surface will be similar to that of the logarithm. 
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In fact, because of its definition in terms of the log function, the general 
power function w = r® admits the family of regular branches in the same 
domains as the logarithm: for example, in the plane cut along a ray. The 
branch 


et Logz _ et In Valet ARE 


defined on the plane cut along the negative real axis, is called the principal 
branch of the power function. If z¢+°, z*, and z? are regular branches of the 
power function, all defined using the same regular branch of the logarithm, 


then the equalities 
Zt 
Zz = 2°27? and aren 
Zz 


are valid. In fact, let f(z) be a regular branch of the logarithm log z, and we 
will derive the first equality (the second can be derived analogously): 


oth — p(atb) fz) = eaf(2)+of(2) = ptf bf@ = 24,>, 
Applying the chain rule and using equalities f/(z) = 1/z, z = ef, and 
properties of the exponential function, we get 


(22)! = (sf) = ef().af"(z) = aerf(2) i a = ge@-DF2) = gz} 
z el 4 


for every regular branch of the power function. We have arrived at the usual 
formula for the derivative of the power function: 


(2°) = az). 


4.4.2 The trigonometric functions 


For real values of x, Euler’s formula (1.19) gives us 
e” =cosxz+isinz, 
e ” =cosx—isina. 


From these equalities we easily get 


e’® + e . e’@ oa e 
cos x = ————,_ sinx = ————_ 
27 


2 


These formulas will serve as the basis for the following definitions: 


e'* ote et : e’2 cs, ee 
cos z = ——~——,_ sinz = ——~——_., 
2 21 (4.28) 
sin z COS Z 
tan z = , coz = ——. 
COS Z sin z 


Defined in this way, these functions preserve many of the properties of the 
trigonometric functions of real variables. From the periodicity of the function 
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e* it follows that sin z and cosz are periodic with period 27, and that tan z 
and cot z are periodic with period a. It is also clear from the definitions that 


sin z is an odd function, i.e. sin(—z) = — sin z: 
. et(-2) = e7t(-2) e'? — et é 
in(—z) = - = ; = —sin z; 
2i 2i ; 


while cos z is an even function, i.e. cos(—z) = cosz (problem 5). Also, the 
usual trig identities hold for the functions defined in (4.28); in particular 
sin? z + cos? z = 1, 
sin(z, + z2) = sin z1 cos zg + cos 2, sin 22, (4.29) 
sin(} — z) = cosz, 
etc. These identities all flow algebraically from (4.28). For example, let us 
prove the second of these formulas: 


sin 21 COS Z + COS 21 SiN 22 


e71 ax e271 e'*2 + e. '%2 e'71 - e 71 e'*2 =, e '*2 
24 2 2 24 
ei(41t+22) es e741 t22) 


= * = sin(z, + 22). 


The functions sin z and cos z are analytic on the entire plane C, and they have 
the familiar differentiation formulas: 


(sin z)’ =cosz, (cosz)! = —sinz. 


Let us prove, as an example, the formula for the derivative of sin z: 


1 : : Tees 
= aie +ie “)= le" +e '*) =cosz. 
a 
Using the quotient rule we get 
1 
tan z)’ = =sec*z, (cotz)’ =— = — csc? z. 
( ) cos? z ( ) sin? z 


However, not every familiar property of the real trig functions are preserved 
in their extension to the complex plane. In particular, sin z and cos z can take 
values whose modulus is greater than 1. For example, 

et aC et e t+el 


COS 2 2 2 ; 


te ee er ee 
sin? Di i} 


Note, however that 1.54? + (—1.17i)? © 2.37 -—1.37= 1! 
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4.4.3 Inverse trig functions 


These, of course, are the inverse functions to the trig functions just de- 
fined. Since those trig functions were periodic, their inverse functions will 
be infinitely multivalued. Given that the definitions in (4.28) used simple ex- 


ponential expressions, their inverses will use logarithms. Let us start with 
1 


w = cos ~ z. From the definition of cos we have 
ew zn ew 
z= cosw = oe. ai 


and after multiplying through by 2e’”” we get 
ent — dre +1 = 0, 
which is of quadratic type in e“’. The solutions are 
et = z+ J22—1 


(we omit the + before the root, because the square root of a complex number 
is a two-valued function, not single-valued). Now applying log to both sides 
we get? 


w=cos' z= —ilog(z + Vz? — 1). (4.30) 
(2+ V22-1)(2-V22-1) =1, 


i.e. the two different solutions of the quadratic equation are multiplicative 
inverses of one another, so their logarithms differ only in sign. Because the 
square root is a two-valued function, the expression 7 log(z+./z? — 1) is equiv- 
alent to +7 log(z+ Vz? — 1), so without a minus sign in front we get the same 


set of values: 
w =cos z= ilog(z + Vz? — 1). 


Similar formulas can be given for the inverses to the other trig functions: 


Note here that 


Sig . —cos-+z= . +ilog(z + Vz? —-1) 
= —tlog(iz+ V1—- 2), (4.31) 
1 aa 
tan"! 2 = 5 — cot"! 2 = 5 8 as 


Example 4.14 Find sin7! 2. 


Solution By formula (4.31) 
7 


5 +ilog(2+ V3) 


sin7'2= 


31t is rather unexpected that even the elementary real-valued function cos~! x of a real 


variable x, —1 < x < 1, can be written in terms of the complex logarithmic function: 


cos~! a = —iLog(a# + iV1— 2). 


Power, Trigonometric, and Other Functions 77 


(here we have used the + sign because \/3 is usually understood as the positive 
value). To calculate the logarithm we will use formula (4.20), plugging the 
values |z| = 2+ V3 and Arg z = 0, which results in 


sin7! 2 = ; +iln(2+ V3) + 20k = . + iIn(2 + V3) + 2mk, 


where V3 is the positive value, and k is any integer. 


Differentiation formulas for regular branches of inverse trig functions are 
similar to the corresponding functions of real variable. For example, let us 
derive the formula for the derivative of w = sin~+ z. Then z = sinw, and the 
formula (4.14) implies 

1 1 1 1 
+ —l / 
sin z) = = = = : 4.32 
( ) (sinw)! cosw \/] —sin?w V1 -— 2? ea) 


Therefore, the derivative depends on the choice of the branch of the square 
root. The same result follows from the formulas (4.31) (see problem 11). 


Other elementary functions worth mentioning are the hyperbolic functions 
sinh z, cosh z, tanh z, and coth z, defined by 


. e* —e* e* +e” 
sinhz= —y—_, cosh z= ——5—_ 
4.33 
oun sinh z e*—e * th cosh z e*+e?” ( ) 
ann z = => co z= = . 
coshz e%+e-2’ sinhz e*%—e-? 


These all can be easily expressed through trig functions: 


sinh z = —isin(iz), cosh z = cos(iz), 


tanh z= —itan(iz), cothz =<icot(iz), 


and therefore are not essentially different from the earlier ones. 


4.4.4 The Zhukovsky function 


i= ; (: a -) (4.34) 


z 


The function 


is called the Zhukovsky* function. This function has many applications in 
the theory of airfoils (see Sections 8.13, 8.3.5), and is also very useful in the 
construction of conformal mappings. It is analytic on C except at the points 
z= 0 and z= oo. The derivative 


1 1 
y 
ae 1 =. 
_ > ( =) 


4Nikolay Yegorovich Zhukovsky (Joukowsky) (1847-1921) was a Russian mathematician 
and engineer, a founder of modern aero- and hydrodynamics. 
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exists everywhere in C except at the points z = 0 and z = ov, and it becomes 
zero at z = +1. Therefore the mapping (4.34) is conformal everywhere in C 
except at the points 0, +1, and oo.° 

Let us see when it is possible for two distinct points to be mapped to the 
same image. Let z; # z2, and supppose that 


i ree ee Oa 
2 =) ZI ~ 2 ne 22 : 
1 1 ul 
0=(a++)-(a+2)=l-«)(1- ). 
ZY v9) 2122 


Since we assume z, # 22, this must mean that 


Then 


Therefore the Zhukovsky transform is 1-1 on a domain D, if and only if D 
contains no pair of distinct points satisfying (4.35). Examples of such domains 
are the exterior |z| > 1 of the unit disk (where |z;z2| > 1) and the interior 
|z| < 1 of the same disk (where |zz | < 1). 

To get a visual grasp of the Zhukovsky transform, let us see what circles 
and rays are mapped to under it (see Fig. 36 a; circles are solid, rays are 
dotted). Setting z = re’, we can rewrite (4.34) as 


tf a, ts 1 1 1 1 
w=utiv ==(re? + —e-* |) == [r+ —)cosd+i-(r— — sind, 
2 r 2 r 2 r 


from which we get 


(4.36) 
1 1) and 
v=5\(r—— }sing. 
Now consider the circle r = ro. From (4.36) we get 
u v 
cos $ = ;7——_,,, sind = ~——5,- (4.37) 
3 (70 + Fo) 3 (70 — Fo) 
Squaring both equations and then adding them together, we get 
2 2 
a . ~oe (4.38) 


1 1 aS 1 \2 
4 (ro + ro) 4 (ro ro) 


Here we recognize the equation of an ellipse, with the semiaxes 


1 1 1 1 
Gro = 5 ae > beg = ao : 


5Using the definition of an angle at the point at infinity it is possible to show that the 
Zhukovsky transform is also conformal at 0 and oo; conformality fails only at +1. 
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Fig. 36 


So: circles |z| = ro in the z-plane become ellipses in the w-plane (Fig. 36 )). 
If ro - 1, then a,, — 1 and b,, — 0: in the limit the ellipse is pinched to 
the line segment [—1, 1]. On the other hand, when ro is large, the difference 
Gry — Ory = J is small, so large ellipses will be nearly circular. 


To find the images of the rays ¢ = ¢o, we first rework equations (4.36) 


into the form 
U 1 1 v 1 1 
_ r- i - = rT é 
cosdyg 2 r singg 2 r 


Again squaring both equations, but this time subtracting the second from the 
first, we get 


u? vu 


cos? dg sin? gy 


(4.39) 


This time we recognize the equation of a hyperbola with semiaxes ag, = 
|cos¢o| and bg, = |sin@o|. Therefore radial lines are mapped to arms of 
hyperbolas (Fig. 36, 0). 

So we see that the Zhukovsky transform is a conformal mapping of the 
exterior of the unit disk onto the exterior of the interval [—1, 1], ie. to C with 
the segment —1 < x < 1 cut out. 

From the original definition (4.34) of the Zhukovsky transform w, it is easy 
to see that w(z) = w(1/z). The function z +> 1/z is a conformal mapping of 
the interior of the unit disk onto the exterior of the same disk; therefore the 
Zhukovsky transform is also a conformal mapping of the interior of the unit 
disk onto the exterior of [—1, 1]. 
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Problems 


= 


. Prove that (a) z° =1 for all z 4 0; (b) |z2| = |z|* for z 40 and real a. 
~6i 
2. Find all values of the power (-v3 + i) : 


3. Find all values of (1 + 7)’. 


A, (a) Prove or disprove that if 61, 62, ¢3 are the principal values of arguments 
of nonzero points 21, 22, and 2122 respectively, then the corresponding branches 
of the square root satisfy the equality \/z - \/Z2 = \/2122. 


(b) Let ¢1, ¢2, 63 be the values of arguments of nonzero points 21, 22, and 
2122 respectively, such that ¢3 = 61 + ¢@2. Prove that the corresponding values 
of the power function satisfy the equality z{ + 2 = (z122)*. 


5. Prove that cos z is an even function, but tan z and cot z are odd. 
6. Prove the first and the third formulas in (4.29). 

7. Prove the identities (4.31). 
8 


. Find all values of the expression cos~!(—5i). 


1 ~2V3 + 34 


9. Find all values of the expression tan™ 3 


10. Find all solutions of the given equations. 


a) sing = 2%; b) tanz = 


2-14 2 } 
us c) cosz =—5; d) teny = VE 


11. Derive the formulas for derivatives of sin’ z, cos~!z, and tan! z (a) 


directly from (4.31) using the chain rule; (b) using the formula (4.14). Show 
that all branches of tan~! z have the same derivative. 


4.5 General Properties of Conformal Mappings 


In the preceding sections we have looked at some elementary functions and 
the conformal mappings carried out by them. A natural question arises: is 
it possible to map any domain D, by means of a conformal mapping, onto 
any other domain D’? The answer, in general, is no: using the continuity of 
conformal mappings we see that, for example, a multiply connected domain 
can never be conformally mapped onto a simply connected domain. But if we 
restrict our attention to simply connected domains, then we have the following 
theorem. 
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Theorem 4.15 (Riemann Mapping Theorem). Let D and D’ be simply con- 
nected domains in the extended complex planes of the variables z and w, re- 
spectively. Also assume that their boundaries consist of more than a single 
point. Then there exists an analytic function that performs a conformal map- 
ping of D onto D’. 


The proof is omitted. The interested reader may find it for example in the 
books by L. Ahlfors [1] and D. Marshall [6]. 

It follows from the Riemann’s theorem that a simply connected domain 
D can only fail to be conformally mappable onto the unit disk in two cases: 
a) if D is the extended plane C (for which the boundary is empty) or b) 
if D is the extended plane from which a single point has been removed (for 
which the boundary is that single point). An example of the second case would 
the complex plane C, which is C from which the point at infinity has been 
removed. 

The theorem says that such a mapping of D onto D’ exists, but not that 
it is unique. To define such a conformal mapping uniquely, it is necessary to 
give additional conditions, called normalization conditions, which consist of 
specifying three real parameters. For example, we could specify for some point 
zg in D, some point wo in D’, and some real number 3, that 


f(z) =wo and B= Arg f'(z9). (4.40) 


Here the three real parameters consist in the two coordinates of the point wo, 
and 6. The conditions (4.40) specify that the image of zo is to be wo, and 
the angle of rotation under f, of infinitessimal vectors at zo, is to be (; the 
mapping satisfying those conditions is unique. 

It is possible to give the normalization conditions in other forms than 
(4.40). For example, they could be given by specifying the images of one 
interior point and one boundary point of the domain D, i.e. 


f(zo) =wo and f(z) =wi, 


where z and wo are as above, and z,; and wy are points on the boundaries 
of D and D’ respectively. The value w; counts as only one real parameter, 
because it may be identified by, e.g., the arc length that separates it along the 
boundary of D’ from a certain fixed point. So here again exactly three real 
parameters have been specified. 

One more example of normalization conditions: 


flee) = we for k=1,2,3, 


where the z, and wz are boundary points of D and D’, respectively, and the 
points z, and w, are traversed in the same order. 

As an example, recall the mapping of the unit disk |z| < 1 onto itself, 
|w| < 1, the Mobius transformation (4.12). This function has exactly three 
real parameters: the two coordinates of z), and @. Hence no other conformal 
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mappings of the disk to itself are possible—the only ones that exist are in this 
family of Mobius transformations. 

In the next paragraphs we state some important properties of conformal 
mappings. 


Property 4.16 (preservation of domains). If the function w = f(z) is ana- 
lytic on the domain D and is not constant, then the set D', to which f maps 
D, is also a domain (i.e. a connected open set). 


The proof of this property is proposed as problem 3 after Section 7.4. 
Next is a statement about the relationship between boundaries under con- 
formal mappings. 


Property 4.17 (Caratheodory’s® theorem—preservation of boundaries). Let 
D and D' be simply connected domains bounded by Jordan closed curves T 
and I’. Also let the function w = f(z) be a conformal mapping of D onto D’. 
Then this function can be defined on the boundary T in such a way that it is 
continuous on the closed domain D and maps TV bijectively and continuously 
onto I”. 


Definition of Jordan curve is given in Section 3.3.1. Property 4.17 means 
that when there is a conformal mapping of one domain onto another, there 
must also be an (induced) bijective continuous mapping between their bound- 
aries. 


Property 4.18 (preservation of orientation). Under a conformal mapping 
between domains D and D’, the orientation of traversal of the boundary is 
preserved. 


In other words, if a path along the boundary keeps the domain D on the 
left, then the image of that path along the boundary of D’ also keeps that 
domain on the left. 

The next property is very important in the construction of conformal map- 
pings. It is roughly converse to Property 4.17. 


Property 4.19. Let D and D’ be simply connected domains which are 
bounded by Jordan closed curvesT andT’inC. Also let w = f(z) be a function 
analytic on D and continuous on D, which maps I bijectively onto 1’ and pre- 
serves orientation in the mapping fromT onto IT’. Then the function w = f(z) 
carries out a conformal mapping of domain D onto domain D’. 


We will prove this property in Section 7.4.7 


6Constantin Carathéodory (1873-1950) was a Greek mathematician who spent most of 
his professional career in Germany. 

7One may extend Property 4.19 to an unbounded domain which is mapped conformally 
onto a domain bounded by a Jordan closed curve. But the boundedness of I’ is essential. 
Indeed, consider the function w = f(z) = z° in the upper half-plane D = {z : Imz > 0}, 
and let D' = {w : Imw > 0}. Obviously f(z) maps bijectively the real axis {Imz = 0} 
which is the boundary of D, onto the real axis {Imw = 0}, the boundary of D’, and 
orientation is preserved under this mapping. But the mapping f(z) = z? is not bijective in 
D, and even does not map D into D’ (prove it!). 
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One consequence of this is that when we want to determine what the image 
of a certain domain D is under a certain mapping w = f(z), it suffices to follow 
the boundary of D and determine the contour to which it is mapped by f(z). 


Example 4.20 Find the domain to which the function 


1 
2 
maps the half-strip D={z: Rez >0, 0<Imz<z7}. 


w =coshz = ~(e* +e *) 


Solution The given function is unbounded on the semi-axes x > 0. Hence, 
I” is not bounded and Theorem 4.17 is not applicable directly. So we start by 
considering a rectangle those sides are the intervals 1,2,3,4—see Fig. 37, a. 

The function is a composition of the following two functions: 1) the expo- 
nential function w; = e* and 2) the Zhukovsky transform w = $(w) + 1/w)). 
In order to sketch the desired domain, we will trace the image of the given 
rectangle. 

Let us consider the first mapping. Let w, = e* = e*e’Y = pe’’. Then 


p=e” and 0=y. 


In moving left along the first piece of the boundary (Fig. 37, a), the value of 
@ is fixed at 6 = y = 7, while x goes from R to 0. This means that the value 
of p = e” goes from e” to 1, and therefore the first piece of the boundary is 
mapped to the interval 1’ on the negative z-axis (Fig. 37, b). 

Moving down along the second piece of the boundary, z is fixed at 0, while 
y goes from 7 to 0. Therefore p is fixed at p = e® = 1, and @ goes from 7 to 
0. Thus the point w , follows the half-circle 2’ in Fig. 37, b. 

The third piece of the boundary is similar to the first: as z moves right 
along the interval 3, w, traces the interval 3’, which is the mirror image of 1’. 
HereO<a2<R,0=0. 

Finally, moving up along the fourth the piece of the boundary we have 
x = R,0 <6 <7. Hence the image of the interval 4 is the half-circle 4’ of 


radius p = e”. 
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Now we find the images of the curves in the w,-plane just determined, 
under the Zhukovsky transform. Moving right along 1’, 6 = 7 and p goes from 
e® to 1; plugging these values into equations (4.36) for @ and r, respectively, 
we see that u goes from —}(e” + e~”) to —1, while v is constant at 0. This 
means that the interval 1’ is mapped to the interval 1” in the w-plane with 
endpoints —R, and —1; for short we denote R, = $(e” + e~”). Analogously, 
the interval 3’ is also mapped to the interval 3” in the w-plane symmetric to 
1”. In both cases, the direction of movement is preserved. 

Moving clockwise along the half-circle 2’, we have p = 1 and 6 going from 
—n to 0; plugging these into (4.36), we get u running from —1 to 1, and v 
constant at 0. Thus the half-circle 2’ is mapped to the real interval [—1, 1] in 
the w-plane. 

Finally, moving counterclockwise along the half-circle 4’, we have fixed 
p = e® and 6 changing from 0 to 7. It was shown (see Fig. 36 and (4.38)) 
that the image of 4’ is the arc 4” of a half-ellipse. So we have seen that the 
function w = cosh z maps the boundary T of the rectangle in the z-plane to the 
boundary of the half-ellipse. As we moved along I’, the rectangle was always on 
the left. Therefore, by the previous property, in moving in the corresponding 
direction along the boundary of the semi-ellipse in the w-plane, the image of 
the rectangle will be found to the left, i.e. the region inside the half-ellipse. 
Therefore the function w = coshz conformally maps the rectangle to the 
half-ellipse. 

Note that R could be any positive number. Passing to the limit as R > oo 
we see that also R; — oo, and therefore the function w = cosh z conformally 
maps the domain D to the upper half-plane. 


Problems 


1. Prove that the function w = cosz conformally maps the half-strip {z : 
0 < Rez < z, Imz <0} onto the upper half-plane. 


2. Determine a half-strip in C which is conformally mapped by w = sin z onto 
the upper half-plane. 
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Integration 


5.1 Definition of the Contour Integral 


Consider a smooth curve [ in the complex plane, given by the parametric 
equations 
r=2(), y=ylt), a<t<B. (5.1) 


The definition of a smooth curve was given in Section 2.1.1; as already men- 
tioned there, these two equations may be written together in the form 


z(t) =a(t)+iy(t), a<t<f. (5.2) 


As the parameter ¢ increases from a@ to 8, the corresponding point z(t) will 
traverse the curve [. Thus these equations define not only the points in the 
curve IT, but also a direction of movement along it. The curve T together with 
its direction of movement is called an oriented curve. 

Let DC C be a domain containing the curve I, and let 


f(z) = ula, y) + iv(@, y) 


be a continuous function defined on D, and we define dz = dx +idy. We may 
now introduce the notion of the integral of f along the curve I’, denoted by 


[se dz. 
T 


Expanding the integrand, we get 
f(z) dz = (u+ iv)(dx +idy) = (udx — vdy) + i(udx + udy). 
In this way, the integral can be interpreted naturally by the equality 


[ie aca fude—vdy+i fv de + udy. (5.3) 
r 


T T 


Those who have taken multivariate calculus will recognize, on the right-hand 
side, two real path integrals in two dimensions. To evaluate these integrals, 


DOI: 10.1201/9780367810283-5 85 


86 Integration 


we must replace x and y by the functions x(t) and y(t), and the differentials 
dx and dy by 
dx = a’ (t) dt, dy = y'(t) dt. 


Then the two integrals on the right-hand side of (5.3) reduce to integrals with 
respect to t, on the interval (a, 3): 


B 


8 
[oem — o(2(t))y'(t)) ar+i five) +u(2(t))y'(t)) dt. (5.4) 


(o's a 


This, in turn, is easily seen to be equivalent to 


B B 
| (u(2(t)) + iv(2(E))) (a! (t) + iy'(2)) at = / f(e(t))2!(t) at. 


a 


Now we are ready to give the following formal definition. 
The contour integral of the complex function f along the curve T is the 
number which is denoted by f f(z) dz and is calculated by the formula 
r 


B 
/ f(z) dz @ / flz(t))2(t) dt. (5.5) 
I: a 


Here z(t) is the parametrization of the curve T, 
ot) = a(t) +iy(t), astss, 


and 
2/(t) =a'(t) + iy’(t). 


Example 5.1 Calculate the integral of the function f(z) = (z — a)” over 
the circle [ of radius r with center a, and traversing it counterclockwise. 


Solution This circle is easily parametrized by 
z(t)=a+re", where 0<t< 2r, 
which also has the correct orientation of counterclockwise. Then we have 
f(z(t)) = (2) — a)" =rrel™, 
ZS (re't)’ = ire”. 
So applying formula (5.5) we get 


27 


fe — a)" dz = irr feo dt. 
r 


0 
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Using the Euler formula, this integral may be split into two real integrals, 
representing the real and imaginary parts of the original: 


27 
intl [ios (n+1)t+isin(n+1)t) dt 


0 
27 27 


pnt a sin(n + 1)t dt + ir”?! i cos(n + 1)t dt. 
0 0 


As long as n 4 —1 this evaluates to zero. But in the case when n = —1 the 


integral becomes 
20 


i ft a= ami. 


0 


We have obtained a result which, despite its simplicity, will be very im- 
portant for the development of the theory: 


/ (2 a)" de={ Be fOr ie (5.6) 


2ni for n=-l. 
|z-al=r 


Note especially that the value never depends on the radius r of the circle! 
Example 5.2 Calculate the integral of the function f(z) = 1 over a smooth 


curve starting at the point a and ending at the point b. 


Solution We assume the curve is defined by a smooth parametrization 
z(t) = x(t) + iy(t) ona <t < 8, with z(a) = a and 2(8) = b. Then using 
formula (5.5) and the fundamental theorem for real integration we get 


B 
+ iy(t) 


LO -O UOSt eos 


Here we see that the integral of the function f(z) = 1 does not depend on the 
path T, but only on its endpoints a and b. 


We will now briefly lay out another way of defining the contour integral 
of a complex function, analogous to the definition of a real integral over an 
interval. 
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Divide the curve I into n pieces by se- 
lecting n+ 1 points z = a, 2, ..., 
Zn—1, 2n = 6, numbered in order of 
the direction of T (Fig. 38). For 1 < 
k < n, denote by Az, the displace- 
ment z, — Z,—1; also for each such k 
choose an arbitrary point ¢, on I be- 
tween z,_, and zz. Now we form the 
sum 


So F(G)Az. 
Fig. 38 = 


This sum is analogous to the Riemann sum in real integration. Denote by X 
the maximum length of the n pieces of I’. Consider the sequence of partitions 
of T for which 4 > 0 (and hence n — oo), and take the limit of the Riemann 
sums as A — 0. Then the value of the integral of f over the contour I is 
defined to be that limit: 


[i@) ae tim 7 F6.)Aa (5.7) 
r k=1 


It can be shown that this definition leads also to the formula (5.3), and con- 
sequently is equivalent to definition (5.5) given earlier. 


5.1.1 Properties of the contour integral 

Here are some important properties of the contour integral. 

Property 5.3 (Linearity). For any complex constants a and b, 
fare + bg(z)) dz = a | #2) dz+ b fale) dz. 
r r r 


Linearity is inherited through formula (5.5) from the corresponding prop- 
erty of real integration. 


Property 5.4 (Path Additivity). If a path T is divided into into parts T, and 
Ts, so that orientation is preserved, then 


[f@ ee [s@ de + f fe) a. 
T Ty T. 


This property is also inherited from real integration. 


Proof. Let T be a path starting at a and ending at b, and let [ be divided into 
two pieces by the point c; a path T, from a to c, and another path Tz from c 
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to b. Let z(t) fora <t < 6 bea parametrization of T, and let y be the point 
in [a, 8] that is mapped to c; then on [a,y] the function z(t) parametrizes T), 
and on [¥, 8] it parametrizes [2. Now we apply the formula (5.5) and also use 
the additivity of real integration: 


[f@ a= / f(e(t))2"(t) dt = / f(e(t))2"(t) at + | f(e(t))2"() at 
Pp a a ¥ 
= fre azt [Ie ae 


what was required. 


One consequence of this property is that we can calculate integrals not 
only over smooth curves, but also over curves that are only piecewise smooth, 
meaning that they are composed of a finite number of smooth curves that 
have been chained together. In what follows, we will consider integrals only 
over piecewise smooth curves. 


Property 5.5. When the orientation of a path is reversed, i.e. the start and 
end points are reversed, the value of an integral over that path changes sign. 


Proof. Let T be a path starting at a and ending at b, and let z(t) for a < 
t < 6 be a parametrization of [. We will denote by I~ the curve with same 
points as I but with the opposite orientation. Then I~ is parametrized by 
z(t) = z(a+ 8-—t) fora <t< @: if we define a new variable 7 =a+ 8 -t, 
then as ¢ runs from a to 8, 7 runs from § to a, so z1(t) traverses T~ in the 
correct direction. 

We see easily that dt = —dr and 


a(t) = 2'(a + B—#)(-1) =—2'(7), 


so we can make the change of variable from t to 7: 


B a 


‘f f(2) de = iL fler(t)) z(t) at = / fl2(r))(-2'())(-ar) 


Ts a B 


Property 5.5 is proved. 


Note that this property follows almost immediately from the definition of 
the contour integral (5.7) given in terms of Riemann sums: in reversing the 
orientation of the path, each displacement Az, also changes sign. 
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Property 5.6. The modulus of the integral does not exceed the integral of the 
modulus: 

B B 
[rea] =| [reo 20 al < fire@p lle) a 
Ee a 
B 


Qa 


= fircoive wb)? at. 


a 


Proof. We will use the corresponding result for the integrals over an interval 


la, 8] when a < 8: 
B B 
[soa] < fig(o) at (5.8) 


This inequality follows directly from the definition (5.7), since 


29 (Cx )Ate] < ys l9(Cx)| Ate. 
k= k=1 


Passing to the limit as 4 — 0, we get (5.8). Then the desired result follows 
immediately from applying this to the formula (5.5). 


Note also that 


fictova- [ve TO) dt 


is the formula for the arc length of the path; so this property provides an 
easy estimate for the value of the integral if |f(z)| is bounded. Namely, if 
|f(z)| <M as z €T, then by Property 5.6 we have 


[re dz| < u [vem (t))2 dt = M8, (5.9) 


where @ is the arc length of T. 


Problems 


1. Calculate the integral of the function f(z) = Z* along the piecewise linear 
curve ABC, where A = (—1,0), B= (0,1), C = (1,0). 


2. Compute the integral of the function f(z) = Z along the upper half-circle 
|z| = 1, Imz > 0, in the clockwise direction. 
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3. Compute the integral of the function f(z) = z|z| along the lower half- 
circle |z| = 1, Im z < 0, in the counterclockwise direction. (Cf. the path in the 
previous problem.) 


4, Compute the integrals of the function f(z) = z Rez along the given paths. 


a) The line segment from the origin to (2,4). 
b) The arc of the parabola y = x? where 0 < x < 2. 
5. Prove that 


d 4 12 d 
a) i . < ell b) / (eo +1)dz} < 207; c) ii = < 27. 
jaj=1 


|2|=2 |z|=2 


5.2 Cauchy-Goursat Theorem 


The following theorem plays an important role in contour integrals of analytic 
functions. 


Theorem 5.7 (Cauchy-Goursat theorem). Let f(z) be an analytic function 
on the simply connected domain D. Then for any piecewise smooth closed path 


T’ lying within D, 
[s@ dz =0. 
Tr 


Proof. For simplicity we will make the additional assumption that the deriva- 
tive f’(z) is continuous on D. By virtue of the formula (5.3) for the contour 
integral, the integral above is 0 if and only if 


[ude vdy=0 and [oder udy=o. (5.10) 
r r 
Now recall that if P(x, y) and Q(a, y) are continuous real functions on a simply 
connected domain and have continuous first-order partial derivatives, then the 
equality 
i Pdz+Qdy=0 
r 
on all closed curves I, is equivalent to the equality 
OP 00 
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(see for example [9], Section 16.3). Since the continuity of the partial deriva- 
tives of u and v follows from the continuity of f’(z), we may apply this to the 
equalities (5.10), and find they are equivalent to 


Ou Ov Ov Ou 
— =-—-— and = 


eee oe (5.12) 


But these are just the Cauchy-Riemann conditions (3.4), which hold by the 
assumption that f is analytic on D. So we have proved the equalities (5.10), 


from which it follows that ff dz is 0, as required. 
r 


Theorem 5.7 has been proved by Cauchy in 1825 under the additional 
assumption about continuity of f’(z). Goursat! established that this assump- 
tion can be omitted. The removal of this condition is important. For example, 
based on Theorem 5.7 we will show that analytic functions have derivatives of 
any order (Theorem 5.18); therefore, derivatives of all analytic functions are 
continuous “automatically”. It is impossible to establish this important fact 
based on the original weakened version of the theorem. There are many proofs 
of Theorem 5.7, and all of them are much more complicated than the above 
arguments. One of the proofs is given in the Appendix. 

Notice that even if does intersect itself, then it can still be expressed as 
a sum of closed Jordan curves, so Theorem 5.7 holds even in that case. 

In Section 5.4 we will see that the converse of the theorem is also true 
(Morera’s theorem). 

In the case that a function f(z) is analytic not just on D but on the closed 
simply connected domain D, then the boundary of D can play the role of the 
closed path. We will use this in the next theorem, which generalizes Cauchy’s 
theorem to multiply connected domains. 


Theorem 5.8 (Cauchy’s theorem for multiply connected domains). Assume 
that the function f(z) is analytic on a closed multiply connected domain D, 
and a total boundary T of D consists of a single exterior boundary T, and 
several interior boundaries T2, T3, ..., Pn. Also assume that all boundary 
curves of D are oriented so that D remains on the left during traversal. Then 
the integral of f over the entire boundary of D is zero. 


Proof. In this proof we will assume that n = 3 (Fig. 39), but the idea can 
easily be extended to any n. We cut the domain D along the arcs AB and 
CE, i.e. we remove the points on those arcs from D; the resulting domain we 
denote by D*, and its boundary by I*. 


1&douard Jean-Baptiste Goursat (1858-1936) was a French mathematician. 
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We see that [* is composed of the con- 

A tours T;, T2, and Ts, as well as the 

wo arcs AB and CE; and in traversing I, 

Gy [1 the contours of I, 2, and T3 are tra- 

versed exactly once each; but the arcs 

AB and CE are traversed twice each, 

once in each direction. Therefore I™* is 

a closed curve, and D* is a simply con- 

nected domain. So by the previous the- 

orem the integral of f over I* is zero. 

Fig. 39 Applying Property 5.4, we can express 
the integral of f over I* as: 


oe Weare aes te jet [7h 
+ [70 wt fit ae He Oe 


But by Property 5.5, the integrals over AB and BA differ only in sign; so they 
cancel. Similarly for the integrals over CE and EC. So we are left with 


0= [se dz + | fle) az + | fe) dz, (5.13) 
Ty T2 T3 


as desired. 


This theorem can be reformulated as an identity between the integrals over 
the exterior and interior boundaries. 


Theorem 5.9. If f(z) is an analytic function on an closed n-connected do- 
main, and the boundary contours are all oriented the same way, either clock- 
wise or counterclockwise, then 


[se az = f f(2) dete [Hl dz, (5.14) 
Ty T2 Tp 
where Ty is the exterior boundary, and the others are the interior boundaries. 


Proof. This follows immediately from the previous theorem: in equation (5.13) 
we reverse the orientation of the contours [2, T3,..., TF, (or that of [1), and 
move the corresponding terms to the other side of the equation. 


Theorem 5.7 is equivalent to the following important property, indepen- 
dence of the integral [ f(z) dz from the path of integration. 
r 
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Corollary 5.10. Let f(z) be a function which is analytic in a simply con- 
nected domain D, and let a and b be any two points in D. Then the integral 
along any path T lying in D, from a to b always takes the same value. 


In other words, the value of the integral depends only on the start and end 
points of the contour, and not on the shape of the path. 


Proof. Let T; and Ig be two paths leading from a to b, (Fig. 40). We will 
denote by [| the path otherwise iden- 


tical to Ty but with its orientation re- b 
versed, i.e. ['] goes from b to a. If we Pi 
set T = [yg UT], then I is a closed 
curve, and f is analytic on it and its 
interior. Therefore by Theorem 5.7, D 
a 
[fe dz = 0. rs; 
Tr 
Then Fig. 40 
o= fF) dz = | f) a+ | f2) dz = | $2) dz fF dz, 
T2 rT T2 Ty 
so that 
[i@ae= [te az 
Ti T2 


Since [I and [2 were arbitrary, the value of the integral is the same for any 
path. 


A point z at which f(z) is analytic, is called a regular point. Points at 
which f(z) is not analytic, including the points at which f(z) is undefined, 
are called singular points or singularities. A singularity zg is said to be isolated 
if there is some neighborhood of zp in which all points except zo are regular. 

Consider a continuous deformation of a curve [ which may or may not 
be closed. If the curve is not closed, we assume that its initial and terminal 
points stay still under the deformation.? 


?The formal definition of continuous deformation is the following. We say that a curve 
Tg parametrized by z2(t), 0 < t < 1, is obtained by a continuous deformation of a curve 
I’; parametrized by z(t), 0 < ¢ < 1, if there is a continuous function z(s,t) of two real 
variables on the square 0 < s<1,0<t< 1, such that 


2(0,t) = z(t), z(1,t) =z2(t), O< t<1, 
and 
z(s,0)=a, 2(s,1)=b, 0<s<1, iff1,P2 have endpoints a, b; 
z(s,0) = 2(s,1), O0O<s<1, if[1,Te2 are closed. 
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Corollary 5.11 (Invariance of the integral under path deformation). Let f(z) 
be a function which is analytic on a domain including T. The integral of f(z) 
over T does not change its value under continuous deformations of T which 
never passes through a singularity of f. 


Proof. Suppose that [, is obtained by a continuous deformation of T, and 
T is not closed. Since the deformation passes through no singularities, the 
region between [ and I; contains no singularities. Therefore, f is analytic on 
a simply-connected domain containing [ and [';—see Fig. 40 with [ instead 
of Iz. So this result follows from the previous corollary. 

If [ is closed, the equality J, f(z)dz = Jp, f(z) dz follows immediately 
from the Theorem 5.9 with n = 2, since f(z) is analytic on the 2-connected 
domain between T and Ty. 


Example 5.12 The function f(z) = 1/z is analytic on the entire complex 
plane C with the exception of z = 0. Let [ be the path corresponding to the 
unit circle |z| = 1, taken counterclockwise. By virtue of formula (5.6), 


/ . dz = 271 £0. (5.15) 


|z|=1 


This shows that the requirement in Theorem 5.7 that the domain be simply 
connected is essential. From formula (5.15) it follows that the two different 
paths from —1 to 1, the first following the half-circle over the origin, the 
other following the half-circle below it, would produce different values for the 
integral of f(z) = 1/z—in fact, the reader should do those two calculations, 
guided by Example 5.1 (problem 1 below). 

At the same time, in deformations of the unit circle which do not pass 
through z = 0 (for example, changing the radius) the integral over the re- 
sulting path will have the same value, 27i—recall that in Example 5.1 the 
result turned out to be independent of the radius r of the circle. And if we 
integrate the function 1/z over a closed curve which does not contain z = 0 
in its interior, then by Cauchy’s theorem the result will be zero. 


Problems 


1. Evaluate the integral f,4+dz from A = (—1,0) to B = (1,0) along the 
curve [’, where (a) [’ is the upper half-circle |z| = 1, Imz > 0; (b) T is the 
lower half-circle |z| = 1, Imz < 0. 


2. Compute the integral of the function f(z) = Z? along the given curves I. 
a) The piecewise linear path AOBC, where A = (—1,0), O = (0,0), B= 
(0,1), C=(1,0). b) The segment AC. 

If the results are different, please explain why. Note that all three curves, 
AOBC, AC, and ABC, the latter having been considered in problem 1 to 
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Section 5.1, as well as the path in problem 2 to Section 5.1, are paths from A 
to C. 

3. What is the easiest way to calculate the integrals of the function f(z) = 2? 
along the given curves T’ (A, B, C, O are as in the previous problem)? Must 
all three integrals agree? Compute the integrals and explain your answer. 


a) The piecewise linear path ABC; 
b) The piecewise linear path AOBC; 
c) The interval AC. 


4. Prove that 


5.3 Indefinite Integral 


Suppose that f(z) is an analytic function on some domain D. Then another 
analytic function F(z) on D is called an antiderivative of f(z), if F’(z) = f(z) 
at all points z in D. Clearly if we add any constant C to F(z), then the 
resulting function is another antiderivative of f(z). We will show that these 
are the only antiderivatives, that is, all antiderivatives of f(z) can be obtained 
through the addition of constants to F(z). 

We will show that if F(z) and F2(z) are both antiderivatives of f(z), then 
they differ by only an additive constant, i.e. Fo(z) = Fi(z) + C, for some 
constant C’. Indeed, if we define a new function as the difference of the two 


o(z) = Fi(z) — Foz), 
then ¢ is also analytic on D, and 
 (z) = Fi(z) — Faz) = f(z) — f(z) =0 


everywhere on D. Therefore by Theorem 3.7, ¢(z) is constant. Since ¢ was 
defined as the difference of F(z) and F2(z), this shows that F\(z) = Fo(z)+C. 

So if F is an antiderivative of f, then all other antiderivatives of f can 
be written in the form F(z) + C, where C is any constant. The entire set of 
antiderivatives of f can be referred to as the indefinite integral of f, and is 
denoted by f f(z) dz. Therefore, 


[re dz = F(z) +C. (5.16) 
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Now let f(z) be a analytic function on a simply connected domain D, and 
let zo and z be two points in D. Consider the integral 


8(2) = / HO ade, (5.17) 


where the integral is calculated using any path from zp to z which lies in D; 
since D is simply connected, by Corollary 5.10 all such paths produce the 
same value for the integral. If zo is fixed, the value of the integral depends 
only on z, and therefore ®(z) is a single-valued function on D. 


Theorem 5.13. Suppose that f(z) is an analytic function on the simply con- 
nected domain D, and zo is a fixed point in D. Then the function ®(z) defined 
in (5.17) is also analytic on D, and is an antiderivative of f, that is 


4 z 
= [ #6) & =F) 


Proof. Let us take an arbitrary point z in D (Fig. 41). 
The function f is analytic, and con- 
sequently continuous, at z. So for 
any € > 0 there is some 6 > O for 
which 


If(C) — F(a) <e 


5.18 
when |¢—2z| <6. oe) 


Now give to z some increment Az; 
then the function ®(z) takes the 
corresponding increment 


ztAz cA 


Ab = Orv Ad—aC)= i f(0) de - i, H(O) de 


ztAz Zz ztAz 


- / ricyac+ fr ac— fre ac= f Ae) ac. 


20 
From Example 5.2 we know that 


ztAz 
i 1d¢=(z+Az)-—z=Az. 
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Using this identity, and simultaneously adding and subtracting f(z)Az, we 
can write A® as 


ztAz 


Ao= ff $6) dl fde+ fd 


z 


z+Az ztAz 
7 i f(0) de — f(z) / de + fl)Az 
se ° 


= f (F@)- 1) a + Haz 


Next, we move the term f(z)Az to the left side, and divide by Az: 


ztAz 


a -H@=a f FO-1e) &. 


Now we need an upper bound for the size of the integral. For the path from z 
to z+Az we take the straight line segment connecting the two points (Fig. 41). 
Since this segment is contained within a disk of radius 6 around z, we know 
by (5.18) that |f(¢) — f(z)| < «. Then applying Property 5.6, we get 


rol safe 2)\IC"()| at 


(t)| dt = 


ag | 16) 


where we have used the fact that j \¢’(t)| dt gives the length of the line seg- 


ment, that is |Az|. 
To summarize what we have shown: for any € > 0 there is some 6 > 0 for 
which, whenever |Az| < 6, 


This means that the limit of 4% exists and is f(z): 


line —— = f(z), 


Az30 Az 


i.e. ®'(z) = f(z), which is what we wanted. 
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Corollary 5.14. Suppose that f(z) is analytic on a simply connected domain 
D, and that F(z) is any antiderivative of f. Then 


ZL 


/ H(0) de = F(z1) — F(x), (5.19) 


20 


where zo and z are any two points in D, and the path of integration is any 
path from z to z1 lying in D. 


Proof. Because the function ®(z) defined by (5.17) is an antiderivative of f(z), 
then any antiderivative F(z) can be written in the form F(z) = ®(z)+C, 
that is 


F(2) = i. tO) aC+¢, 


where C’ is a constant. Plugging zo in for z in this equation, we find that 
F(z) = C. Then plugging in z = z1, we get 


Fey = i f(0) aC + F(20), 


from which (5.19) follows. 


Remark 5.15 So we see that the notions of antiderivative and the funda- 

mental theorem of calculus for functions of a real variable are fully preserved 

for complex variables. Thanks to this, integrals of elementary functions can be 

calculated using the same formulas and methods as in real analysis; for exam- 

ple, the same tables of antiderivatives can be used, the standard integration 
b 


by parts formula 
b b 
i) udv = uv| — i v du 
a a a 


is valid for analytic functions u,v as well; it follows from the product rule for 
differentiation and from the fundamental theorem of calculus. 


3i 
Example 5.16 Evaluate the integral / ee 


i=) 


3i 
Solution [? dz= 
0 


0 3 
The fundamental theorem provides a convenient way of evaluating inte- 
grals, but it must be remembered that it only applies when the domain of the 
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integrand f(z) is simply connected. If that is not the case, the value of the 
integral may depend on the path of integration, and then the function ®(z) 
will be multivalued. 

To illustrate this, consider again the function f(z) = 1/z, which is analytic 
everywhere except at the point z = 0. Let D be the complex plane with 
the negative real axis removed. This is a simply-connected domain, and the 
principal value of the logarithm 


Logz =In|z|+iArgz (-—7 < Argz <7) 


on this domain is an antiderivative of the function 1/z (recall formula (4.25)). 
Applying the fundamental theorem on D, we get 


ral : 
iF dz = Log ¢|; = Logz = In|z| +7 Arg z, 
1 


where the integral is taken along any curve lying within D. 
Now consider again the integral 


&(z) = Ie de (5.20) 


but this time along a path T from the point 1 to the point z, which avoids 0 


but is otherwise arbitrary (Fig. 42). 
In particular, may encircle the point 
z = 0, even multiple times (something 
which is not possible on D). Fora¢ €T 
we will denote by ¢ the angle between 
the position vector 0¢ and the positive 
z-axis; so if €¢ = 1, then ¢ = 0. In movy- 
ing along the path T, the angle ¢ will 
vary continuously until finally reaching 
the value Arg z + 27n at the endpoint 
z, where n will be the number of rev- 
olutions of ¢ about the origin. We as- 
sume for simplicity that Imz > 0, and 
Fig. 42 introduce now the linear path I, from 


¢ =1 to ¢ = z; this path lies within D (in Fig. 42 T; is dotted). Let Ty be the 
same path as ['), but with orientation reversed. In moving along [| from z to 
1, the angle ¢ changes value by — Arg z; while in moving along [ from 1 to z, 
the angle changes by Arg z + 27n. Therefore in traversing the combined path 
Ty UL from z to z, the angle will change by 27n. This means that Ty UT is a 
path which encircles the origin n times, and therefore it will be continuously 
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deformable, without passing through the origin, to n repetitions of a circle 
centered at 0—in Fig. 42 the circle is dotted, and n = 2. According to formula 
(5.15), when integrating the function 1/z each revolution around the origin 
contributes +277 to the value, where the sign depends on the orientation of 
the path (clockwise or counterclockwise). Therefore 


1 
= dG = 2rni. 
ik 
ryur 


From this we get 


which finally yields 


fd 
/ = = Log z + 2mni = log z. 
1 
So the integral (5.20), with no path of integration specified, is equivalent to 
the multivalued function log z. 


Problems 


1. Check whether the function f(z) = zsin 5z is analytic in C, and if so, find 
an antiderivative F in C of f, satisfying the condition F(4) = 0. 


2. Check whether the function f(z) is analytic in C, and if so, find an an- 
tiderivative F(z) satisfying the given condition. 


a) f(z) = 2e*, F(0) =0; 


b) f(z) = (z + 2)(22 + 42 + 3)3, F(0) = 0; 
c) f(z) =ze* +2, F(ivV/2) =0; 
d) f(z) = zcos2z, F(0) =0. 


5.4 The Cauchy Integral Formula 


The formula we are about to give expresses a fundamental property of analytic 
functions. It turns out that an analytic function on a closed domain D is 
completely determined by its values on the boundary of D: the values the 
function takes on the entire interior can be calculated from its values on the 
boundary. 
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Theorem 5.17. Let f(z) be an analytic function on a closed domain D (either 
simply or multiply connected). Then the value f(z) the function takes at an 
interior point z € D can be expressed in terms of the values f(¢) at points ¢ 
in the boundary T of C, by 


f(i~y= wf dG, (5.21) 
ig 


the Cauchy integral formula. 


Proof. Let us fix an arbitrary interior point z € D (Fig. 43). Let T1, T,... Tn 
be the contours that bound D, all with the same standard orientation, i.e. D 
remains on the left during traversal. Let 


T=, UTl2:---UTp 


be the boundary as a whole. Consider an arbitrary € > 0; since f is continuous 
at z, there is some disk y centered at z, and lying in D, such that 


|f(¢) — f(z)| <e whenever €€¥7. (5.22) 


Let p denote the radius of y. We will re- 
gard y as a path with orientation coun- 
terclockwise; and we will denote by ~~ 
the path with clockwise orientation but 
otherwise the same as ¥. 

Now consider the function 


£@Q 
C-2z 
of the variable ¢. It is analytic on all 


of D, with the exception of the point 
¢ = z. In particular, it is analytic on 


o(6) = 


Fig. 43 


the domain D” formed from D by removing |¢ — z| < p. This domain D is 
(n + 1)-connected, its boundary being composed of the paths Ty, T2,... Pn, 
and y~, for all of which D’ is on the left during traversal. To the function 
¢(¢) on the domain D> we apply Cauchy’s theorem, formula (5.13): 


FQ) 4 i f(Q) 
= eee fp a) ee HO, 
i die Lins 


which can be rearranged into 


[Ria [Rass ([Ma- [Bu (5.23) 
T TQ, Tn 


¢- 
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Now we look at the integral on the right. By formula (5.6) with n = —1, 
we get 


“ariJ 4 


Since f(z) is constant with respect to Y , we may multiply through by it to get 


oy 


After dividing equation (5.23) through by 277, we can take the term on its left 
side and subtract the left side of (5.24); then take the term on the right side 
of (5.23) and subtract the right side of (5. a and then set the results equal: 


S ‘TiO te 
= ¢-2 
y 


Using Property 5.6 and the inequality (5.22), and assuming + is parametrized 
by ¢(t) = pe", we get the estimate 


2, [9,0] [2 J! 22 


lf(¢ F(z) 
<3 fs Ol dt < = Hs fic | ats Samp = 6 


Since € may be chosen as small as desired, and the left side of the previous 
relation is independent of €, then it must in fact be zero; so the Cauchy integral 
formula is proved. 


In fact Cauchy’s integral formula is also valid for functions which are an- 
alytic only in the interior D of the domain, and only continuous on D. This 
is to be expected, since the boundary of D can be thought of as a limit of 
contours in D; but we omit a formal proof. 

The Cauchy integral formula has numerous important applications. 


Theorem 5.18. A function f(z) which is analytic on a closed domain D, 
has at every interior point z € D derivatives of all orders. These derivatives 
can be expressed by 


fa) = 2 ie IO) <3 gh eiiiors: G1 Oe (5.25) 


Qi —z)rtl 


where T is boundary of D. 
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This means that, from the existence of the first derivative of a function on 
a domain, we can infer the existence of all derivatives! As one consequence, 
the derivative of an analytic function is itself analytic, because it is itself 
differentiable. This property is a point of essential difference between complex 
functions and real ones. 

We can derive formula (5.25) (informally) as follows. Differentiate both 
sides of equation (5.21) with respect to z; on the right side, we must dif- 
ferentiate the expression under the integral sign, in which ¢ is considered a 


constant: ad FQ) __ Ff) 
d= 2 2)?” 

(2). FQ _ _2f@ 
dz} €-z (¢-2z)8’ 


d\" #0) __nlfO 
dz} €-z (€—z)rtl’ 

Plugging these derivatives into (5.21) yields (5.25). Unfortunately differenti- 
ation under the integral sign has not been justified; so for the reader who is 


(rightly!) skeptical of this argument we give a full proof. 


Proof. First we prove formula (5.25) for n = 1. Fix an interior point z € D, 
and let 6 > 0 be the distance of z from the boundary I’. We give to z an 
increment Az such that |Az| < 6, so that z+ Az is still in D, and the Cauchy 
formula (5.21) for this point is valid: 


_ 1 ACS) 
Peso ee mmf & (z+ Az) ae 
From this and (5.21) we get 


Af _ flz+Az)— f(z) 1 £Q £Q) 
Az Az ~ mise { (E85 fo) a 


iid f(Q) 
* an | (TE BETH dt. 


We want to show that this is close to formula (5.25), so let us examine their 
difference: 


Af 1 ffQdl 1 1 i 
Az ari f eae ani | (Ge aes camp) HH 
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Since f(z) is analytic, it is continuous and bounded on I. So there is M such 
that |f(¢)| <M as ¢ © T; that provides an upper estimate on the numerator 
of the integrand. We also need a lower estimate on the denominator; by a 
previous assumption |¢ — z| > 6, and 


I -— z— Az] > |¢- 2] —|Az| > 6 —[Adl. 


Therefore, if we denote by L the arc length of the boundary I, we get 


Af 1 £(Q) |Az| M 
Az wm | CP del S oe | PO [Aa) 


This approaches zero as Az > 0, so the limit of Af/Az exists and 


Af _ 1 £Q 
fe=5 


f@= 


Az+0 Az Qni z Mt. 9:29) 


This establishes the theorem for the case n = 1. 
Now we use a similar strategy to estimate the difference 


fiz+ Az) fll) _ 2! ACS) 
Az Qi [ES dt 


and prove that it tends to 0 as Az — 0; instead of the Cauchy formula (5.21) 
we apply (5.26). It gives (5.25) for n = 2. Continuing in this way, we obtain 
(5.25) for n = 3,4, and so on. This last part of the proof can be done more 
accurately by the method of mathematical induction—see problem 4. 


The Cauchy integral formulas (5.21) and (5.25) can sometimes be used for 
computing integrals over closed curves which enclose singularities. 


Example 5.19 Evaluate the integral 


/ sin z re 
z+4 


T 


where I is the circle centered at 7 with radius 2. 


Solution Since 


27 4+4=(z—2i)(z + 2i), 


the integrand has two singularities, at +22, of which 2: lies in the interior of T 
(we trust the reader to confirm this with a sketch). Let us write the integral 
in the form 


sin z 


sin z 7 42%) 
lea a= | ve 
T T 
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We denote the numerator sing. of the this integrand by f(z); this function is 
analytic on the closed disk bounded by [. Therefore by formula (5.21), when 


we replace z by 27 and the variable ¢ by z, we get 


|= a= [1 dz = 2rif(2i) 
T 


z2+4 
r 


= 5 sin(2i) = _ . =i—-(e?-—e*). 


Example 5.20 Evaluate the integral 


e* 
lies, —9i dz, 
r 


where I is the circle |z| = 3. 


Solution The point z = 2 lies inside T', while the function f(z) = e? 
is analytic on the entire closed disk |z| < 3 (in fact, on all of C). Using 
formula (5.25) with n = 3 we get 


e* _ f(z) _ Qrt Wy _ mt 2 
l= w= [AS GOS ah eae 


Tt T 


We have seen in Section 3.2 that any harmonic function in a simply con- 
nected domain can be regarded as the real part of an analytic function on the 
same domain. According to Theorem 5.18 therefore, any harmonic function 
has partial derivatives of all orders, and these derivatives in their turn are 
harmonic functions. 


Theorem 5.21 (Average Value Theorem). Suppose the function f(z) is an- 
alytic on a closed disk |z — zo| < R of radius R and centered at z. Then the 
value f(z) the function takes at the center of the disk is equal to average of 
the values it takes on the circle |z — zo| = R, that is 


f(z) = > [#6 + Re'®) dd. (5.27) 


0 


Proof. Applying the Cauchy integral formula produces 


feo) = go f FO ac, 
ik 
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where I is the circle centered at zo of radius R. Then using the parametrization 
¢(o) = z% + Re’?, 0 < ¢ < 2n, for which ¢’(¢) = iRe’®, the integral becomes 


20 
R 1 
zt all Bee iRe'? db = xe | flo + Re) dd 
0 


as desired. 


Corollary 5.22. A property analogous to (5.27) holds also for harmonic func- 
tions: if u(z) is harmonic on a closed disk |z — zo| < R, then 


20 
1 ‘ 
u(zo) = — [ule + Re'®) dé. 
27 
0 
Proof. Let u be a harmonic function in a disk. There is a conjugate harmonic 


function v in the disk. Now we apply (5.27) to the analytic function f = u+iv, 
and separate real and imaginary parts in both sides of the equality. 


Cauchy’s formula for derivatives also provides easy bounds on the size of 
the modulus of any derivative. 


Theorem 5.23 (Cauchy inequality for derivatives). Suppose f(z) is an an- 
alytic function on a closed domain |z — zo| < R, and let M be the maximum 
modulus |f(z)| that f assumes on the circle |z— z| = R. Then the derivatives 
of f at z obey the inequality 


Mn! 


FY (26) Sy tor 1, 2a (5.28) 


Proof. Applying formula (5.25), where we take I’ to be the circle |z — z)| = R 
we get 


! ! M Mn! 
(n)( _ | f(Q) epee = 
If (20) | malt (C— pene = oq | Arti 20h = Rr’ 
i 


as desired. 


Theorem 5.24 (Liouville’s? theorem). If the function f(z) is analytic and 
bounded in modulus on the entire complex plane C, then in fact f(z) is con- 
stant, i.e. f(z) =C. 


3 Joseph Liouville (1809-1882) was a French mathematician and engineer. 
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Proof. Let M be an upper bound for |f(z)| on C. Take any point zp € C, 
and let I’ be the circle |z — zo| = R of radius R centered at zp. Applying the 
previous theorem with n = 1 in formula (5.28) we get 


UF (ol < > 


Since R could be any positive number, this inequality is only possible if 
| f’(zo)| = 0. And since zp is arbitrary, we must have f’(z) = 0 everywhere in 
C. Therefore f(z) = C for some constant C. 


As an important application of Liouville’s theorem we prove the following 
version of the fundamental theorem of algebra. 


Theorem 5.25. Every polynomial 
P(z) = an2" Ha,-i2" + +++ a0, ag 40, 
of degree n > 1 has at least one root in the complex plane. 


Proof. Assume that the statement is incorrect, that is there exists a poly- 
nomial P(z) of degree n > 1 without zeros. We are going to show that this 
assumption will lead us to contradiction. Let 


Since P(z) 4 0 for all z in C, the function f(z) is analytic on C. Obviously, 
lim,-+oo P(z) = oo. Hence, lim,_,.. f(z) = 0, and f(z) is not constant. More- 
over, f(z) is bounded on C. Indeed, since f(z) + 0 as z > om, there is a 
positive number R such that |f(z)| < 1 as |z| > R. But f(z) is bounded on 
the closed disk |z| < R as well, because f(z) is analytic, and therefore contin- 
uous in this disk. Thus, f(z) is analytic and bounded on C, and by Liouville’s 
theorem f(z) is constant. We came to contradiction. Hence, our assumption 
that P(z) 40 for all z in C, is wrong, and the theorem is proved. 


An alternative proof of this celebrated result will be given later—see The- 
orem 7.40. Using this theorem, it’s not difficult to prove that every polynomial 
of degree n has precisely n roots—see problem 5. 


By Cauchy’s Theorem 5.7, if f is an analytic function on a simply con- 
nected domain D, then the integral of f over any closed curve lying in D is 
zero. The following theorem is the converse. 


Theorem 5.26 (Morera’s* theorem). Suppose the f(z) is a continuous func- 
tion on a simply connected domain D, and that every integral of f over any 
closed curve lying in D is zero. Then f is analytic on D. 


4Giacinto Morera (1856-1909), was an Italian engineer and mathematician. 
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Proof. We fix some point zo € D. Then for any point z € D we define 
H(2) = | 10) ae. (5.29) 
20 


Since fy. f(¢) d¢ = 0 for every closed curve I’ lying in D, for the same reason 
as in Corollary 5.10, the integral is path independent. So the integral in (5.29) 
defines a single-valued function of the variable z € D. We now want to show 
that ®(z) is analytic, and here the argument given in Theorem 5.13 works 
unchanged, and also shows that ®’(z) = f(z). Since the derivative of an 
analytic function is itself analytic (Theorem 5.18), then f is analytic. 


As an application of Morera’s theorem we prove the symmetry principle, 
which is useful for constructing conformal mappings from one symmetric do- 
main onto another. This principle is a special case of analytic continuation.° 
We need the following lemma. 


Lemma 5.27. Let D; and Dz be two disjoint simply connected domains whose 
boundaries intersect in a common smooth curve 7. Suppose fi(z) is analytic 
in D, and continuous in D, Uy, while fo(z) is analytic in Dz and continuous 
in Dp Uy. Moreover, suppose that fi(z) and fo(z) coincide on y. Then the 
function 


fil), ZE Dy, 
g(Z) = fi(z) = f2(z), zZEY; (5.30) 
fo(z), z€ Do 


is analytic in D= Di UyU Dz. 


In other words, under the conditions 
of Lemma 5.27, the function fg is an 
analytic continuation of f; through y. 
This lemma shows us one more specific 
property of analytic functions which 
has no analogue for real-valued func- 
tions of one or two variables. Indeed, 
the function of two variables f(x,y) = 
|y| is differentiable in the upper and in 
Fig. 44 the lower half planes and is continu- 
ous on R?, but is not differentiable for 
y = 0. 


Proof. By Morera’s theorem, it is sufficient to show that every integral of g 
over any closed curve lying in D is zero. Let TI be a closed curve contained in 


5We will discuss a notion of analytic continuation in a more detailed way in Section 6.6. 
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D. If T does not intersect y, then either I is contained in D,, or T is contained 
in Dg. In both cases 


| g(z) dz =0 (5.31) 
i 


by Cauchy’s Theorem 5.7. Suppose now that I intersects y at points A and 
B. We divide T into two curves Ty and Tz with endpoints A and B (Fig. 44), 
and denote by AB and BA the part of y between points A and B traversed 
from A to B and from B to A, respectively. First we prove that 


| g(z) dz = i: fi(z) dz = 0. (5.32) 
T,UAB [UAB 


Choose points A’ and B’ on I; which are close to A and B, respectively, 
and consider an auxiliary curve A’B’ in D,. Let I’ be a part of I, between 
B’ and A’. The closed curve I’ U A’B’ is contained in D,, and by Cauchy’s 
Theorem 5.7, 


i g(z) dz = | g(z) dz +/ g(z) dz =0. 
I’UA’B’ < A’B’ 
ee ee (/. g(2) ae = da g(2) az) = a; 


volt ef, 92) a is (2) ue 


Since g is continuous in D; U4, 


FON vase i (2) eS i (2) ae 


if we choose the curves A’B’ in such a way that all points of the curve A’B’ 
approach AB as A’ > A, B’ + B. The rigorous proof of this equality requires 
notions in Real Analysis which are not covered in this book, and we accept 
this (intuitively clear) equality without proof. Therefore, we obtain (5.32). 


Analogously, 
i g(z) dz = 0. 
T2UBA 


Hence, 


Obviously, 


Therefore, 


[9 6 Jat fi o(2)ae 


1G Me Sat tes 20 


z) dz )de+ f g(z) dz =0, 
ere T2UBA 


I 
oe 
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since the integrals over AB and BA cancel each other. Thus, we have (5.31), 
and lemma is proved. The reader may consider for himself the case when [ 
intersects y in more than two points. 


Theorem 5.28 (Symmetry principle). Suppose that a simply-connected do- 
main D, is bounded by a Jordan curve, a function f\(z) maps conformally D, 
onto a domain G1, and the following conditions are satisfied: 

(a) the boundary of D, contains a line segment or a circular arc 7; 
b) the image T of y under the mapping f(z) is also a line segment or a 
circular arc (which is a part of the boundary of G,). 
Then there exists a function fo(z) such that: 
1) fo(z) coincides with fi(z) on y and is analytic on Dz Uy, where Do 
is a domain symmetric to D, with respect to y (in other words, fo(z) is an 
analytic continuation of f(z) into Dz through y); 
2) fo(z) maps Dz conformally onto the domain Gz symmetric to Gy with 
respect to T; 
3) if in addition, domains G1, Gz are disjoint and also domains D,, Do 
are disjoint, then the function g(z) defined in (5.30) performs a conformal 
mapping of Dj UyU Dz onto Gy UT UG2. 


Fig. 45 


Proof. We start with the special case when y and [ are segments of the real 
axis (Fig. 45). Let 

f2(z) = fi). 
Clearly f2(z) is 1-1 in Dz and maps D2 onto the domain G2 which is symmetric 
to Gy. Prove that f(z) is analytic in Dz. Let zp be a point in Do, and 
zo + Az € Dp. Then 


fo(zo + Az) — fa(zo) _ fi(Zo+Az) — filZo) _ (As Sh). 


Az 7 Az Az 


(5.33) 
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Since f(z) is differentiable at Z, there exists the limit 


m £0 +42) ~ Ao) _ pz) 


Az30 Az 


Hence there exists the limit of the left hand side of (5.33) which is equal to 
f5(20) = fi (Zo). Therefore, fo(z) is differentiable in D2.° 

If z = « € ¥, then f(z) € I and therefore, is real as well. Hence, 
fo(x) = fi(x) = fi(x). By the Caratheodory’s theorem (Property 4.17), fi(z) 
is continuous in D; Uy. Hence, the function f2(z) is continuous in D2 Uy. 
Therefore we may apply Lemma 5.27 to restrictions of f; and f2 on disjoint 
subdomains of D, and D2 near 7 whose boundaries contain y, and see that 
fi and fo are analytic on ¥. 

If domains G; and G2 are disjoint, then by Lemma 5.27 the function g(z) 
defined in (5.30) is single-valued and analytic in Dj; UyU Dg. By construction, 
g(z) maps D; UyU Dz conformally onto G; UT U G2. So, in the case when 
and T are segments of the real axis, the theorem is proved. 

The general case is reduced to the previously considered by the Mobius 
transformation. Let € = y(z) and ¢ = n(w) be Mébius transformations which 
map the arc y onto the interval y* of the real line in the €-plane, and T° 
onto the interval I* of the real line in the ¢-plane, respectively; for existence 
of such transformations see Section 4.1.2, Example 4.7, and notice that the 
inverse to a Mobius transformation is also a Mobius transformation. Denote by 
f(D) the image of D under a mapping f. The function f#(€) = n(f1(~~1(€))) 
maps 7* onto I*, domain y(D 1) onto 7(G1), and satisfies all assumptions 
of the theorem. Since Mébius transformations preserve symmetric point pairs 
(Theorem 4.6), p(D2) = y(D1) and n(G2) = n(G1). According to the previous 


case, the function f3(€) = f*(€) maps the domain y(D2) onto (G2) and is 
analytic on y(D2) Uy*. Hence the function fo(z) = n~'(f3(y(z))) maps the 


domain D2 onto G2 and has all properties (1)—(3). 


We will apply Theorem 5.28 later in Section 8.1, Example 8.5. 
Problems 
1. Using either Cauchy’s theorem or Cauchy’s formula for derivatives, find 
the value of the integral 
/ cos 2z d 
s+, dz 
2472 


EF 


where I is the closed curve |z+im| = 2, taken in the counterclockwise direction. 


6 Another proof of differentiability of f(z) is based on the Cauchy-Riemann equations. 
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2. Using either Cauchy’s theorem or Cauchy’s formula for derivatives, find 
the value of the integral, 
/ 2 —224+3 
(z—1)4 
r 
where I is the closed curve |z| = 5, taken in the counterclockwise direction. 


3. Using either Cauchy’s Theorem or Cauchy’s formula for derivatives, find 
the values of the integrals along the closed curve IT; the orientation of the path 
is counterclockwise in each case. 


a) | — dz, T:|z—2z|=1; b) fap Toke dl=1 
ig 


22 — 7? 4 
sin Zz e+ 
= dz, Ps |2| = 2: d) fp = ag Pela as 
) f Capp te Pile =2 ) f Ape Pils 
T a 
zsin z 
da Te eS. 
) [aap ele 
T 


4. Prove formula (5.25) using mathematical induction. 
5. Using Theorem 5.25, prove that every polynomial 
P(z) =tn2" + n_12" 1 ++. +09, an 40, 


of degree n > 0 has precisely n roots in the complex plane; some of these roots 
may coincide. 


Taylor & Francis 
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Series 


6.1 Definitions 


If we have an infinite sequence z1, z2, ... of complex numbers, we can use it 
to form an expression 


Co 
mtztetinte => en, (6.1) 
n=1 
which is called numerical series. The numbers 21, 22, ... are called the terms 


of the series. For the moment the expression (6.1) is purely formal, in that we 
cannot add up infinitely many terms. But if we restrict ourselves to a finite 
number of terms, for example choose the first n terms, then we can really add 
all of them whatever the value of n. We define the partial sums S,, of the series 
to be the sums of only the first n terms: 


n 
Sy =a tegt-tin=>o x. 
k=1 


If the limit of this sequence {S,,} exists and is finite, then the series is said to 
be convergent. The number S = limy-+o. Sy is called the sum of the series. If 
the series converges and its sum equals S$, then we write 


It does not mean that we added all terms of the series (that is impossible). But 
if we add up sufficiently many terms of the series, the partial sum becomes as 
close we like to S. 

If the limit does not exist or is infinite, the series is divergent. 

As should be expected by now, many of the definitions and properties of 
complex series are inherited from those of real series. The following theorem 
formalizes the connection. 
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Theorem 6.1. A series (6.1), with zn = 2@n+1Yn forn =1,2,..., 1s conver- 
gent if and only if the two real series Sy, @n and ~~, Yn are both conver- 
gent. If so, then 


Co 


Soin =o+ir 


n=1 


if and only if 


co Co 
) In =o and y Yn = T. 
n=1 n=1 


Proof. Let us use the following notation for the partial sums: 


Sp = 21 22 22+ Zn; 
On =U +%Q4+++++2Xy, 


Tn = Yi t+ Yyo2+-++ + Yn, 


so that S;, = On + iT. The theorem now follows immediately by applying 
Theorem 2.2 to the two sequences {o,,} and {7}: {S,} converges if and only 
if these do; and their limits are the real and imaginary parts, respectively, of 
the limit of {S,,}. But convergence of the sequences {S,,}, {on}, and {7} is 
equivalent to the convergence of the series \°°_, Zn, 071 @n, and 7°, Yn, 
respectively. 


With the help of this theorem, many properties and formulas which are 
valid for real series can be transferred to complex series. Here are a few: 


1. (Necessary condition for convergence) If }>°°_, zn converges, then 


lim z, = 0. 
noo 


The converse, of course, is false: e.g. + + 0, but )>°°_, = = 00. 
2. If a es 
ee and Youn aT, 
n=1 n=1 


are convergent complex series, then 


Yolo te) = =S+T. 


3. Suppose that S>>°_, z, converges to the sum S; then for any complex 


constant X, 
co 
So en = AS. 
n=1 
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4. If any finite number of terms are either added to or removed from a con- 
vergent series, then the resulting series is still convergent. 


5. (Cauchy’s criterion for convergence) A series }>>-_, 2n converges if and 
only if, for any € > 0 there is some N such that 


n2 


Sa 


k=n,1 


whenever ng >, > N then <e. 


As with real series, the concept of absolute convergence will be important 
for us. A series >>, Zn is said to be absolutely convergent if the series of the 
moduli of its terms, 


CO 
S~ lanl = lal + Leal +--+ lanl tee 
n=1 


is convergent. This is a strictly stronger condition than mere convergence. 


Theorem 6.2. If the series °°, |z,| converges, the so does the series 
yr Zn In other words, absolute convergence implies convergence. 


Proof. The Cauchy convergence criterion applies to both real and complex 
series, so first we apply it to the convergent series )*~_, |zn|: let € > 0 be 
arbitrary, then we can find an N such that whenever ng > n, > N, 


n2 


SS |zz,| oer 


k=n,1 


Recall from the first chapter that for any complex numbers z and w, |z+w| < 
|z| + |w|; this inequality is easy to extend to any number of summands. So 
comparing the above with the series oe; Zn, we see that 


n2 n2 
ys zal < S- \zn| <. 
k=n1 k=n1 


Since € was arbitrary, applying the Cauchy convergence criterion again, now 
. co . . 
to the series )°>, Zn, we see that this series converges. 


The converse of this theorem fails: convergence does not imply absolute 
convergence. For example, the alternating real series 1 — 4 + 3 - + +... 
converges, while 1 + 5 + 3 + + +... does not. 

We say that a series 7°, 2, converges conditionally, if this series con- 

. co . . . dey 
verges, but the series )* >, |Zn| diverges (i.e. a series converges conditionally 


if it converges, but not absolutely). 
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Since the series }°°~, |zn| is composed of nonegative real terms, all the 
tools we have acquired for real series can be used to help determine absolute 
convergence. Here we recall a few (proofs are omitted). 

Comparison test. Suppose that {z,} and {w,} are sequences for which 
|Zn| < |w,| for all sufficiently big n; in other words, there is some N such that 
|Zn| < |wn| holds for all n > N. Then 


1. if 0°, Jwn| converges then so does \-7~_, |2n|; 
2. if 0°, |zn| diverges then so does 377~_, |wn|. 


D’Alembert’s test (the ratio test). Suppose that the ratios between 
successive terms approach a limit: 


Then, 
1. if 1 <1 then $>°~_, z, converges absolutely; 
2. if1 > 1 then >>, z, diverges; 


3. if 1 = 1 then the test is inconclusive: }>>°_, z, may either converge or 
diverge. 


Cauchy’s root test. Suppose that 


lim V/|z,| =L. 


n—00 
Then we have the same conclusions as for D’Alembert’s test: 

1. if <1 then $>°~_, z, converges absolutely; 

2. if1 > 1 then °°, 2, diverges; 

3. if | = 1 then the test is inconclusive: }°**, z, may either converge or 


diverge. 


Example 6.3 Determine whether the following series are convergent. 


(a) 9), seen) 


n=1 n=1 


Solution (a) We will try to compare the given series to simpler one. From 
the definition of cos z in (4.28), 
@ aber 


e” 
cos(in) = 6 
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Therefore 


so we can use the series 
co 
ma: 
2 \2 
n=1 
in a comparison test. This being a geometric series with growth ratio § > 1, 


it diverges. 
We could also have applied D’Alembert’s test: 


l= |i e(ey “(£\"= i Co a 
Teena). i aa) eee 
Or, more simply, the failure of the series’ terms to approach zero, the necessary 
condition mentioned above, implies divergence. Then by the comparison test, 
the original series (a) also diverges. 


(b) First we show that the modulus of cos(t+n) is bounded, and the bound 
does not depend on n. For 


| cos(i + n)| = | cosicosn — sinisinn| 
< |cosi||cosn| +] sin#||sinn| < |cosi| + |sinz| = M, 
where M is some positive constant. Then 


M 
S on? 


cos(i + n) 
Qn 


so we can again compare the original series (b) to a geometric series, )>>~_, i. 


This time the geometric series converges; and then by the comparison test, 
the original series (b) converges absolutely. 


The tail end of a series, in other words what is left over after removing 
the first n terms, is called the nth remainder, or just the remainder, of the 
original series. If we started with a convergent series, then any remainder will 
also be convergent, and its sum is denoted by ry: 


Co 


Tr = ; Zk 


k=n+1 


It is easy to see that for any n, S = S, +1ry, where S is the sum and S,, is 
the partial sum of the series >>, zn. From this we see that for a convergent 
series, the remainders r, — 0 as n > ovo. For if S$ is the sum of the series, 
then limyn-+.. Sn = S, hence 

lim r, = lim (S— S,)=S—S=0. 


n—- Co n—->co 
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Problems 


1. Prove properties 1—4 of series listed after Theorem 6.1. 


2. Determine whether the following series are convergent. If a series converges, 
is the convergence absolute or conditional? 


oO. isoed ei” iSeed e” 

) ate ip ) aa 1+%)” | DD yap 
inn/4, = mT sin(i a5 n) 

d) ye J, eat) Pers 


6.2 Function Series 


A function series is an expression of the form 
fil2) + fale) +0 + fal -> falz (6.2) 


where fi(z), fo(z),... are all functions defined on one and the same domain 
D. 

When we fix a point z € D, the function series becomes a numerical series, 
which may converge for some values of z and diverge for others. Such points 
are called, respectively, points of convergence and points of divergence of the 
series. The set of all points of convergence is called the set of convergence of 
the function series. For any z in the set of convergence, we denote by $(z) the 
sum of the corresponding numerical series. In this way, S(z) defines a function 
on the set of convergence. 

Now suppose that the function series (6.2) happens to converge on some 
domain D, and let S(z) be as above; also let S;,(z) = S>;_, fa(z) be the partial 
sum of the numerical series at z. This function series is said to be uniformly 
convergent on D, if for any € > 0 there is some number N, dependent on e, 
for which 


whenever n> WN, then |S(z)—S,(z)|<e for any ze D. 


The essential feature of uniform convergence is that N may depend on ¢ but 
not on z; in ordinary convergence N may depend on both. 

Let us explore this. Suppose that S(z) is the sum of a uniformly convergent 
function series, and let € > 0 be arbitrarily small. Then for a sufficiently large 
n, the partial sum S,,(z) will differ from S(z) by less then € at all points z in 
D.1n other words, the partial sums S;,(z) approach their limits $(z) uniformly 
in the entire domain D. 
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Of course, that function series converges on a domain D does not neces- 
sarily mean that it converges uniformly, as this example shows. 


Example 6.4 Consider the series 
Joep 7724 .0= 2. (6.3) 


the terms of which form a geometric sequence with ratio z. Recall the formula 
for the sum of the first n terms of such a series: 


When |z| < 1, the limit exists: 
ae 1 


S(z) = lim S,(z) = lim 


n—0o noo ]—zv l-—z 


So this series (6.3) converges in the disk |z| < 1, and the sum is S(z) = 
1/(1—2z). 

Now let us see whether or not the convergence is uniform. Fix some e€ > 0. 
For uniform convergence we must find some N for which |.$(z) — S,(z)| < € 


whenever n > N and |z| < 1. So let us calculate: 
n 


a 1-2” 
1l-z 1l-z 


IS(2) - S,(2)| = | 


mae 
~ |\ta2z 


which must be less that ¢ for all z, |z| < 1. But regardless of the value of n, 
we can choose a z sufficiently close to 1 so that the right hand side will be as 
large as we want; certainly we can always make it bigger than ¢. So there is 
no n large enough to satisfy |.S(z) — S,(z)| < € at all points in the unit disk, 
and therefore the function series does not converge uniformly there. 

At the same time the function series (6.3) will converge uniformly on every 
disk |z| < r of radius r < 1. For in this case 


Ae é |z|” 2 rn 
~1=-|z| (l-r 


1l-z 


whenever |z| <r. 


15(2) ~ $4(2)1 =| 


We leave it as an exercise for the reader to fill in the missing details. 


Theorem 6.5 (Weierstrass' uniform convergence test). Let )7°~_, Gn, where 
all dy, > 0, be an (absolutely) convergent real series; let >, fn(z) be a 
function series, defined on some domain D. If there is N such that |fn(z)| < 
Gyn, for alln > N and all z € D, then the function series converges absolutely 
and uniformly on D. 


1Karl Theodor Wilhelm Weierstrass (1815-1897) was a German mathematician who 
made an enormous contribution to modern analysis. 
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When the conditions of this theorem are satisfied, the series )>°_, dn is 
said to be a majorizing or dominating series for \7~_, fn(Z). 


Proof. Absolute convergence follows from our earlier comparison test (1). To 
prove uniformity, fix e > 0. Since the series Sen Gn, converges, the remainder 


sum 
co 
Th = ) Qk 


k=n+1 


tends to 0 as n — oo. Hence there is K > N such that r, < € whenever 
n > K. Then the remainder for the function series, 


|S(z) — Sn(z)| = |fnti (2) + fnta(z) +---| S [fnti(2)| +l frte(2)| +--- 
< |@nsil + lenszal+---=Tn <¢, 


for any z € D. So for any € > 0 there is some number kK, dependent on e, 
for which |S(z) — S;,(z)| < € for any z € D whenever n > K. Therefore the 
function series converges uniformly on D. 


Here we list some of the fundamental properties of uniformly convergent 
function series. 


Theorem 6.6. If the functions in the series (6.2) are continuous on the 
domain D, and if the series converges uniformly on D, then the sum S(z) is 
also continuous on D. 


Proof. Take any number e > 0, and a point zp in D. Then by uniform con- 
vergence we can find an N such that |S(z) — S,(z)| < €/3 whenever n > N 
and z € D. Let us fix one such n > N; then the partial sum S;,(z) is a finite 
sum of continuous functions, and therefore is itself continuous on D. Therefore 
we can find a real number 6 > 0 such that |S,,(z) — Sn(z0)| < €/3 whenever 
|z — zo| < 6. Then 


|S(z) — Sn(20)| = |$(z) — Sn(z) + Sn(z) — Sn(20) + Sn(Z0) — S(20)| 
< |S(z) — Sn(Z)] + |Sn(2) — Sn(20)| + |Sn(20) — S(20)| 
< 5 + 5 + 5 =€ 


Thus, for any € > 0 we can find a 6 > 0 such that |S(z) — S(zo)| < € whenever 
|z — zo| < 6; which is the definition of continuity for S at zp. Since zo was 
arbitrary, this establishes that S is continuous everywhere in D. 


This theorem extends the fact known from calculus that a finite sum of 
continuous functions is continuous, to an infinite sum—as long as the conver- 
gence is uniform. In general, if the convergence is not uniform this property 
does not hold—see problem 4. 

Now we will extend another such property of finite sums to uniformly 
convergent series: the integrsal of a sum is the sum of the integrals. 
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Theorem 6.7. Suppose that the functions in the series (6.2) are continuous 
on the domain D, and that the series converges uniformly on D to the func- 
tion S(z). Then the integral of S, along any curve T lying within D, can be 
evaluated termwise: 


[so dz = [EXO dz + | fale dz+-.-= 3 f fale dz. (6.4) 
r i r Caer 


Proof. By the previous theorem we know that S(z) is continuous, and there- 
fore the integral [.S(z) dz exists. We must prove the equality (6.4). So let 
cr 


On = yf Ko dz 


k=1 r 


be the partial sums of the series of integrals. We must show that 


Since termwise integration is valid for finite sums, we have 


on = So f fle) =f (Some) dz = [ $n(2) de, 
soa Et r 


where S;,(z) is the partial sum of the function series (6.2). Let J be the arc 
length of the path T; and let € > 0 be arbitrary. By the uniform convergence of 
the function series, we can find an N such that |S(z) — S,(z)| < €/l whenever 
n > N and z € D. For such n and z we have 


[so pag h [so dz— [$42 te 
Tt T T 


z [s@- 5.) re < fis) - SIO) dt<S-1=6, 
T T 


where we have again used Property 5.6 for integrals. Thus, we have shown 
that for any e« > 0 there is some N such that 


[so dz—on|<e whenever n> N. 
r 


According to the definition of limit, 


which means the series of integrals converges to the integral of the sum. 
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We need one further simple property. 


Property 6.8. If the function series (6.2) converges uniformly on a domain 
D to the function S(z), and the function g(z) is bounded on D, then the series 
Se (2) fn(z) converges uniformly on D and its sum is g(z)S(z). 


Proof. Since g(z) is bounded, there is some real M for which |g(z)| < M on 
all of D. Let 


Sn(z) = >> fe(z), On(z) = S0 9(2) fe(2) 
k=1 k=1 


be the partial sums of the two series. Since the partial sums are of only finitely 
many terms, 


on(z) = 9(2) > f(z) = 9(2)Sn(2)- 
k=1 


Now we take an arbitrary « > 0; by uniform convergence, we can find an 
N such that |S(z) — Sp(z)| < €/M whenever n > N and z € D. Then 


|g(z)$(z) — on(z)| = lg(2)$(z) — 9(2)Sn(2)| 
|S(z) — Sn(z)| < M+ = 


“M 


=€. 


= |g(2) 


This shows that 77°, 9(z)fn(z) converges uniformly to g(z)S(z). 


Theorems 6.5-6.7 and Property 6.8 are valid not only for series defined on 
domains, but also for series defined on curves; and the proofs would be the 
same. 

So far in our study of function series we have never had to require the 
functions f,(z) to be analytic. But if, in addition to converging uniformly, 
the series (6.2) is composed of functions which are analytic, then the sum 
of the series will possess additional important properties; properties which 
would not hold for the sum of a uniformly convergent series of differentiable 
real functions. 


Theorem 6.9 (Weierstrass’ theorem for the sum of uniformly convergent 
series). Suppose that the functions f,(z), for n = 1,2,3..., are all analytic 
on the same domain D; and that the series 


Yo falz) (6.5) 


is uniformly convergent on D. Then the sum S(z) is also analytic on D. In 
addition, for each k = 1,2,3... the series 


se Fmtar 
n=1 
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obtained by termwise k-fold differentiation of the original series, will converge 
on D to the function §“)(z). In other words, the series (6.5) can be differen- 
tiated termwise any number of times. 


Proof. Let z be any point in D. Since the domain D is open, we can find a 
neighborhood U of zg lying wholly within D; that is we can find a disk centered 
at Zo lying within D. We denote by y the circle forming the boundary of this 
disk. 

Now let TI be any closed contour ly- 
y ing in D (Fig. 46). By assumption 
the series (6.5) converges uniformly on 
D, therefore the same is true on U. 
[. The functions f,(z), being analytic, 
are certainly continuous on D and U as 
well. Therefore we can be apply Theo- 

rem 6.7, according to which 


U - S(z) dz= 3 i) f(z) de. 
r n=lp 


The functions f,(z) being analytic all the integrals on the right side are 
zero, by Cauchy’s Theorem 5.7; therefore the integral on the left is also zero. 
By Theorem 6.6, the function S(z) is continuous on a simply connected domain 
U. And since TI was arbitrary, we can now apply Morera’s Theorem 5.26 to 
conclude that S(z) is analytic on U, and in particular at the point zo. Since 
Zo was arbitrary, we have actually proved that S(z) is analytic on the entire 
domain D. 

Now we want to show that the series (6.5) can be differentiated termwise. 
Denote by r the radius of the disk U, so that the circle y is |z — z9| = r. 
Consider the function 


Fig. 46 


(2) k! 1 

z) = — 

? Qri (z — z)Rt1’ 

where & is any counting number. When z € y the modulus of g(z) is 


k! 1 k) 


~ Or |z—zo|Ft2 — Qark+1? 


lg(z)| 


so that g(z) is bounded on +. Since the series (6.5) converges uniformly on + 
to S(z), we can apply Property 6.8 to conclude that the series 


2 9(2) fn(2) 


n=1 
converges uniformly on 7 to g(z)S(z), ie. 


kl! S(z) a. kL faz) 


Qri (z— zp)Rt Qi (z — z)R+1 


n=1 
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Next we integrate along y, applying Theorem 6.7 on the right side to integrate 


termwise: 
k! S(z) — 
dz = : 
Qi Iz — 29)k+1 : aE - 2ni ml (z — 20) = We 
y 
Here we recognize the terms on the left and right from Cauchy’s formula (5.25) 


for derivatives: kl Reg) 
f (20) == ; It _ zq)R+1 an 


201 
5 


So we can rewrite the previous equation as 


S (2) = S- f(z). 


n=1 


Again, since zg was arbitrary, we have actually proved this formula for all 
z € D. So the function series (6.5) can be differentiated any number of times 
termwise throughout the domain D. 


Problems 


1. Prove that the series 
co n 


ye 
n2 
n=1 


converges uniformly on the closed disk |z| < 1 and diverges when |z| > 1. 


2. a) Find the set of convergence of the series 


[oe) 
y e”, 
n=0 


b) Prove that this series converges uniformly on any half-plane Rez < —dé 
with 6 > 0, and does not converge uniformly on the set Rez < 0. 


3. a) Find the set of convergence of the series 


co 
>; sIn( Nz 
n=1 


b) Does the series converge uniformly on the set of convergence? 


4. Consider the series 5> f(z), where 


n=1 


fi(z) = eA’ = ety), fn(z) = a rlel? on eal n= 2,3, sees 
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Note that the functions f,(z) are continuous and even differentiable on C as 
real-valued functions of two variables. 


a) Show that the partial sums S,,(z) of the series are equal to 
Sn(z) = ele!’ 


co 

b) Prove that the series }* f,(z) converges on C, but its sum S(z) is not 
n=1 

continuous on C. Why this fact does not contradict Theorem 6.6 ? 


6.3. Power Series 


Power series is a series of the form 


co 


Dene — 20)" = co + e1(2 — 20) +022 — 20) +--+ en(2— 20)" +--+, (6.6) 
n=0 
where 20, Co, C1, --- are given complex constants, and z is a complex variable. 
The numbers co, c,, ... are called the coefficients of the power series, and zo 


is called the center of the series. 

Obviously power series are a special case of function series, and they turn 
out to play a very important role in function theory. The following theorem 
addresses some aspects of the set of convergence for power series. 


Theorem 6.10 (Abel’s theorem). 
1. If the power series (6.6) con- 
verges at some point z, other than rn 
zo, then it converges absolutely on 
the open disk of radius |z,—Zzo| cen- 
tered at Zo, t.e. on the set 


diverges 


|z — z0| < |z1 — 20]. 


2. If the power series (6.6) diverges 
at some point zg, then it diverges 
at all z outside the circle of radius 
|z2 — Z0| centered at zo, i.e. on the 
set 


Fig. 47 


|z — zo| > |z2 — 20|, see Fig. 47 
Proof. 1. If (6.6) converges at z = z1, then the necessary condition 


lim Cy(z1 — 29)” = 0 
noo 
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must hold. Any sequence having a limit must be bounded, so we can find a 
real M such that |cn,(z1 — z0)"| < M for all n. Now take any z for which 
|z — zo| < |z1 — 20], and set g = |z — 20|/|z1 — 20]; of course 0 < q < 1. Then 


n 


Z-2 
|en(z — 20)"| = len(2 — 20)”| - |——— 
21 — 20 
z—Z |" 
= |cn(z1 — 20)”|- ol < Mg”. 
21 — 20 


Since {M/q"} is a geometric sequence with ratio 0 < q < 1, the correspond- 
ing series be Mq” is convergent; and then, by the comparison test, so is 
rg len(z — 20)”|. This proves part 1. 

2. We could follow a similar strategy for this part. But there is an easier 
trick: we simply use part 1 to prove part 2 by contradiction. So assume, 
contrary to the theorem, that there is some z’ for which |z’ — zo| > |z2 — Zol, 
but that the power series (6.6) converges at z = z’. Then by part 1, since z2 
is closer to zp than z’ is, the series would have to converge also at z2; but we 
assumed it diverged there. So no z’ satisfying |z’ — zo| > |z2 — zo| could be a 
point of convergence. 


With the help of Abel’s theorem, we can make out a more precise geometric 
characterization of the set of convergence of a power series. First note that 
the series (6.6) always converges at z = zo, since then all terms but the first 
are 0. Now consider any ray starting at zo. When we ask about convergence 
at points along the ray aside from zo, there are three possibilities. 

1. The series converges at all points on the ray. Then it must in fact 
converge absolutely on the entire complex plane. Indeed, the ray contains 
points as distant as desired from zo; and then by Abel’s theorem the series 
converges absolutely at all points inside a circle centered at zq of radius as 
large as desired. So the set of absolute convergence is all of C. 

2. The series diverges at all points of the ray except zg. In this case, the 
series diverges at all points of the plane except zo. Indeed, the ray contains 
points as close as desired to z9; so by Abels theorem it must diverge outside a 
circle centered at z 9 with radius as small as desired. So the set of convergence 
is just the point zo. 

3. The ray contains some points of convergence besides zg, and also some 
points of divergence. From Abel’s theorem we see that all the points of con- 
vergence are closer to zg than all points of divergence, so the points on the 
ray fall into two intervals: a set of points of convergence from zo to some 2*, 
and then a set of points of divergence from z* to oo. Note that at the point z* 
itself the series may either converge or diverge, but at all other points along 
the ray the question is settled. Then by Abel’s theorem, the series converges 
absolutely inside the disk |z — zo| < |z* — zo|, which is bounded by the circle 
through z* centered at zo, and the series diverges at all points in the exterior 
of that circle. In this case, the open disk |z — zo| < |z* — zo| is called the disk 
of convergence of the power series, and the radius |z* — zo| of the disk is called 
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the radius of convergence. At points on the circle |z— zo| = |z* — zo| itself, the 
series may either converge or diverge. 

The notions of disk and radius of convergence can be extended to cases 1 
and 2 above: If the series converges on the entire plane, we can take the radius 
of the disk of convergence to be oo; if the series converges only at zo, then we 
can take the radius to be 0. 

So to summarize: The set of convergence of the series (6.6) always consists 
of the interior of some disk centered at zo, with the possible addition of some 
or all points on the circle that bounds it. This disk may be the whole plane or 
just the point zg. 

In many cases the disk and radius of convergence can be found with the 
help of either D’Alembert’s test or the Cauchy root test. Let us try applying 
D’Alembert’s test to the general power series (6.6), under the assumption that 
the corresponding limit exists: 


_ y,)ntl = 
lim Cnt lz — 20)"7" = lim cnt (2 ~ 20) = |z — z9| lim eset 
n—0o Cn(z — 20)” n—-0o Cn n+00 | Cp 
Now we define 1 
R= ——_,, (6.7) 
Cn+1 
lim 
noo] Cn 


noting that |z—zo|/R = 1. According to D’Alembert’s test, the series converges 
when / < 1 and diverges when | > 1. This is equivalent to: the series converges 
when |z — zo| < R, and it diverges when |z — zo| > R. So evidently this R is 
the radius of convergence for the series. 

Using similar reasoning with the Cauchy root test, we can get the formula 


a (6.8) 


lim %/len| 

noo 
Thus either formula (6.7) or (6.8) may be used to calculate the radius of 
convergence of a power series, under the condition that the limit appearing 
in the formula exists. But it is not necessary to memorize the formulas, since 
the indicated test can be applied directly. 


Example 6.11 Find the disk of convergence of the series 


7 gh of yn 
ee oe ee ie er (6.9) 
n=1 
Solution Applying D’Alembert’s test, 
get rahe grtlyl Zz 
lim | + — im | ———_] = li =0=! 
n—oo|(r+1)! 0 nl] nscofz"™(n+1)I]  nocooln+1 


130 Series 


for any z. Sol = 0 < 1 for all z € C, and therefore this series converges 
absolutely in the entire complex plane, and the radius of convergence is R = 
oo. 


Example 6.12 Find the disk of convergence of the series 


co 
L+2tQlete--tnlert---= So nl2”. (6.10) 
n=1 


Solution Again applying D’Alembert’s test, 


{+n+l1 
liga, | Oe ia ee 
n—0o n! zr n—-0o 
: 0, if z=0, 
7 i rd) -{ oo, if 240. 


Sol =0 <1 for z = 0, and this series converges; while 1 = co > 1 for z £ 0, 
and the series diverges. So the disk of convergence reduces to the single point 
z = 0, and the radius of convergence is R = 0. 


Example 6.13 Find the set of convergence for the series 


= (2-2) (2-2) 
a 2 ee ; 
s = @=2)+"5-+ (6.11) 
Solution D’Alembert’s test again: 
— 9)nt+1 _9)\n _ 2 
= (z — 2) (z — 2) _ (z—2)n 
noo (n + 1)? n2 noo (n +- i? 


2 
= |z—-2 im. ( = ) = |z—2\. 
nao \n+1 


So when | = |z—2| < 1 the series converges absolutely; and when / = |z—2| > 
1, the series diverges. Therefore the disk of convergence is |z — 2| < 1, which 
is centered at zp = 2 and of radius R = 1. 

To completely determine the set of convergence, we must examine what 
happens on the boundary, i.e. when |z — 2| = 1. At points on that circle we 


have 
(z— 2)” 
2 


jz-2/") 1 
2 ~ 2° 


mr rm nm 


You will probably recall from calculus that the series )>~_, os is convergent 
(see for example [8], Section 11.3); therefore at all points on the circle the 
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series (6.11) converges, in fact absolutely. So the complete set of convergence 
is the closed disk |z — 2] < 1. 


On the other hand, the disk of convergence of the series }7~~_,(z — 2)” is 
the same disk |z—2| < 1 as in the previous example, but in this case the series 
diverges at all points on the circle |z — 2| = 1—see problem 1. 

Examples 6.11-6.13 show that all three cases considered above—R = oo, 
R=0, and 0 < R < co—can in fact occur. 

Here are some basic properties of power series. 


Property 6.14. A power series (6.6), with radius of convergence R, converges 
absolutely and uniformly on any disk |z— zo| <r < R lying within the disk of 
convergence. 


Proof. Let z, be a point for which 
Yh r<|z—z|<R 


(Fig. 48). Then, if z is any point in the disk 
|z— zo| <7, 


Lo leate— ag)" = lea Gi <a)? 


for each n. Since z; lies within the disk 
of convergence, the power series must con- 
verge absolutely at z = z,, that is the se- 
ries OP? 9 |en(z1 — 20)”| converges. There- 
xg fore by the Weierstrass test (Theorem 6.5), 


Fig. 48 the series )77° 4 Cn(z— 20)” must converge 
absolutely and uniformly on the disk |z — 
zol <r. 


Property 6.15. The sum S(z) of a power series (6.6) is a function which is 
analytic within the disk of convergence. 


Proof. Take any point z’ inside the disk of convergence, and choose a real 
number r such that |z’ — z9| <r < R, where R is the radius of convergence. 
By Property 6.14 the power series converges uniformly inside |z—zo| < r. Then 
since each term c,(z — 29)” is analytic (on the entire plane), by Weierstrass’ 
Theorem 6.9, the sum $(z) is an analytic function on the open disk |z—z9| <r, 
so in particular it is analytic at 2’. Since z’ was arbitrary, the sum S(z) is in 
fact analytic on the entire disk of convergence of the power series. 


Property 6.16. A power series 


S(z) =e + 1(2 — 2) + ee(z — 20)? +++ +en(z — 20)" +... 
= (6.12) 


S- Cn(z — 20)” 


n=0 
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can, within the disk of convergence, be integrated termwise, that is 


z 


[so dz = co(z' — 20) + + — 20)? + iG — 20)° 
ZO (6.13) 
Cn ry yn+1 = = Cn ri n+1 
ma 20) + ge ran Zo) 


whenever z' lies within the disk of convergence of the original power series 
(6.12). The power series obtained by integration has the same disk of conver- 
gence as the original one. 


Proof. As in the proof of the preceding property, we start by taking any point 
z’ inside the disk of convergence of the original series (6.12), and choosing a 
real number r such that |z’—zo| <r < R, where R is the radius of convergence. 
By Property 6.14 the power series (6.12) converges uniformly inside |z — z9| < 
r. Since its terms are continuous functions (in fact analytic), by Theorem 6.7 
the series can be integrated termwise. By taking [ to be any path from zo 
to 2’ lying inside the disk of convergence (e.g. a line segment connecting the 
two points), an application of that theorem yields the equality (6.13). Let Ry 
be the radius of convergence of the integrated series (6.13); then since the 
integrated series still converges at all points z’ inside the disk of convergence 
of the original series, we know that R, > R. 

We will show that in fact R; = R. Assume to the contrary that R; > R; 
then there is some R’ in between, i.e. R < R’ < R,. Then by Property 6.14, 
the integrated series converges uniformly on the open disk |z— zo| < R’. Since 
the terms of the integrated series are still analytic functions, by Theorem 6.9 
the sum of the integrated series is analytic on |z — z| < R’, and may be 
differentiated termwise on this same disk. However, differentiating the inte- 
grated series yields the original series (6.12); and we assumed its radius of 
convergence was R < R’. This contradiction means that R; # R, so in fact 
Ri =R. 


Property 6.17. A power series (6.12) can be, within the disk of convergence, 
differentiated termwise any number of times: 


S'(z) = cy + 2ce(z— 29) + 3e3(2 — 29)? +--+ + nen(z — 20) +..., 


S"(z) = 2e) +3 + 2e3(z— 29) +e + n(n — 1)e,(z— 2)? +..., (6.15) 


S$ (z) = n(n—1)(n—2) --- Len +(n+1)n(n—1) - ++ 2en41(z—z0)+-... (6.16) 


All series obtained through termwise differentiation in this way have the same 
disk of convergence as the original power series. 
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Proof. We again take any point 2’ inside the disk of convergence |z—z0| < R of 
the series (6.12), and choose a positive number r such that |z’ — zo| <r < R. 
Since the power series (6.12) converges uniformly inside |z — zo| < r, by 
Weierstrass Theorem 6.9, it may be differentiated termwise on this disk (and 
in particular at the point z’) any number of times. Hence, the series (6.14)— 
(6.16) converge at all points inside the disk of convergence of the original series 
to the corresponding derivatives of S(z). Therefore, the radii of convergence 
of the series (6.14)—(6.16) are greater than or equal to R. 

First we will show that the radius of convergence R, of the series (6.14) 
equals R. Assume to the contrary that R, > R. Integrating this series inside 
the disk |z — zo| < R, yields the original series (6.12) except the first term co; 
but the presence of this term does not affect convergence. By Property 6.16, 
the integrated series has the same disk of convergence |z — zo| < Ry. There- 
fore, the radius of convergence of the original series equals Ry > R. This 
contradiction means that R; = R, that is single differentiation of a power 
series preserves its radius of convergence. But the series (6.15) is obtained by 
termwise differentiation of the series (6.14). Hence, again its radius of conver- 
gence equals R, and so on. 


Although the disk and radius of convergence are unaltered under termwise 
integration or differentiation, nevertheless the convergence/divergence at 
points on the boundary of the disk may change. 

Properties 6.16 and 6.17 can be helpful in finding the sum of certain series. 


Example 6.18 Find the sum S(z) of the series 


[oe) 
y nz”. 
n=1 


Solution We know the sum of a similar series, the geometric series: 
= 1 
Se == when |z| <1, 
1-—z 

n=0 
see Example 6.4. Differentiating this series termwise we get 

co 

3 Sasso d 1 = 1 

dzli-z (1-2)? 
n=1 


and then multiplying on both sides by z we arrive at 


S(z) = oe = ao when |z| <1. 
n=1 
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Problems 


1. Show that the disk of convergence of the series }>°°_,(z — 2)” is the same 
disk |z—2| < 1 as in the Example 6.13, but that in this case the series diverges 
at all points on the circle |z — 2| = 1. 


2. Find the radius of convergence of the following power series: 


~ n(z— 2)" = oes cee kane 
a) MES Somme ) Met 
n=1 n=1 n=1 
= (+1) = 3" (2.= 1)" = 4° (z= 1)?" 
d 
a) a ae 


3. Use termwise integration to find the sum of the series 
os = 
—~ n 


and determine its disk of convergence. 


A. Find the sums of the following series and determine their radii of conver- 


gence: 
[oe 


a) So n(n -1)2” t) Eee 


n=2 


[oe 

5. Let R < co be the radii of convergence of the series 5> cyz". Prove that 
n=0 

the sequence {c,z”} is unbounded for every z with |z| > R. 


6. Let R,, Rz be the radii of convergence of the series Ss Gnz” and SB biz 
n=0 =0 
respectively. Prove that the radius of convergence R of each of the eee 


series satisfies the inequality: 


a) for 30 (@n £bn)2z", R>min(R, Ro); 
n=0 
b) for S3 (anbn)z", R> R, Ro; 
n=0 
So An Ry 
f ih « Bee 
c) cows ae , R< Ro 


6.4 Power Series Expansion 


We say that a function f(z) has a power series expansion on a domain U, if 
the function can be written as the sum of a power series which converges at 
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each point of U. Or, in other words, if there exist numbers Zo, Co, C1, C2, ---, 
such that 
f(z) =e Her (z— 2) + ca(z— 20)? +++ en(2— 20)” +... 
= (6.17) 


ys Cn(z — 20)”. 


n=0 


The following theorem allows the values of these coefficients to be found, under 
the assumption that such a power series expansion exists. 


Theorem 6.19 (Uniqueness of the power series expansion of a function). 
Suppose that a function f(z) has a power series expansion on some open disk 
U = {|z— z| < R}. Then f is analytic on U, and the coefficients co, C1, C2, 
... of the power series are determined uniquely by the formulas 


_ fe) 2 f(z) 


2)” ni 


co=f(zo), ai=f'(z), ce Cn : (6.18) 
Proof. By assumption some power series (6.17) converges on U to the sum 
S(z) = f(z). That f is analytic therefore follows from Property 6.15. 

To find the value of cp we simply substitute z = zp into the equation (6.17), 
making all terms of the series zero except the first. To find the remaining 
coefficients, we apply Property 6.17 and formulas (6.14)—(6.16) with S(z) = 


f(z). Then we again substitute z = zo into the resulting series, to get 
f'(zo)=a1, fl" (20) = 2ea, ... f™ (20) = n(n — 1)(n — 2)-++ leq = nen, 


after removing the zero terms. The equalities (6.18) then follow immediately. 


With the conventions that f() (zo) = f(zo) and 0! = 1, we may write all 
equalities (6.18) as the general formula for the coefficients: 


f (20) 


n! 


Cn = for n=0,1,2,.... (6.19) 
The formulas (6.18) and (6.19) are called Taylor’s formula.2 A power series 
whose coefficients are determined by Taylor’s formula is called a Taylor series. 
Combining these results we can write Taylor series as 


f" (20) 


1 (z—2z)* +... 


f(z) = f(20) + f’(z0)(z — 20) + 


(6.20) 


?Brook Taylor (1685-1731) was a famous English mathematician. 
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Theorem 6.19 shows that, if f(z) has a power series expansion on some 
neighborhood U of the point zo, then it will be the Taylor series (6.20) and 
no other; and f(z) will be analytic on U. The following fundamental theorem 
states that all analytic functions have such a power series expansion. 


Theorem 6.20 (Existence of the power series expansion of an analytic func- 
tion). Let the function f(z) be analytic on some domain D, and let zp be any 
point of D. If the disk U ={z : |z— z| < R} lies within D, then f(z) can 
be expressed as a sum of Taylor series which converges on U. 


Proof. We take an arbitrary point z in the disk U, and choose a real r such 
that |z — zo| <r < R (Fig. 49). We let I’ denote the circle |¢ — zo| =r. 


By the Cauchy integral formula (5.21), 


f(z) = = [2 dC. (6.21) 
EF 


As a first step toward the power series ex- 
pansion of f(z), we will expand the function 
1/(¢ — z). Recall that when |gq| < 1, 


; = 1 
Fig. 49 S- qQv= I-g (6.22) 
n=0 


(geometric series)—see Example 6.4. In our case, 


1 1 1 1 


C-2  (C-%)-(-%) (-%) 1- #2’ 


zo. 


6-20? 


so we apply the formula above with q = notice that |g| < 1 since 


|2— 20| < |¢ — 20: 


1 1 aa 
— esr 


n=0 


eam)" 5 ea 
(==) = 26 aay (6.23) 


For fixed z and zg, and any ¢ on I, we denote by a, the modulus of the nth 
term of this series: 


oe | (z— 20)” 
"|G = 20)+t 


Note that a, does not depend on ¢. Since the growth ratio 


r r 


— 2,|" 1 a ue 
leat 1(lal" (oe 


z — 20 
Fol Iq) <1, 


the geometric series gaan Gy, converges. So by Weierstrass’ uniform conver- 
gence test (Theorem 6.5), the series (6.23) converges absolutely and uniformly 
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in ¢ on T; we have already noticed that Theorems 6.5-6.7 and Property 6.8 
are valid not only for series defined on domains, but also for series defined on 
curves. 


Multiplying both sides of (6.23) by 54, f(¢) we get 


HO) _ 5S 1 He = sa) 


Since the function Ini f(¢) is bounded on T, by Property 6.8 the last series 
converges uniformly in ¢. We now integrate on both sides along I’, using 


Theorem 6.7 to integrate termwise on the right: 


Yaa fos tie veal E oe dg 


as 1 0 (6.25) 
= 6-2" 55 / ae = Yo oats 2)" 
- | £Q 
on = Oni [os ie et ey ae (6.26) 


(Note here that (z— zo)” is independent of ¢, and therefore it can be removed 
from under the integral sign.) 

Thus we have established the existence of a power series expansion of the 
function f(z). By Theorem 6.19 this series is unique, and must be the Taylor 
series expansion. 


The fact that the power series expansion (6.25) of f(z) we obtained here 
is the same as the Taylor series can be verified without referring to Theo- 
rem 6.19. Indeed, the reader may already have noticed that the integral in 
our formula (6.26) for cp, bears a resemblance to the one used in the Cauchy 
integral formula (5.25) for derivatives: 


f(x) = fz A) d¢ where n=0,1,2,..., 


= zo)nrtt 


(which is valid also for n = 0 with the conventions mentioned earlier). From 
this equality and (6.26) we see that the coefficients 


f (20) 


n! 


Cn = ) 


as in the Taylor series. 
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According to Theorems 6.19 and 6.20, a function f(z) is analytic in a 
domain D if and only if it has a power series expansion in a neighborhood of 
any point in D. Therefore, we proved that our definition of analytic function 
given in Section 3.1.3 (namely a function f(z) is said to be analytic in an 
open domain D if it is differentiable at each point in D) is equivalent to the 
following classical definition: A function f(z) is said to be analytic in an open 
domain D if it has a power series expansion in a neighborhood of any point 
in D. 

Also, it has a nice corollary. 


Corollary 6.21. The radius of convergence of the Taylor series of a function 
f(z) is equal to the shortest distance from the center zo to a singularity. 


Recall that a singularity is a point where the function is not analytic. 


Proof. Let z* be the closest singularity of f to zo, and let R = |z* — zo|. Then 
f(z) is analytic on U = |z — zo| < R, so by the Theorem 6.20 the Taylor 
series converges on U. Therefore the radius of convergence is at least R. On 
the other hand, it cannot be larger than R, for then the point z* would lie 
within the disk of convergence of the series, and therefore f would be analytic 
at z*, contrary to our assumption. 


Taylor’s formula (6.20), together with the formulas for the derivatives 
(e*)’ =e*, (sinz)/=cosz, (cosz)’ =—sinz, 


allow us to easily obtain the Taylor series expansions of these functions, which 
are analogous to the expansions of the corresponding real functions familiar 
from calculus: 


e 2 2 ae 
ea lifer fg Dr (6.27) 
n=0 
23 2 antl oo antl 
i = wee 1)” pee —4{)"——— _ = 
ene a? at 1)" enti DI nap!’ 
(6.28) 
22 24 gan co yan 
sz—1 wee 1.) a =)" : 
ee a! 7 Gp d "any (6.29) 


(here zo = 0). These series converge in the entire complex plane C, which 
can be verified directly using D’Alembert’s test (compare with Example 6.11, 
where we considered the series (6.27)), or it can be inferred from the Corol- 
lary 6.21—none of the three functions have any singularities in C (see Sections 
4.3.1 and 4.4.2). 
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Remark 6.22 The power series above may even be taken as the definitions 
of these three functions. In that case Euler’s formula e’Y = cosy + isiny and 
definitions of sin z and cos z, 
—e% ef 4 

eh —— a ee a 
which we introduced earlier, will be consequences of the formulas (6.27)— 
(6.29). We will show, as an example, how to obtain Euler’s formula: multiply 
the series (6.28) for sinz by 7, and then add to it the series (6.29) for cos z, 
placing the terms in ascending order of degree: 


cos z +7sin z 


=4 ; 22 123 2 ( 1" yen 1" ggentl 7 
See a al (Qn)! Qn+D! °°" 
Ba rte dee ee 
2! 3! (2n)!  (2n +1)! 

(iz) . 

= S- ( = ee 
nl 
n=0 
where we have used the equality i?” = (i7)" = (-1)”. 

Consider the function f(z) = Ter What is its Taylor series expansion 
around zo = 0? To get it, we can use either the formula (6.22) for the sum of 
a geometric series with g = —z, or we can use the Taylor formula (6.20); in 
either case, we get 

: =1l-z+27----4+( Ita pee = Oye" (6.30) 
1l+z = , : 
This function has a unique singularity at the point z* = —1, so the distance 


from the point zo = 0 to z* = —1 equals 1, and by the Corollary 6.21 the Taylor 
series expansion around zg = 0 has a radius of convergence of 1; this could 
also have been determined by D’Alembert’s test. So the disk of convergence 
is |z| < 1. 

The formulas (6.27)—(6.29) and (6.30) can be used to obtain the Taylor 
series expansions of many other functions. Two techniques are often helpful: 
substitution, and termwise integration or differentiation. 


Example 6.23 Find the Taylor series expansion of the function 


_ 1 
~ 1422 


f(z) 


centered at the point zo = 0, and determine the radius of convergence. 
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Solution The Taylor series expansion (6.30) is valid for any z in the open 
unit disk |z| < 1. So we can substitute z? for z under condition |z?| < 1: 


1 aa oe 
n=0 


The condition |z?| < 1 is equivalent to |z| < 1, so the radius of convergence is 
R=1. 


The series in this example is also interesting for demonstrating how the 
complex series can shed light on the behavior of the corresponding real one. 


For the latter, 
iL = n,~,2n 
ieee 2", 
n=0 


converges on the interval (—1,1), and diverges when |z| > 1. But the reason 
for this might remain mysterious if one looked only at the graph of the function 
f(x) = 1/(1 + x”) on the real line: it is defined and infinitely differentiable 
everywhere, even at x = +1, and its value never exceeds 1. But when looking 
at it in the context of the complex plane, one sees immediately that f(z) = 
1/(1+ 2?) has singularities at z* = +i, the distance from which to the origin 
equals 1, and thus the radius of convergence around zp = 0 must be 1. 


Example 6.24 Find the power series expansion of the function f(z) = 
Log(1+ z), and its disk of convergence. 


Solution We have seen in Section 4.3.2 that the principal branch of the 
logarithmic function is defined by 


Log w = In|w| +7 Argw, 


and that : 
Log w)’ = —. 
(Log w)' =~ 


Therefore our f(z) = Log(1 + z) is an antiderivative of the function f’(z) = 
1/(1 + z) for which f(0) = In1 = 0. We have seen that f’(z) has the power 
series expansion (6.30) which converges inside of the disk |z| < 1. Using the 
fundamental formula (5.19), 


z 


1 z 
Im d¢ = Log(1 He) = Log(1+ z) — Log1 = Log(1+ z) when |z| <1. 
0 
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Since the power series expansion (6.30) for f’(z) converges within the disk 
|z| < 1, we may integrate termwise there: 


Log(1 +) = fa«- > Lyne dG = ¥ fin yn ag 


If we change the index from n to k =n +1, this can be written also as 


Log(l +2) = S<(-1 ee (6.32) 
k=1 


The disk of convergence of the integrated series is the same as that of the 
original, |z| < 1. 
Example 6.25 Find the Taylor series expansion of the function 


1 
z—-3 


fl) = 
in the neighborhood of the point z = 1, and find the disk of convergence. 


Solution Our strategy is to once again to make use of the formula for the 
geometric series. First let us make a change of variables: 


w=z2z-%z=27-1, z=wtl. 


Then 


iP. al Lapwyr Sw” 
= i => (5) = Deal 
n=0 n=0 
we used the formula (6.22) with g = w/2. This series converges when |w/2| < 


1, or |w| < 2. Substituting w = z — 1, we can express the series in terms of 
the original variable z: 


a (e=1)* 
ie ime ? 


which converges when |z — 1| < 2. 

Note that we could also have determined the disk of convergence by noting 
that the only singularity of f(z) is at z* = 3, and the distance from zp = 1 to 
3 is, in fact, 2. So the radius of convergence must be R = 2, and the disk of 
convergence is |z — 1| < 2. 
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Problems 


ne= (=) 


in a Taylor series in the neighborhood of the point z) = 0, and find the disk 
of convergence of the resulting series. 


1. Expand the function 


2. Expand the function 


z—-6 


f(z) = (2 +2)(z—5) 


in a Taylor series in the neighborhood of the point zp) = 3, and find the disk 
of convergence of the resulting series. 


3. Expand the function f(z) in a Taylor series in the neighborhood of the 
point z 9, and determine the radius of convergence of the series obtained. 


sin z \' z+6 
0) 1)= (=), a=0 b) 1 = FEE = 0 
) f= —Gpgry e7% Vi= gop ak 

f = ra : _ 1 at 
e) at dt, zo =0; f) P@) = qa zo = 0. 


4. Prove the following generalization of Liouville’s theorem: If the function 
f(z) is analytic on the entire complex plane C, and 


If < Mlel*, 


where M is a positive constant and k is a fixed positive integer, then f(z) is 
a polynomial of degree no higher than k. 

5. Prove that 1 

~ 1422 

(see (4.31)), and find the Taylor series expansion of the branch f(z) of the 
function tan! z with f(0) = 0, centered at the point zo = 0; determine the 
radius of convergence. 


(tan—* z)! 
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6.5 Uniqueness Property 


The point zo is called a zero of the function f if f(zo) = 0. Suppose that f(z) 
is analytic on some neighborhood U of zo, that f(zo) = 0, but that f(z) is not 
identically zero on U. Then f(z) will have a Taylor expansion on U centered 
at zo, and the coefficient co in formula (6.20) must be 0, since f(zo) = 0. But 
since f(z) is not identically zero, among the remaining coefficients there must 
be at least one which is nonzero. The number n of the first nonzero coefficient 
Cn is called the multiplicity or the order of the zero zo. This series expansion 
of f(z) at the point zo will look like 


[oe) 


f(z) = en(2z — 2)" + engi(z— a) +---= oa cx (z — 20)*, (6.33) 


k=n 


where c, # 0 and n > 1. Also from the Taylor formula (6.20) we see that n 
is the order of the first nonzero derivative of f at zp, ie. the smallest n for 
which f‘ (zo) 4 0. When n = 1 we say the zero at zo is simple. 

The previous expansion (6.33) may be rewritten as 


f(z) = (@ — 20)" (en + Cn4i(z — 20) +...) = (2 — 20)" G(2), (6.34) 
where 
O(Z) = Cn + Cnyi(z — 20) +--., 
and $(z0) = Cn #0. 


Example 6.26 Locate the zeros of the function f(z) = (z? — 4)%e”, and 
find their orders. 


Solution The equation f(z) = 0 is equivalent to z? —-4 = 0, or z = +2. We 
will put f(z) in the form 


f(2) = (2 +2)%(z—2)e*. 


First we look at the zero zo = 2, and we set ¢(z) = (z+ 2)%e%, so that 
formula (6.34) at z9 = 2 would be 


f(z) = (2 — 2)°9(2), 


where (2) = 4°e? 4 0. Therefore the point zo = 2 is a zero of order 3. 
When we look at the other zero, z) = —2, a similar procedure gives us 
¢(z) = (z — 2)%e” and 
f(z) = (2+ 2)°o(2), 


where ¢(—2) = —48e~? 4 0, so that z = —2 is also a zero of order 3. 
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Theorem 6.27. Suppose that f(z) is analytic on some neighborhood U of zo, 
that f(zo) = 0, but that f(z) is not identically zero on U. Then there is some 
neighborhood of the point z9 in which f(z) has no other zeros, besides zo. 


Proof. Since f(z) is not identically zero on U, zo must be a zero of finite order; 
let n be that order. Then we can express f(z) in U in the form of (6.34). 
The function ¢ will be analytic and so of course continuous, and ¢(z9) 4 0. 
Therefore we can find some neighborhood U, of z) possibly smaller than U, 
in which ¢(z) # 0. Then since the factor (z — zo)” becomes zero only at the 
point zo, the function f(z) = (z — z0)"¢(<) is also never zero in U; except at 
ZQ- 


We say that a point zo is an isolated zero of the function f(z), if f(zo) = 0, 
and there is some neighborhood of zp in which f(z) has no other zeros, besides 
zo. This theorem shows that any analytic function which is not identically 
zero, has only isolated zeros. From this we can derive the following important 
theorem. 


Theorem 6.28. (Uniqueness theorem) Let D be a (connected) domain, and 
let {zn} be an infinite sequence of pairwise distinct points which converge to 
a point a € D. If two analytic functions f; and fz coincide at each point of 
{en}, te. filen) = fo(én) for alln =1,2,..., then fi (z) = fo(z) everywhere 
in D. 


Proof. Consider the function f(z) = fi(z) — fo(z). It is analytic and hence 
continuous on D. Because it has zeros at all the points of the sequence {z,}, 
and z, — a as n — oo, by continuity f(a) must also be zero. However, the 
point a would not be an isolated zero of f because any neighborhood of a 
contains infinitely many other zeros Z;,. 

Now take any neighborhood U, lying in D, of the point a; then f(z) is 
analytic on U. Suppose that f(z) is not identically zero on U. By the previous 
theorem, the zero a of f(z) must be isolated. This contradiction means that 
f(z) must be identically zero on U. We now wish to show that f(z) is in fact 
identically zero throughout the domain D. Let b be an arbitrary point of the 
domain D. Since D is connected, there must be some continuous path I, lying 
in D, from a to b. 


Let p be the shortest distance from 
the points of [ to the boundary 
of D, and let 6 be some positive 


[ 
number less than p, for example ae, ( 
6 = $p. Then we can select a finite > oe 
sequence of points wo, W1,-..-,Wn CS 
with wo = a and w, = b, and such Cy 
that the distance between succes- oe 
sive points in the sequence is less 
than 6. Fig. 50 


D 
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For each point wz, we construct a disk U, centered at wz with radius 6 
(Fig. 50). Because 6 < p all these disks lie entirely within the domain D. 
Since Up is a neighborhood of the point wo = a, then f(z) must be identically 
zero on Up. By construction, the distance between wo and w; must be less 
than 6. Therefore w, lies in the interior of Up; that means than some (small) 
neighborhood of wy, lies within Up. On this neighborhood, f(z) = 0, and 
therefore w, is a nonisolated zero of f. Since f is analytic in the neighborhood 
U, of the point w, then, by the same reasoning used to show f(z) = 0 in all 
neighborhoods of a, f must in fact be identically zero on Uj also. 

Using the same reasoning as we pass from U; to U2, we get that f is 
identically zero on Uz. Continuing through the sequence of disks, we eventually 
arrive at U,, and see that on it too, f(z) = 0. This means, in particular, that 
f(b) = 0. Since b was arbitrary, we have shown that f is identically zero on 
all of the domain D. 

Of course, wherever f(z) = 0, we have f;(z) = fo(z), ie. the functions f; 
and f> take the same value. So f; and fg are equal everywhere in D. 


This theorem shows another essential difference between differentiable 
complex functions and differentiable real functions: two infinitely differen- 
tiable real functions may agree on a “big” set within a domain, and yet not be 
identically equal on that domain. For example, in Fig. 51 we see the functions 


YA fi(z)=0 when we (1,1), 
fo(x) 0 when a € (-1,0] 
. fa(z) ~ —l/zx 
i fi(z) € when z € (0,1) 


I 

which are both infinitely differentiable, and 

| agree on the set (—1,0], but nevertheless 

fi(x) # f(x) on (—1,1). Whereas any two 
—1 0 | functions analytic on a domain D, which 
Fig. 51 coincide on a subset of D containing a con- 
vergent sequence of points with the limit 


ay 


in D, by Theorem 6.28 would have to be identically equal on the whole domain 
D. This subset can be, for example, a small disk or an interval lying in D. 

From this we can derive yet another important property of analytic func- 
tions. 


Theorem 6.29 (Maximum Modulus Principle). Let f(z) be an analytic func- 
tion on a bounded domain D, continuous on the closed domain D. Then either 
f(z) is constant on D, or the maximum modulus |f(z)| of the function f on 
D is attained only on the boundary of D. 


Proof. The real-valued function | f(z)| is continuous on the closed and bounded 
set D, and therefore it must take a maximum value M at some point zp in D. 
We will show that if zo is in the interior of D, i.e. in D, then f(z) is constant. 
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So assume that z) € D, and |f(zo)| = M. We will show that in any 
neighborhood of zo lying within D, the value of |f(z)| is always M. For that 
consider the circle |z—z9| = R of radius R centered at zo, where R is sufficiently 
small for the closed disk |z — zo| < R to lie within D. By the Average Value 
Theorem 5.21, 


20 
Feo) = 5 | fleo + Re'*) do, 
0 


from which we get the inequality 
27 
M =|f(20)| < [Ifo + Re'*)| ao, (6.35) 
0 


By assumption, the integrand |f(zo + Re’®)| never exceeds the maximum M. 
On the other hand, it can never be strictly less than M either: for then, 
by continuity, there would have to be an interval ¢, < ¢@ < ¢2 in which 
| f (zo + Re’®)| < M —e for some € > 0; and that would mean the right side 
of (6.35) would be strictly less than M, which contradicts (6.35). So in fact 
| f (zo + Re’®)| = M everywhere on the circle. Since R was arbitrary sufficiently 
small number, this means that | f(z)| = whenever z lies in a neighborhood 
of z contained in D. 

Now we want to show that not just |f(z)|, but even f(z) itself, is constant 
on some neighborhood of zp. This would prove the theorem: for if f(z) = ¢ 
on such a neighborhood, by the previous Theorem 6.28, it would be true 
everywhere in D. 

Of course, if M7 = 0 then the equality | f(z)| = 0 is equivalent to f(z) =0, 
and we are done. So assume that M > 0. Then f(zo) 4 0, and we can 
find a regular branch g(z) = u(z) + iv(z) of the function log f(z) defined 
in a neighborhood U of zo (see Section 4.3.2). The real part of g(z) will be 
u(z) = In|f(z)| =n M, that is u(z) is constant on this neighborhood. Then 
since g is analytic, the Cauchy-Riemann conditions yield 


av _ du _y_Ou__av 
Oy Ox Oy Ox’ 


and so vu(z) is constant on U as well. Therefore, g(z) = c,. Hence f(z) = 
e9(7) = e =¢, that is f(z) is constant on U as desired. 


Yet another way to prove this theorem would be to use the Property 4.16 
that analytic functions preserve domains, that is, a nonconstant analytic func- 
tion, which is defined on an open and connected set, takes as its image another 
open and connected set. The reader should try to prove Theorem 6.29 using 
that method. We preferred to give a different (more complicated) proof since 
the property of preservation of domains was stated without proof. 
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From this theorem we see that if an analytic function does take its max- 
imum modulus, even locally, at an interior point of its domain, then it must 
be constant on the entire domain. In fact this statement is equivalent to the 
theorem. 


Corollary 6.30. If a harmonic function u(z) in a domain D takes its maz- 
imum or minimum value at an interior point of D, then wu must be constant 
on the entire domain D. 


Proof. Suppose that u attains its maximum value at a point z € D. Then 
there is a number r > 0 such that the disk B = {|z — zo| < r} is contained in 
D. Let v be the harmonic conjugate to u in B. The function 


f(z) = el(Z)+iv(z) 


is analytic in B, and |f(z)| =e"). If u(zo) is the maximum value of u, then 
e“(0) is the maximum value of |f(z)| in B. By the Theorem 6.29, f(z) is 
constant in B and hence in D. 

If w has a minimum value at zg, we consider the function wu; = —u and 
reduce the problem to the case of maximum. 


Another proof is based on the Mean Value property of harmonic func- 
tions (Corollary 5.22) and just repeats the proof of Theorem 6.29—see the 
arguments after the inequality (6.35). We leave details for the reader. 


Problems 


1. Find the order of the zero at zp = 0 of the functions: 
2 


a) sin(z?); 6) 1—cos(z?);_ ¢) Log(1+2°); d) e? —2?-1. 


2. Suppose that a function f(z) is analytic at a point zo and has zero at 2 
of order n. Find the order of the zero at zo of the following functions: 


a) sin(f(z)); b) 1—cos(f(z)); 0) ef —1, 


3. Suppose that functions f(z) and g(z) are analytic at a point zo and have 
zeros at zo of order m and n, respectively, and m < n. Find the order of the 
zero at zo of the following functions: a) f(z) + g(z); b) f(z)g(z). 


_ Jsing, 240, 
w= {' z=0. 


4. Let 


a) Prove that f(+) =0, n =1,2,... 
b) According to the part a), f(zn) = 0 on a sequence of points which 
converges to the point zo = 0; but f(z) is not equal to zero identically in any 


neighborhood of zo. Why this fact does not contradict to Theorem 6.28? 
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5. a) Prove that the “Minimum Modulus Principle” does not take place in 
general: we cannot replace “maximum” by “minimum” in Theorem 6.29. 


b) Prove the following “Minimum Modulus Principle”. Let f(z) be an an- 
alytic function on a bounded domain D, continuous on the closed domain D. 
Suppose that f(z) does not have zeros in D. Then either f(z) is constant on 
D, or the minimum modulus |f(z)| of the function f on D is attained only on 
the boundary of D. 


6.6 Analytic Continuations 


The notion of analytic continuation arises from various motivations. One of 
them is the situation where a function which was originally defined with a 
specific formula and on a specific domain D, in fact can be defined as an 
analytic function on a wider domain. For instance, consider the series 


Co 
) 2”, 
n=0 


The set of convergence of this power series is the disk D = {|z| < 1}, and its 
sum S$(z) is analytic in D (Property 6.15). Therefore, by this formula we have 
defined an analytic function whose domain is D. In this specific case we know 
the sum of the series, namely $(z) = (1 — z)~! (see Example 6.32 below). 
The function f(z) = (1 — z)~} is analytic in C \ {1}. Thus, there exists a 
function f(z) that is analytic in a wider domain than D and coincides with 
S(z) in D. Therefore, the function S(z), defined initially in D, can be extended 
to an analytic function f(z) on a wider domain. We call f(z) an analytic 
continuation of S'(z). We will return to this example later—see Example 6.32. 

Another incentive for introducing the concept of analytic continuation, and 
the associated concept of a complete analytic function, is the need to work with 
multivalued functions. For example, how to interpret the expression \/z + /z, 
if each term allows two values? It is all the more unclear how to understand 
a derivative of the function \/z. However, we already have some experience 
working with multivalued functions—see Sections 4.2 and 4.3. From that we 
see we should consider regular branches of multivalued functions. Here we will 
study that concept in a more general setting. 

In Fig. 52 we see different ways that two domains D, and D2 could share 
a third domain (shaded). In case a, the intersection D, MN D2 = G is itself a 
domain; in case b, D, M Dz has two components, and either G or G’ can be 
regarded as the shared domain. 

Suppose that the analytic functions f,; and fo are defined on D; and Das, 
respectively; and suppose that these two functions agree on the shared domain 
G. Then fg is called the direct analytic continuation of f, to the domain D2 
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Q 


Fig. 52 


through G. It is easy to show, using the Uniqueness Theorem 6.28, that fo is 
unique for given f;, Di, D2, and G. (Indeed, if f 3 is another direct analytic 
continuation of f; to Dz through G, then fs coincides with fo in G which is a 
part of the domain D2. Hence, by the Uniqueness Theorem f} coincides with 
fo everywhere in D2). However, if as in Fig. 52 b the intersection D,M D2 has 
two components G and G’, then the continuation through G may not agree 
with the continuation through G’; we will see this in Example 6.31. 

In Fig. 53 we see a chain of domains D,, D2, ..., Dy, in which each 
consecutive pair D; and Dz+, share the domain G,. Suppose that on each 
D,, is defined an analytic function fx, 
in such a way that f, and f,41 agree 
on G,. In other words, each fx+41 is 
the direct analytic continuation of f, 
through G;,. Then f,, is called the an- 
alytic continuation of f; to the do- 
main D,, through the domains Gy, ..., 
Gn-1; and once again, f, is unique 
(why?) for the given f; and chains Do, 

ony Dy-1,; Gi, seey Gh-1- 


However, if we change any of the intermediate domains Dg, ..., Dn_—1, or 
any of the shared domains Gz, then the continuation of f; to D, through the 
domains Gj, ..., Gn, may also change; and this is possible even when the 
first and last domains D,; and D,, remain the same. 

It is possible that the last link in the chain of domains could be the same 
as the first; for example, consider the chain D,, D2, D3, D4, D3, D5, Di, in 
Fig. 53. In this case it is quite possible that the continuation of f; through 
the chain will not agree with the original f; on D,. This is illustrated in the 
following example. 


Example 6.31 In Fig. 54 we see the domains 
Di ={2:|z-1)<$}, Ds={z: |jz+1)< 5} 
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which are connected in two different ways: through Dz and D5. On D, we 
take f; to be the principal branch of the log function 


fi(z) = Log z = In|z| +7 Arg z. 


In Section 4.3.2 we saw that this function is analytic on the complex plane 
minus the negative real axis, with —a < Arg z < 7; in particular, f; is analytic 
on D,. We continue this function to the domain Ds through the intersections 
with D2. As the point z is moving through D2, the argument ¢ = Arg z will 


be increasing. Therefore the resulting 
continuation will be the function 


f3(z) =In|z| +74, where ¢>0, 


which is analytic on Ds. 

However, if we continue jf; to D3 
through the intersections with D4, then 
we get the function 


f3(z) = In|z| +7¢*, where ¢* <0, Fig. 54 
since ¢* is decreasing on D5. In fact, ¢ and ¢* differ by 27, so that f3(—1) = iz, 
while f3(—1) = —iz. So the two continuations, which go through different 
chains and end on the same domain, nevertheless differ from each other. 

Now let us consider again the continuation of f; on D,, but this time 
through the subsequent intersections of D,, D2, D3, D5, and D,. Then the 
result will be the function 


fi (z) = filz) + 2m, 


which does not agree with the original function f,. 


This example also shows that the direct analytic continuation of a function 
from D,; to Dz, may depend on which part of the intersection D; 1 Dz the 
continuation passes through. Indeed, looking again at Fig. 54, denote by D5 
the union Dz U D3 U D3, and let us consider the continuation of f; on D, to 
D3. Here the intersection D, M D> has two components, G; and G‘, and the 
direct analytic continuations f(z) and f*(z) will be different depending on 
whether it is through G; or G4: in the first case we would get f(—1) = ia, 
and in the second, f*(—1) = —iz. 

Suppose that f; is a (single-valued) function on the domain D,. Consider 
the set D of points z’ for which some analytic continuation (direct or through 
a chain of domains) can be found of f; to some domain containing 2’; in other 
words, D is the set of points to which it is possible to extend the function 
fi. Then D must contain D,, by virtue of the continuation using the trivial 
chain consisting of D; alone. But there may be points z’ € D outside of D,. 
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Note that there may be several different analytic continuations from D, to 
the same point 2’; thus we may have multiple distinct values f(z’) associated 
with the point z’, even possibly infinitely many. 

If we associate to each z’ in D all values f(z’) obtained by continuations 
via all possible chains and their shared domains, then generally speaking we 
define a multivalued function. As we remarked at the beginning of this section, 
it’s quite complicated to work with such functions. To overcome this difficulty, 
we introduce the notion of a function element. 

A function element F is the pair (D, f), where D is a domain in C and f 
is a single-valued analytic function on D. A function element F;, = (Dn, fn) 
is called the analytic continuation of the element F, = (D1, f1) through the 
domains Gj, ..., Gn—1, if the function f,, is the analytic continuation of f; to 
D,, through the domains Gi, ..., Gn_1. (One can easily see that, conversely, 
F, is the analytic continuation of F,, through the domains G,,-1, ..., G1). 

Returning to Example 6.31 we see that F, = (Dj, fi), F2 = (D1, fi +27), 

.., Fn = (Di, fi, +2a(n—1)i) are different elements, despite the fact that the 
domains D, of these elements coincide. Each of these elements is an analytic 
continuation of any other of them. 

A complete analytic function is the family of all function elements obtained 
by analytic continuation of some function element via all possible chains. Two 
complete analytic functions F’' and H are considered equal if there exist an 
element (D, f) of a function F' and an element (G, h) of a function H such that 
h is the direct analytic continuation of f from D to the domain G through 
some component of the intersection DMG. By the Uniqueness Theorem, in 
this case every element of F is also an element of H, and vice versa. In other 
words, the families of function elements of F and H coincide. 

If there is a point zp) and two elements (Dj, f;) and (Da, f2) of F such that 
zo € Di N D2 and fi(z0) 4 fo(zo0), we say that F' is multivalued; otherwise F 
is single-valued. For example, the function F(z) = a is single-valued, and 
F(z) = log z is multivalued. 

Single-valued analytic functions f in function elements (D, f) of a com- 
plete analytic function F are called regular branches of F’. (Notice that we 
have already met the notion of regular branch in Section 4.2. For example, a 
single-valued function Log z is a regular branch of log z.) Now we may define 
operations with complete analytic functions as the corresponding operations 
with their branches. For instance, derivative F’ of a complete analytic function 
F with elements (D, f) is the family of function elements (D, f’). Therefore, 
the notions of function element and of regular branch of a complete analytic 
function allow us to apply all methods developed for single-valued analytic 
functions, to multivalued functions. 

For the rest of this section we will use F to denote a complete analytic 
function, generally multivalued, and f to denote one of its regular branches. 

Note on terminology. As we have said, in this book we use the phrase 
“analytic function” to mean one that is single-valued, and we will add “mul- 
tivalued” explicitly when that is intended. But in some other books “analytic 
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function” includes complete analytic functions, and the terms “regular” or 
“holomorphic” are used when single-valued functions are intended. 

The possibility of forming an analytic continuation leads to the follow- 
ing construction, due to Weierstrass. First we illustrate the method with an 
example. 


Example 6.32 Consider the function 


which is defined on D, = {z : |z| < 1}, since that is the disk of convergence 
of the series. Continue this function to the largest domain possible. 


Solution We recognize this as the geometric series, so on D, the function 
is equal to 1/(1— z); but for |z| > 1 the series diverges and therefore does not 
define a function. So, we will pretend we do not know the values of function 
outside D,, and work out the continuation “blind”, so as to demonstrate the 
technique of continuing functions defined only by a power series. 

First we will find the Taylor series expansion of this function at aj = 0.92. 
Since a2 lies in D,, f; is analytic there, and therefore has a Taylor series 
expansion in a neighborhood of that point lying in D;. Since in D; the function 
fi(z) is defined, we may use the Taylor formula (6.20) for f(z) = 1/(1 — z): 
the derivatives are 


‘= 2 fo (yy = te 
fi(z) ~ (1—2)?’ filz) ~ (1— 28? oe fi @)= qryaT’ 
and we get the coefficients 
Cn = fy") (a2) = 1 
” n! (1 — 0.92)"+1 

and the power series 

=. (z— 0.9%)" 

n=0 


This series obviously converges to f(z) in small neighborhoods of az lying 
inside D,, for example |z — ag] < 0.1; so fi(z) = fo(z) = 1/(1 — z) in these 
neighborhoods. Let Dz be the disk for convergence for the series (6.36); then 
by virtue of the Uniqueness Theorem 6.28, f(z) = 1/(1 — z) on Do. To 
determine the radius of convergence Rz for this second series, we could use 
the root or D’Alembert’s test from Section 6.1 as well as the formulas (6.7), 
(6.8). But since in this case we know what the series sums to, it is easier to 
use Corollary 6.21: Rg is equal to the distance from the center az = 0.9% to 
the singularity z = 1 of the function f2(z), so 


Ry = |1— 0.9%] = V/1 + 0.92 = 1.35. 
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We see here that Rp is larger than the distance from az to the boundary of D,, 
which would be 0.1. Therefore the second series (6.36) continues the function 
fi to Dz, part of which lies outside of Dj. 

We can continue this continuation: we could choose a point a3 in D2 which 
is even further from z = 1, and then expand fo in a power series at a3 in a 
disk D3 of radius R3 = |a3 — 1|. And so on, choosing a sequence of points ag, 
a3,..., and a corresponding sequence of disks; and this could be done in such 
a way that the disks would cover the entire complex plane with the exception 
of z = 1. So the function f;, originally defined only on D,, could be extended 
to the entire complex plane minus the point z = 1, i.e. the entire domain of 
definition of the function 1/(1— z). Because of the Uniqueness Theorem, this 
continuation would not depend on the choice of the points az, a3, ..., and it 
would turn out to be single-valued. 


Example 6.33 Continue the function 


Co a x 
Al) =o(-yrt= 
n=0 
to a disk containing the point z = —2. 


Solution This series we recognize from (6.32) as the expansion of the func- 
tion Log(1+ z), and whose disk of convergence is D, = {|z| < 1}—-see (6.32). 

The reader should make their own drawing, and verify the following steps 
of the construction. 

There are infinitely many ways to continue this function to a disk contain- 
ing z = —2; we will show two of them. First, take the point az = 0.97 and 
expand f; into a power series there. The radius of convergence R2 for the new 
series will be 

Rg =|—1-ag| & 1.35, 


and the disk of convergence will be Dz = { z : |z—a2| < Re}; we denote this 
continuation by f2. For the next continuation we take a3 = —1.34+0.92, which 
lies within Do; the series expansion f3 at a3 will then have R3 = |1+as3| ~ 0.96, 
and D3 = {z : |z—a3| < R3 }. Since Dg still does not yet contain z = —2, we 
extend the chain once more, with the disk D4 centered at ag = —2.29+4+ 0.97 € 
Ds with radius Ry = |1 + a4|; this domain D4, of the continuation f4, at last 
contains our target z = —2. 

The power series expansion of f4 will be, by the Uniqueness Theorem, the 
Taylor series of some branch of log(1 + z) at a4. As the point z moves from 0 
to —2 along the upper arc of the circle |z + 1] = 1, through the domains Dj, 
Dz, D3, and D4, the argument Arg(1 + z) will increase continuously from 0 
to 7; therefore f4(—2) =In1+ in =i. 

But we can also continue the function f; through a chain reflecting, over 
the real axis, the one just used. Let D3, D3, and D7, be the sets of conjugates 
of the points in Dz, D3, and Daz, and let ff be the continuation to Dj obtained 
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that way. Then ff(—2) = —iz. So in this case the continuation yields a mul- 
tivalued function. If this continuation were to be extended in all directions, 
we would obtain the complete multivalued analytic function log z, defined on 
entire complex plane except z = —1. 

The construction here was analogous to that in the Example 6.31, but 
more concrete, and at the same time, as we will see, more general. 


Now let us move to the general case. Suppose we are given a power series 


Co 
S- Cn(z— a1)”, 
n=0 


converging on some disk D, = {z : |z—ai| < ri}, where r; > 0. Then by 
Property 6.15 the sum f(z) will be an analytic function on D;. We then choose 
another point ag € Dj, distinct from a,. The function f; will be analytic on 
a disk D{, centered at a2, and tangent to the circle |z — a,;| = 711, so that D} 
lies within D,. Therefore f; can be expanded to a Taylor series at az, 


which obviously converges on D{ to f1(z). We will denote by D2 the actual disk 
of convergence of this second series, which may extend outside of D, (Fig. 55). 
In that case, the second series provides a direct analytic continuation f2(z) of 


the function fi(z) to the domain Dp. 
The procedure just described can be it- 
erated an infinite number of times, each 
time choosing some new point a3, a4, 
. as the center of the next Taylor ex- 
pansion. The result will be a complete 


analytic function F(z); and any partic- ~~ 
ular expansion f;,(z), on a disk Dx, will 

be a regular branch of F’. 

The radius r; of the disk D;, can be in- é 


creased until the boundary of the disk 
meets the closest singularity z* (see Fig. 55 
Fig. 55). So if D is the domain of the 


complete analytic function F’, the boundary T° of D will consist entirely of 
singularities—for if any part of TI were free of singularities, it would be possible 
to continue F’ there to a larger domain. The boundary [ may consist of lines, 
segments, or other combinations of points. In the simplest case, I consists 
of isolated singular points, at each of which there is some sufficiently small 
punctured disk on which the complete function F' can be defined. 

If F(z) is single-valued in some punctured neighborhood of the singularity 
z*, then z* is said to be a a singular point of single-valued character. If, on the 
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other hand, F(z) is multivalued on punctured neighborhoods, no matter how 
small, of z*, then z* is said to be a singular point of multivalued character, or 
a branch point. 

For example, the function F(z) = 1/z has singularity at z* = 0 of single- 
valued character. We examine these points in detail later. 

As an example of a singularity of multivalued character, we can take the 
point z* = 0 for the function F(z) = %7/z; this is a singularity because the 
derivative does not exist at that point. The multivalued character is clear 
because the continuation of ~/z = x/|z] ein from any domain, through a chain 
that goes counterclockwise around the origin and back to the same domain, 
will produce the function Viele, differing from the original. 

Another example of a singularity of multivalued character, or a branch 
point, is the function log z at z* = 0. 

Of course, it may happen that it is impossible to extend an analytic func- 
tion in a domain D to any domain G not contained in D. Here is an example. 


Example 6.34 Consider the function 
Aya 2 (6.37) 
n=0 


We prove that f(z) is analytic in the unit disk D = {|z| < 1}, but that there 
no direct analytic continuation of f,; to any domain having points outside D. 


Solution — If |z| <r < 1 then |z?"| < r?”. The series 0°, r?” converges 
since 


[oe) Co 1 
Sr < < = 
n=0 k=0 as 


By the Weierstrass uniform convergence test, Theorem 6.5, the series (6.37) 
converges uniformly in any disk |z| < r with r < 1, and by Theorem 6.9 
(Weierstrass’ theorem) its sum is analytic in |z| < r. But r might be arbi- 
trarily close to 1. Hence, the series (6.37) converges in the whole disk D (not 
necessarily uniformly), and its sum f)(z) is analytic in D. 

Let G be a domain which has a non-empty intersection with D and is not 
contained in D. We show that the direct analytic continuation of fi(z) to G 
does not exist. 

Define the points zp,, by the equality 


2rki/2" where n=1,2,..., k=0,1,...,2"—-1. 


en,k = € 
Notice that the points z,,,, are situated on the unit circle |z| = 1, and form the 
regular polygon with 2” vertices centered at the origin. Hence the distances 
|Zn,k — 2n,k+1| between neighboring points z,,, and Zn,~41 tend to zero as n > 
oo. Thus, points z,,, are dense on the unit circle. Namely, every (arbitrarily 
small) disk centered at a point z on the unit circle, contains a point Zp 4. 
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We claim that for every point Z,,,4, aS 2 > Zn,~ along the radius from 0 to 
Zn,k, that is when z = re?™**/2" and r > 1-, we have fi(z) > oo. In fact 


Co co 


Ace) = die si el aor e2rki- or 


CO 


-S e2thi- Qqi-n p> e2thi- Qi-n 


The first sum in the last line has modulus less then or equal ton asO <r <1. 
Thus this sum is bounded. In the second sum, the factor 


j.gi-n 
e2tki 2 =] 


since j —n > 0; therefore this sum equals )7"", r2’. Since each term tends to 
las r— 1-, this sum tends to infinity as r > 1~. Hence, 


lim fire) =O. 
r>1- 


Therefore, the function f;(z) is unbounded in the intersection of D with any 
arbitrarily small disk centered at any point 2,4. 

Let f(z) be a direct analytic continuation of f; to G. Since G contains 
both points in D and points outside D, and G is connected, there is a point 
z € G with |z| = 1. Since G is open, there is a disk A centered at z whose 
closure A (that is A together with its boundary) is contained in G. Insofar 
as f is analytic in G, f is bounded in A. But A contains a point z,,;, and 
A is open. Hence, A contains a disk A; centered at z,,,. We have proved 
above that f; is unbounded in the intersection of A; with D. Because f = fy 
in this intersection, f is unbounded in A; and hence in A. We arrive to a 
contradiction. Thus, a direct analytic continuation of f; to a domain G with 
points outside D does not exist. 

Informally, the singular points z,,, are so dense on the circle |z| = 1, that 
they do not allow f:(z) to be continued through the boundary of D. 


Finally, we note that in the process of analytic continuation, the disks of 
convergence D;, may form a Riemann surface of the complete analytic function 
F, on which F(z) will be single-valued. For this it must be understood that 
if a newly constructed disk happens to intersect with an older one, like D, 
and D, in Fig. 55, and the new continuation does not agree with the older 
one, then the new disk must be added as sheet above or below the old one, 
not overlapping it; recall the method of constructing Riemann surfaces in 
Section 4.2. 

Like a tiny sprout which contains within itself all the information neces- 
sary for constructing a huge tree, any regular branch of an analytic function, 
no matter how small its domain, includes within itself enough information 
about the complete analytic function to completely reconstruct it by means 
of analytic continuation. 
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Problems 


1. Let fo(z) be the regular branch of the multivalued function F(z) = Vz? — 1 
in the disk Do = {|z — 2| < 1} such that f(2) = V3. 

a) Let f(z), fe(z) be the analytic continuations of f(z) to the disk D, = 
{|z + 2| < 1} through chains of small disks centered at points on the upper 
half and on the lower half of the circle |z| = 2, respectively. Prove that fi(z) = 
f2(z). 

b) Let fs(z), fa(z) be the analytic continuations of fo(z) to the disk D2 = 
{|z| < 1} through chains of small disks centered at points on the upper half 
and on the lower half of the circle |z—1| = 1, respectively. Prove that f3(z) = 
— fa(z). 

c) Find all branch points of the Riemann surface of the function F'(z). 
How many copies of the complex plane are needed, and how to cut and glue 
them together to construct the Riemann surface? 


2. Prove that the following functions are analytic in the unit disk D = {|z| < 
1}, but that there no direct analytic continuation of them to any domain 
having points outside D: 


DVQ= 2 VIO=—y 
n=0 n=0 


6.7 Laurent Series 


In this section we will see how to create series expansions of a wider class of 
functions than considered previously: we will investigate functions which are 
not analytic on an entire disk, but only on a ring or annulus r < |z — z| < 
R. A very important special case is when r = 0, that is, the expansion of 
a function defined on a punctured neighborhood of zg. This will allow us 
to study functions in the neighborhood of points where analyticity fails, i.e. 
singularities. 

For this, power series will no longer be sufficient, since they can represent 
only functions which are analytic in an entire disk |z — zo| < R (by Theo- 
rem 6.19). But to the terms c,(z — zo)” with nonnegative n, we will add the 


terms when n = —1,—2,..., and consider the sum of the two series 
lo) =O 
S- Cn(z— z0)” and yr Cn (z — 20)”. 
n=0 n=—-1 


We will look for the expansion of a function f(z) on an annulus in the form 


Co CO 


f(z)= S- Cn (Zz — 20)” = So en(z— 29)" + ss Cn(z— 20)", — (6.38) 


n=—0Co n=0 n=—-1 
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in which the convergence of the series on the left signifies the convergence of 
both series on the right. As in Section 4.2, we will prove the existence and 
uniqueness of such expansions. We start out with an existence theorem. 


Theorem 6.35. Suppose that f(z) is analytic on an annulus 
V={z:r<|z—2|< R}. 


Then f may be represented on V as the sum of the series 


CoO 


f(e)= So en(z- 2%)”, (6.39) 


n=—Co 


where the coefficients are defined by 


1 £(¢) 
= dé, 6.40 
' Qi / (¢ — zo)"+1 6 oo 
|C¢—zo|=p 
where n = 0,+1,+2,..., and p is any real value between r and R. 


Proof. In Fig. 56 we see an arbitrary point z in V. Choose any r’ and R’ so 
that r <r’ < |z— z| < R’ < R; we define 


V={E:r' <|C-—29| < R’}. 


Obviously, V’ lies in V and contains the 


point z. Denote by Ty and I the circles (\» 
|z—z9| = R’ and |z— 20| = 7’, respectively, eZ 
oriented counterclockwise; and let TZ be 


the same circle as [2 except oriented clock- 
wise. Then we can take I’ =T, UTZ to be 
the boundary of V’, so that the domain 
V’ remains on the left while traversing the 
boundary I”. Fig. 56 


The function f(z) is analytic on the closed domain V’, and therefore we can 
apply the Cauchy integral Theorem 5.17 to get 


_ 1 ff© 1 f f@ 
fa)= ze [FY aces f Pe as 
Ty rS 


1 FO ge 2 fiO 
if gaa oa 


(6.41) 


Laurent Series 159 


Now the series expansion of the first integral can obtained just as in the 
proof of Theorem 6.20. The function SS can be put in the form 


i. 1 =. al a 1 
Coe (C29) (2-40) (C20) eae (C= z0)) baa 
where q= ~~. 

=e 


For all ¢ € T'1, we have |z — z| < |¢ — zo|, hence |g| < 1. Therefore the 
formula (6.22) for the sum of a geometric series may be applied, according to 


which 
1 1 <= — . (z— 20)” 
= a +... 6.42 
Gre ape do (ayn Se 
Exactly as in the proof of Theorem 6.20 (see (6.24)) we show that the se- 
ries (6.42) converges absolutely and uniformly in the variable ¢ on Ty. We mul- 
tiply this equation by the function 5+ f(¢); because this function is bounded 
on T';, according to Property 6.8 the resulting series remains uniformly con- 
vergent. Then we can integrate termwise along I'1, obtaining 


Co 


a, ce om »s Qi nf te sar a = 2 ool (z— 20)", (6.48) 
where : is 
ie 2n1 Ie _ Zo)rtt d¢, n=0,1,2,... (6.44) 
TQ, 


Thus we have expanded the first integral of (6.41) into a convergent series of 
powers of (z— 29). The second integral turns out differently, because |z— z0| > 
|C—zo| for ¢ € 2, and consequently the series (6.42) would diverge. So making 
a slight change, we instead write 


a 1 s 2 i. 15 4 1 
C—2  (2-2)—(C-2) (2-2) 1-2 (2-2) l=’ 
here 

z— 20 


Then r’ = |¢ — zo| < |z — 20| for all ¢ € T2, and we have |qi| = al <1. 
Once again we can apply formula (6.22) to get 


Hest St a (ee a) 
fe a) aa ; (6.45) 


=0 n=0 ira z)r 
For all ¢ € [2 we have 
(¢ — 20)” = 1 ¢ — 20 it = 1 | les 
(= 2)" " |z — z| |2— 20 |z— 29 es 


160 Series 


Since the geometric series }>°_, |qi|” converges, by Weierstrass’ uniform con- 
vergence test (Theorem 6.5), the series in (6.45) converges absolutely and 
uniformly in ¢ on [g. We can rewrite this series in a more convenient form 
by introducing a new index of summation k = —n — 1, or n = —k—1. When 
n takes the values 0,1,2,..., the index & runs through —1, —2,—3,.... Then 
the equation (6.45) becomes 


1 1 - = 2) — (z—2)* 
pas >a => tS (6.46) 


(z — 20 Fars (z — 20) = 


Multiplying this form of the equation by sty f(¢), which again preserves uni- 
form convergence, and integrating termwise along [2 we get 


—oo 


AC Z 
ar Fe oe 2 anf Te ere = Dea (6.47) 
wher 
ere a= 1 / f(¢) d a eee ae 
Pe (Garr weer ee (6.48) 
T2 


Of course we may replace the & in these formulas by any letter; we may even 
use n, where here n = —1, —2, —3,... Substituting the resulting series (6.47), 
along with the earlier (6.43), into (6.41) we arrive at equation (6.39). 

Turning to the formula (6.40) for the coefficients, we have already derived 
formulas (6.44) and (6.48). These can be combined into a single formula by 
again replacing the k by n. Then the only difference with (6.40) is the path 
of integration. But the integrand 


f(Q) 


= 2) > 


is analytic on the annulus r < |¢ — z0| < R; therefore by the invariance of 
the integral under path deformation, Corollary 5.11, the integrals (6.44) and 
(6.48) will be equal to the formula stated in the theorem for any p such that 
r<p<R. This completes the proof. 


A series in all integral powers of (z— 29), negative as well as positive, whose 
coefficients are determined by the formulas (6.44), is called a Laurent ? series 
of a function f(z). It is frequently convenient to break up the entire Laurent 
series into its regular part, 


Co 


S- Cn(z — 20)", 


n=0 


3Discovered by the French mathematician Pierre Alphonse Laurent (1813-1854), who 
was a military engineer before he began his mathematical research. 
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consisting of the terms of nonnegative powers, and the principal part, 


= 24 


a Cn(z— 20)” or SS Cn(z — 20)”, 


n=—-1 n=—oco 


consisting of the terms of negative powers; we will see below the reason for 
these names. 
As with Taylor series, the Laurent series expansion is unique. 


Theorem 6.36 (Uniqueness theorem for the Laurent series expansion). Let V 
be an annulus centered at zq with inner and outer radii r and R, respectively; 
and let f be a function with a series expansion of the form (6.89) on V. Then 
f ts analytic on V, and the coefficients cy forn € Z are uniquely determined 
by the formula (6.40). 


Proof. Since by assumption the Laurent series (6.39) converges on V, both the 
regular and principal parts do so. The first of these, with nonnegative n, is a 
standard power series, converging on some disk centered at zo and diverging 
outside it. Since it converges on V, the entire annulus V must lie inside the 
disk of convergence. Because the sum of a power series is analytic on its disk 
of convergence (Property 6.15), the sum 


Co 


Si(z) = Se Cn (Zz — 20)” 


n=0 


is analytic on V. In addition, by Property 6.14, this series converges uniformly 
in any disk |z — z0| < R’, where R’ < R. 

Now consider the principal part of the series, with negative values of n. 
We make the change of variables 


Z= and k=-—n, 


z& — £9 


so that the series takes the form 


ye Cn(z — 20)” = Yee as (6.49) 


n=—-1 


This is now a power series in the variable Z centered at Zp) = 0, which con- 
verges in some disk |Z| < Ro, and diverges outside it, and the sum of which is 
an analytic function on this disk; and as before, on any disk |Z| < Rj, where 
Ro < Ro, this series converges uniformly. In terms of the original variable z, 
the disk of convergence in the Z-plane becomes 


1 


Zz — 20 


1 
Ro’ 


< Ro, or |z — Z| 2 
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i.e. the exterior of a disk centered at z = zo with radius ae Thus the se- 
ries (6.49) converges when |z — zo| > i to an analytic function S:(z), and 
diverges when |z— z9| < a Since this series converges on V, the entire annu- 
lus V must lie within the domain of convergence |z — zo| > oRe Furthermore, 
the convergence is uniform on any domain |z — zo| > Re where Ro < Ro. In 
particular, the series converges uniformly on |z — z9| > r’, whenever r’ > r. 

So we see that both series on the right side of (6.38) converge and their 
sums S; and 5S are analytic on V. Therefore the function f(z) = S1(z)+S$2(z) 
is also analytic on V. 

Now we show that the coefficients c, of the Laurent series expansion are 
determined uniquely by the formula (6.40). Take any p such that r < p< R, 
and let Tbe the circle |z — z| = p. Choose two numbers r’ and R’ such that 
r<r<p<R' < R, and let V’ be the annulus r’ < |z — z| < R’; then both 
the regular and principal parts converge uniformly on V’, and the series 


Co 


S- ce(z — 20)* = f(z) 


k=—0o 


also converges uniformly there. This property is preserved even after multiply- 
ing by any factor (z — z)~"~! with n € Z, because such a factor is bounded 
on V’ (see Property 6.8): 


T: 


We can now apply the equation (5.6) 


i Cae -{ De es (6.51) 


2mi for n=-—l. 
|z-al=r 


according to which all integrals on the left side of (6.50) are zero, with the 
single exception of that for which k —n—1 = —1, or k =n, when the value is 
2ri. Therefore only that term remains from the sum of the left side of (6.50), 


and we get 
Be os f) 
2T1Cy, = [Ses dz, ne Z, 
EF 


which is equivalent to equation (6.40). This completes the proof. 
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We saw in the proof that the regular part of the Laurent series converges 
on the interior of some disk, while the principal part converges on the exterior 
of another disk, with the same center but smaller radius—if the radius of the 
second disk were greater than the first, then the set of convergence for the 
whole series would be empty. We will generally denote by R and r the radii of 
these disks, respectively, without further explaining that convergence is within 
radius R but outside of radius r. 

The properties of power series (see Section 6.3) imply the following prop- 
erties of Laurent series. 


Property 6.37. The set of convergence of a Laurent series (6.39) is the 
annulus V = {z:r <|z— 2| < R}, with the possible addition of some or all 
points on the boundary. Also, it is possible that r = 0 or that R = oo. 


Property 6.38. The sum S(z) of the series (6.39) is an analytic function on 
the interior of V. 


Property 6.39. A Laurent series (6.39) may be termwise integrated and 
termwise differentiated in the interior of V, any number of times. The series 
obtained in this way has the same annulus of convergence V as the original 
series; but the convergence of points on the boundary may not be the same. 


Property 6.40. Suppose that V = {z:1r < |z—2| < R} ts the annulus 
of convergence of a Laurent series representing the function f(z), and that 
0<r< R< ow. Then on both the inner and outer boundaries of V lie 
singularities of f. 


Proof. Let us split up the Laurent series into its regular and principal parts, 


fiz) = '> Cn(z— 20)" and fe(z) = x Cr(z — 20), 
n=0 k=-1 


respectively; by the change of variable Z = 1/(z — 29) the second series can 
be written as 

Co 

AlAs > ea2*. 

k=1 
The disks of convergence for f; and f3 are |z — z| < R and |Z| < 3, re- 
spectively. By Corollary 6.21, on the boundary of each disk of convergence 
lies a singularity of the sum. Hence, on the circles |z — zo| = R and |Z| = + 
lie singularities of f; and fs, respectively. This means that f2 must have a 
singularity on |z — zo| = r. Thus, the function f = f, + fo has singularities 
lying on the outer and inner boundaries of V. 


To determine the Laurent series expansion of a particular function, we 
usually use the same methods as used previously for finding a Taylor series 
expansion: substitution and termwise integration or differentiation, starting 
with an existing series. 
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Example 6.41 Find the Laurent series expansion of the function 


z+l1 


Te) Fe 4) 


in powers of (z — 1). 


Solution Let us first make a change of variables: w= z-1, z=w+l1, 
under which the function f(z) becomes 


w+2 


#2) = Bw FD) 


Now we rewrite this using partial fractions: 


w+ 2 A | A(jw+1)+ Bw (A+B)w+A 


w(w +1) w'wtl wwti) = w(w+) 


9 


from which we get A = 2 and B = —1. Thus 


wt+2 2 1 
g(w) = _ 


wwtl) w wl 


This function has singularities at w = 0 and w = —1, so it is analytic on the 
annuli 
Vi={w:0<|w| <1} and 
Y={w:1<|w|<o} 
We will find the Laurent expansion on each of these annuli. 
When |w| < 1 we can use the geometric series: 


ote) = 2 = B= ocanwt = Fe aye 
n=0 n=0 


But when |w| > 1 this series fails to converge; so to expand g on Vo we rewrite 


the fraction 
1 1 1 


w+il te tae? 


Then since |1/w| < 1 on V2, we can again use the geometric series: 


2 1 1 Dex “alee 1 Of 1 
= : = 1)” =o+ qyrtt 
g(w) uw 1+ ww DI ) ano d ) prt 

De ode tee 1 1 oS 
er Se 1 n+1 J. 1 kk 
a Fs + dS ) wrt w 2 _! ) W , 


after changing the index in the sum to k = —(n+1), and noting that (—1)~* = 


(-1)*. 
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Returning to the original variable z, we get 


f(2= =) +50(-1)"t(z-1)" when 0 <|z-1| <1; 
= (6.52) 
fij= : S7 (-D*(e-1)* = when 1<|z-1] <co. 


Gat) k=—2 

We see that on the smaller annulus Vj, the principal part of the expansion 
consists of only a single term, 2/(z—1); all the other coefficients of the principal 
part are zero. But on the larger annulus V3, the expansion consists only of the 
principal part; all coefficients of the regular part are zero. 

By Theorem 6.36, the series we obtained in the example are unique, al- 
though we might have used other methods to get them. Also note that the 
boundaries of the annuli, that is the circles |z — 1| = 0 and |z—1| = 1 with 
radii 0 and 1, respectively, each contain one singularity of the original function 


f(z). 
Problems 


1. Find all Laurent expansions of the function 


zZ—-2 


f@)= Gye —3) 


in powers of (z — 3). 


2. Find all Laurent series expansions of f(z) in powers of (z — zo). 


=) fl) = oy z0=1; Db) fe)= Fa 2 =-1; 
c) fle) = ey: Z = —3; d) f= ata, zy = 3. 


3. Prove the following property which is an analog of Property 6.14: If a series 
of the form (6.88) converges at points z, and z2 , where |z1—Z0| < |z2—2o|, then 
it converges absolutely and uniformly on any annulus {z : 7 <|z—2z0| < R}, 
where |z1 — zo] <r < R< |z2 — 20]. 
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Residue Theory 


7.1 Isolated Singularities 


Suppose zp is a singular point of the function f(z), ie. f is not analytic 
at that point (in particular because f(zo) is undefined). Recall that zo is 
called an isolated singularity if f is analytic in a punctured neighborhood 
0 < |z—29| < R of zp. This definition can be applied even in the case zg = 00, 
if we take a punctured neighborhood of oo to be a set of the form |z| > R, 
i.e. the exterior of a disk centered at the origin. In other words, a singularity 
is called isolated if there is some neighborhood of it in which there are no 
other singularities. We have seen that a function may have multiple branches 
in the neighborhood of a singularity, but in this chapter we will consider only 
singularities of single-valued character, and the function f(z) will be assumed 
to be single-valued. 

Isolated singularities can be classified according to the behavior of f(z) as 
z —> zg. There are three types: 


1. removable singularities are those at which f(z) has a finite limit: 
lim f(z) = A; 


ZZ 


2. poles are those at which the limit is co: 


3. essential singularities are those at which no limit exists, whether finite or 
infinite. 


Example 7.1 To show that all three types of singular points are realized, 
we classify the following isolated singularities. 


1. The point zp = 0 for the function 
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2. The point zo = 1 for the function 


1 
fl2) = 57° 
3. The point zo = 0 for the function 
fa(z) = ee, 


Solution 


1. Using the formula (6.28) for the sin function, we get 


sin z ze gf zen 


filz) = a ee Ds crea iamae z £0, 


from which we see that lim,_,9 f(z) = 1; so z9 = 0 is a removable singu- 
larity. 


2. Since 


. ‘ 1 
es sai 


the point zp = 1 is a pole. 
3. As z > 0 along the real axis, the limits from the left and right are different: 


lim e!/*=0 but lim e!/? =o. 
z0- 20+ 
Therefore no limit exists, neither finite nor infinite, and the point zp = 0 
is an essential singularity. We could also have looked at the limit along the 
imaginary axis; there z = iy and 
1/z —isy it os 
=e =cos— —isin-, 
y y 


e€ 
which also has no limit as y > 0. 


Singularities which are not isolated can exist also. For example, the func- 
tion f(z) = 1/sin4 has poles at the points z, = + for n = +1,+2,.... 
Therefore every neighborhood, however small, of the singular point zo = 0 
contains other singularities; thus the singularity zo = 0 is not isolated. 

Suppose that zo is an isolated singularity of the function f(z); then f is 
analytic in some punctured neighborhood 0 < |z — z0| < R of z. Of course 
a punctured neighborhood can be regarded as an annulus in which the inner 
radius is r = 0, so we can apply Theorem 6.35 and conclude that f(z) must 
have an expansion to a Laurent series there. The expansion on a punctured 
neighborhood of a point zo we call the expansion about z 9. We will show that 
the type of the singularity, i.e. the behavior of f(z) as z > zo, is determined 
by the form of the principal part of the Laurent series; this explains the use 
of the adjective “principal”. 
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Lemma 7.2. Suppose that f(z) is analytic on a punctured neighborhood of 
zo and also suppose that |f(z)| < M < oo on that neighborhood. Then the 
Laurent series coefficients cy, for n <0, are all zero. 


Proof. Take any p > 0 small enough that the circle |z — z9| = p lies within the 
punctured neighborhood, and apply the formula (6.40) for the coefficients of 
the Laurent series: 


laff Qa ck fem ena 


Qri t) — z|r+1 
I¢—zol=p 


M 27 
= Qrprtt 0 


M 
/ ' n 
\¢'(t)| dt = pnt 27p= Mp”. 


Since p can be chosen arbitrarily small, and p~” — 0 as p > 0 and n < 0, 
this means that all c, = 0 when n = —1,—2,...; hence the coefficients of the 
principal part of the Laurent series are all 0. 


Theorem 7.3. Let zo be an isolated singularity of the function f(z). Then 
zo is removable if and only if a Laurent series expansion of f(z) aboutf zo has 
the form 


co 
f(z) = do enlz- 20)”, (7.1) 
n=0 
that is the Laurent series is an ordinary power series consisting only of the 
regular part, and all the coefficients of the principal part are 0. 


Proof. Only if (necessity): Suppose that zo is a removable singularity of f. 
Then there exists a finite limit lim,_,., f(z) = A. This implies that f(z) is 
bounded on some punctured neighborhood 0 < |z — 29| < R of zo, i.e. there 
is a positive number M such that |f(z)| < M at all z in this neighborhood. 
Now the statement of the theorem follows directly from Lemma 7.2. 

If (sufficiency): Now suppose that the Laurent expansion has no principal 
part; then it is just a power series (7.1). That means it converges not only on 
the punctured neighborhood, but on an entire disk |z — z9| < R including the 
point zo. The sum S(z) of the series is analytic on that disk, and therefore 
continuous. Moreover, $(z) = f(z) as 0 < |z—zo0| < R. Hence, there exist the 
finite limit 

lim f(z) = lim S(z) = S(z0); 


Z—>Zo Z>ZoO 


therefore zp is a removable singularity. 


In this proof we see that in a punctured neighborhood 0 < |z — z| < R 
of a removable singularity zo, the function coincides with the function S(z) 
which is analytic in the complete disk |z — zo| < R. Hence, we can extended 
the function f(z) analytically from the punctured disk to the complete disk, 
simply by setting f(zo) = $(zo), without changing the values of f(z) at other 
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points. In this sense, the singularity at zo is removable. It is natural to consider 
such points to be regular, and not singular points of the function. 

This situation may arise if the definition given for f(z) does not immedi- 
ately work at zo, even though f can be extended to that point. For example, 
recall from Example 7.1 the function 


which approaches 1 as z + 0. This means that by setting f:(0) = 1 we remove 
the apparent singularity at 0, obtaining a function which is analytic at 0, and 
even on the entire complex plane. 

Lemma 7.2 and Theorem 7.3 imply that if a function f(z) is analytic and 
bounded on a punctured neighborhood of a point zp, then the singularity at zo 
is removable. This is another amazing property of analytic functions which is 
very different from the properties of real functions. For example, the function 


1, x>0, 


f(z) = et x<0O, 


is differentiable and bounded as « 4 0, but it even does not have limit as 
x — 0. 


Next we give a characterization of poles in terms of the Laurent series 
expansion. 


Theorem 7.4. An isolated singularity zo of the function f is a pole if and 
only if the Laurent series expansion of f about zo has at least one but no more 
than finitely many nonzero coefficients in the principal part. In other words, 
zo 1s a pole if and only if the Laurent series expansion is of the form 


Co 


f(z)= S> en(z— 2)”, (7.2) 


n=—N 
where N > 0. 


Proof. Only if (necessity): Let zo be a pole of f, i.e. lim,_,,, f(z) = oo. 
That means there is some punctured neighborhood of zo in which f(z) is never 
0. Consider the function g(z) = 1/f(z); then g is analytic on this punctured 
neighborhood. Moreover, lim,-,2, g(z) = 0, so for g the point zo is a removable 
singularity; and we can extend the definition of g to zo by setting g(zo) = 0, 
and then the extended function g is analytic on the whole (nonpunctured) 
neighborhood. Note that zp must be an isolated zero of g, for otherwise f 
would not have been analytic in the punctured neighborhood; let N be the 
order of this zero. As we saw in Section 6.5, formula (6.34), the function g(z) 
can be written in form 


gz) = (2 — 2)" 9(z), 
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where ¢(z0) 4 0 and ¢ is analytic in some neighborhood of zo. So by continuity, 
there must be some neighborhood U of zo in which $(z) is never 0. Hence, 
1/(z) is analytic on U, and therefore has a power series expansion 


1 CO 
= bo + bi(z — 20) + ba(z — 2)? +--- = bn (z — 20)”, 
Moy 0 2 0 2d 0 
where bo # 0. Now we get 
iL 1 1 
IO Fa > Ga @) 
=z ow lo + hile 20) + ba(z — 2)? + -..) 
C_N ' C_N+1 iaeernesl C_{ = is ee (7.3) 
Gas) Cet | 2— 2% Deal 0) 
= Sy Gl 25)" 
n=—N 


where each Cyn = bn4n, and c_y = bo 0. So the principal part of the Laurent 
series for f has only finitely many nonzero terms. 

If (sufficiency): Now suppose that the Laurent series expansion of f(z) 
about zo has only finitely many terms in the principal part, as in (7.2); we 
may assume that c_yjy 4 0. We have to prove that zo is a pole. Multiplying 
(7.2) through by (z — zo), we get 

co 
h(z) = f(z)(z - 20)" = So en(z—z0)”*™ 
n=—N (7.4) 


= CN +c_ngilz—- 0) + c_nyal(z—- 20)° +.... 


This is a power series, which converges to an analytic function on some whole 
disk D including 2; so h(z) can be extended to be analytic on D, by defining 
h(zo) =c_n #0. Then 


lim f(z) = lim ace =O. 


Z>Zo Z—> Zo (z _ zo)N 


So 2 is a pole of f. 


The order N of the zero zo of the function g(z) = 1/f(z), is called the 
order of the pole z of the function f(z). If zo is a pole of order N, then 
g(z) = (z — 2)* (2), where (zo) 4 0. We proved—see (7.3), that in this 
case the Laurent expansion of f(z) has the form (7.2) with c_y 40, 

Conversely, if the Laurent series expansion of f at zo takes the form (7.2) 
with c_y #0, then according to (7.4), 


r= (2 — mp)" = (2 x0) %Gl2), (7.5) 
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where $(z0) = 1/h(zo) 4 0. Hence, zo is the zero of order N of 1/f(z), and by 
definition, zo is the pole of order N of f(z). Therefore, the order of a pole is 
equal to the greatest N such that c_n 40 in the principal part of the Laurent 
series. 

The following corollary sums this up in a convenient form for applications. 


Corollary 7.5. A point zo is a pole of order N of a function f if and only if 
f(z) can be written in the form 


_ Az) 
f(z) = Gaye (7.6) 


where h is analytic on some neighborhood of zo, and h(zo) # 0. 


Proof. The function ¢(z) = 1/h(z) is analytic in some neighborhood of zo. 
The condition (7.6) with h(z9) 4 0 is equivalent to the equalities (7.5). As we 
have seen, these equalities mean that zo is the pole of order N. 


Example 7.6 Find the singularities of the function 
z-1 
f@) = aye rsp 


and categorize them. 


Solution The singularities are the points where the denominator is zero: 
either z?7 + 1 =0, and z = +i; or (z +3)? = 0, and z = 3. So there are three 


singular points: z; = 7, zo = —1, 23 = —3. 
At A= 4; 
z—1 1 z—1 hi(z) 
f(z) = = ; 


(z—-)(z2+(2+3)2 zi (+O(E+32 2-i 


z—-1 
(z+ @)(z +3)?” 


Since this function is analytic in a neighborhood of z; and nonzero at z = 21, 


hi(z) => 


by the Corollary 7.5, 21 is a pole of order 1. Similarly, z2 = —7 is also a pole 
of order 1. 
At £3 —3, 
= z—1 — hg(z) 
f@)= Gaypes3 > 43)" 
where 1 
— 
h = ——.. 
3(2) (22 4 1) 


Again, h3 is analytic in a neighborhood of z3 and nonzero at z3, so by the 
Corollary 7.5, z3 is a pole of order 2. 


Now we turn to essential singularities. 
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Theorem 7.7. An isolated singularity zo of a function f(z) is an essential 
singularity if and only if the Laurent expansion of f about zo has a principal 
part with infinitely many nonzero terms. 


Proof. This theorem follows immediately from the two preceding ones. For 
if zo ia an essential singularity, then by those theorems the principal part of 
the Laurent series for f is neither empty nor finite (otherwise z9 would be 
removable or a pole, respectively), so it must be infinite. 

The converse is similar: if the principal part is infinite, then the singularity 
zg can be neither removable nor a pole, so it must be an essential singularity. 


By definition, at an essential singularity the limit of the function does 
not exist, either finite or infinite. The following theorem demonstrates how 
irregular is the behavior of a function f(z) in a neighborhood of an essential 
singularity. 


Theorem 7.8 (Casorati!Sokhotski? Weierstrass theorem). Let zo be an es- 
sential singularity of the function f. Then for any complex number A, in- 
cluding oo, there is some sequence of numbers {z,} such that z, + zo and 


limp—+oo f (Zn) = A. 


Proof. Consider first the case when A = oo. If f(z) is bounded on some punc- 
tured neighborhood of z 9, then by Lemma 7.2, the Laurent series expansion 
of f(z) about zo has no principal part, and therefore by Theorem 7.3, zo is 
a removable singularity contrary to hypothesis. Therefore f(z) is unbounded 
on any punctured neighborhood of z9. Hence for any n = 1,2,... there exists 
a point z, such that 


1 
0 < [zn — z0| < = and |f(zn)| >n 


(otherwise f(z) is bounded on some punctured neighborhood of zo). Obviously, 
Zn 2 20 and limn+oo f(Zn) = 00. 

Now suppose A 4 oo. Two cases are possible. 

(a) In any punctured neighborhood of zo there is a point z’ such that 
f(z’) = A. Then there is a sequence {z,,} such that z, > zo and f(z») = A; 
hence limn+oo f(Zn) = A. 

(b) There exists a punctured neighborhood U of zp such that f(z) 4 A on 
U. Define the function w by 


1 
vz) = FSA 


Felice Casorati (1835-1890) was an Italian mathematician; he published the theorem 
in 1868. 

?Julian Sokhotski (1842-1927) was a Russian-Polish mathematician; he published the 
theorem in 1868. Weierstrass published the same result in 1876. 
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then w is analytic on U. We will prove that zp is an essential singularity of w. 
Otherwise there exists the limit lim,_,,, a(z) whether finite or infinite. Since 
f@)=Atz 
z= —., 
v(z) 
there is also the limit lim,_,,, f(z), contrary to hypothesis that zp is an es- 
sential singularity of f. Therefore, z9 must be an essential singularity of w. 
As we have already proved, there is a sequence {z,,} such that z, — zo and 
limp +00 W(Zn) = co. Hence, 


1 
lim f(z.) =A+ lim. ~— = A, 


n—0o noo W(Zn) 


and the theorem is proved. 


To paraphrase this theorem: In any neighborhood of an essential singu- 
larity, however small, the function assumes values arbitrarily close to every 
number in the extended complex plane C. 

In studying isolated singularities, the Taylor series of elementary functions, 
which we saw earlier, are often useful. 


Example 7.9 Determine the type of the singular point z 9 = 0 for the func- 
tion 


e% —1 
Te) = sin(z) — z+ 23/6 


Solution Let us expand both the numerator and denominator in Taylor 
series in powers of z. Substituting 3z for z in the Taylor series (6.27) for the 
exponential function gives 


3x segs (Bers BaF 2. _ 9z 2723 
e* —1=324 Pay ore Bate 6 Shetetiat, Iie 


Using the Taylor expansion (6.28) of sin z we get 
; ne ee 5 [1 2 
sin(z) ari terre 2zr(——-—+4+...]. 


These two series converge on the entire complex plane. Putting these together, 
we get 


9 2728 
2B ee ea) Ag 3+ 8474. 1 
f= 5/1 ee ime a I ee x qhiz), 
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Since both the numerator and denominator of h(z) are analytic on C and 
nonzero at zo = 0, then A(z) is analytic in some neighborhood of 0 and 
h(0) 4 0. So by the Corollary 7.5, 29 = 0 is a pole of order N = 4. 


Example 7.10 Find the singular points of the function 


(2) = sin, 


and classify them. 


Solution This function has only one finite singularity, at z) = 1; it is 
analytic elsewhere in C, since w = 1/(z—1) is analytic when z 4 1, and sinw 
is analytic for all w. 

Substituting 1/(z — 1) for z in the Taylor series (6.28) for sin z, we get 


1 1 1 1 1 1 


et bei 31 (2-18 5! @—15 


Rely 1 
~ 2 Gat il (z — 1)2n+1° 


This is the Laurent series for f(z) in a punctured neighborhood of zp) = 1. 
Since the principal part has infinitely many terms—in fact the whole series 
consists only of its principal part, the regular part is empty—the point zp) = 1 
is an essential singularity. 

We could also have determined the type of singularity of the given function 
directly from the definition, without carrying out the expansion to the Laurent 
series. For we can easily define sequences {z,} and {z/,} that both converge 
to z = 1, but for which 


Flen)=1 and f(z),) =0 


for all n (find such sequences!). Therefore f(z) has no limit as z > 1, and by 
definition zp = 1 is an essential singularity. 


Now we turn to the notion of the Laurent series expansion about zp = ov, 
as well as the connection between the expansion and the behavior of the func- 
tion in the neighborhood of oo. Note that the definitions of isolated singularity 
and its type transfer without change to z = oo; but theorems 7.3, 7.4, and 
7.7, relating the series to the behavior, require adjustments. The matter is 
that the terms c,(z — zo)” for negative n in the principal part of the series, 
which determine the “irregularities” of the function near a finite point zo, will 
behave “regularly” (namely approach 0) as z tends to infinity. On the con- 
trary, the terms in the regular part with n > 0, tend to infinity as z + ov; 
these terms determine the type of singularity at oo. Therefore, the principal 
part of the expansion in a neighborhood of oo will consist of the terms with 
n > 0, and the regular part with n < 0. 
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As usual when working in a neighborhood of oo, it is useful to introduce 
the transformation w = 1/z, extended to oo by w(oo) = 0. This is a mutually 
conformal mapping from the neighborhood |z| > R of zo = oo, to the neigh- 
borhood |w| < 1/R of wo = 0. If the function f(z) is analytic in the punctured 
neighborhood R < |z| < 00 of zg = ov, then the function G(w) = f(1/w) will 
be analytic in the punctured neighborhood 0 < |w| < 1/R of wo = 0. Since 
w— 0 as z — oo, then 

Sim, 102) = bay Glo. 
Therefore the function G' has, at wo = 0, the same type of singularity that the 
function f has at zp = oo. Expand G(w) into a Laurent series about wo = 0: 


G(w) = 3 byw* = > baw! aa 3 bywr. (7.7) 
k=0 


k=—0o k=-1 


The sums on the right represent the regular and principal parts of the expan- 
sion, respectively. We change back to the variable z by substituting w = 1/z: 


G (+) =  bz-* + 2 bez. 
k=0 


k=-1 


By also changing the index to n = —k, the coefficients to cn = b_n = be, and 
noting that f(z) = G(1/z), we get 


f(2i= S- Cn 2” + XS CHE (7.8) 
n=0 n=1 


This called the Laurent series expansion of f about zo = o. It looks like 
the expansion about zp) = 0, but in this case the first sum, with non-positive 
powers, is called the regular part, while the second sum, with positive powers, 
is called the principal part. Because those parts correspond to same parts of 
the expansion of G in (7.7), theorems analagous to 7.3, 7.4, and 7.7 will hold 
for the expansion (7.8). Here is the analog to Theorem 7.3. 


Theorem 7.11. An isolated singularity of the function f about the point 
20 = co is removable if and only if the Laurent series (7.8) for f about co has 
no principal part, t.e. it consists only of its regular part: 


f(z) = Do en2™ =e + Ht... (7.9) 


If the function f(z) is defined by the series (7.9) in a neighborhood |z| > R 
of the point zo = co (that is the principal part of the expansion (7.8) is absent), 
then f can be extended to oo by defining f(oo) = co; the extended function 
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is said to be analytic at z = oo. Note that this agrees with the extension 
of G(w) to wo by G(0) = co, as is used for removable singularities at finite 
points. 


Example 7.12 Show that the singularity zo = oo of the function 


z—1 


1) = Byer 


is removable, and extend the function to that point. Also find the Laurent 
series expansion about oo. 


Solution The limit of f(z) as z > co 


-—1 
lim f(z) = lim 


n—-0o n—0o (2? + 1)(z + 3)? aa 


is finite. Therefore the singularity at oo is removable. If we set f(co) = 0 then 
f will be analytic at zo = co. 

To find the Laurent series expansion about zp = oo, we change the variable 
to w = 1/z. Substituting z = 1/w for z, we get 


~) 4-1 (1 — w)w* 


(241) (243)? O+w)1+3w)’ 


note that this is valid also at w = 0 if we set G(0) = 0. This function G has 
singularities at w = +7 and w = —1/3, but it is analytic at w = 0. Using the 
geometric series, we may write 


1 n, ,2n 2 4 6 
5 = >0(-1)"w =l-w*4+u*-w'4+..., 
1l+w = 
Beale = : (-1)"(3w)” =1-—3w + 9w? — 27w?4+.... 
1+ 3w — 


To find the expansion of G(w), we can either to multiply these series and the 
factor (1 — w)w® directly, or use partial fractions as in Example 6.41: 


l—w — 2 w 1 1 4. 6 1 
(l+w?)(l+3w) 51+w? 514+w?  514+3w 

2 - n, 2n+1 1 - n, 2n 6 - n n 
Se Drs Sire Gu) 

n=0 n=0 n=0 

1 . nm n n nr n nr 

= 5 6-8? = (Ly ar (632 awe] 

n=0 


=1-—4w4 11w? — 32w® + 97w* — 292w +... 
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So then 
G(w) = w? — 4w* + 11w? — 32w® + 97w" — 292w8 +... 


Finally, substituting 1/z for w, we get 


which is the Laurent series expansion of f about zg = oo. 


Here is the analog of Theorem 7.4 for poles at z = oo. 


Theorem 7.13. An isolated singularity at zp) = 00 of the function f is a pole 
if and only if the principal part of the Laurent series expansion of f about 
that point is nonempty but finite; in other words if the Laurent series is of the 
form 


F(z) = (rz tegz? +++ teyz™) +S ene”, (7.10) 
n=0 


where N > 0 and cn #0. 


Here the series is a regular part, and the polynomial in parentheses is a 
principal part of the Laurent series. The multiplicity of a pole of f(z) at oo is 
defined as the multiplicity of the pole wo = 0 of the function G(w) = f(1/w). 
As in the case of finite singularities, the order of the pole corresponds to the 
highest power that appears in the principal part, which in (7.10) is N. 


And finally the analog to Theorem 7.7. 


Theorem 7.14. An isolated singularity at z = co of the function f is an 
essential singularity if and only if the principal part of the Laurent series 
expansion (7.8) of f about that point has infinitely many nonzero terms. 


Problems 
1. Find the expansion of the function 
f(z) a (z of ere) 


in a Laurent series in the neighborhood of the point zo = —2. Determine the 
annulus of convergence, the regular and principal parts of the expansion, and 
also the type of singularity at zo. 


2. Find the Laurent series expansion of the function f(z) in the neighbor- 
hood of the point zo. Determine the annulus of convergence, the regular and 
principal parts of the expansion, and the type of the singularity at zo. 


Isolated Singularities 179 


2z 


eee, Bee 
z+ 


3. Determine the type of singularity at the point zo = 0, of the function 


cosz—1+ 2? 


f= es 
A. Determine the type of singularity at zo = 0 for the function /f. 
e?% — 1 sin 3z — 32+ 2% 
a) f(z) = ————_,; b) f(z) = 
eos 2S Les. 608(27) = 1s = 


5. Show that the function 


fey (z _ 3) 


has a pole of order 3 at z = ov. 


6. Find all isolated singularities of the function 
1 
sin = 

12) = Garo 


and determine their type. 


7. Find all isolated singularities of the function f(z) and determine their type. 


62 cos 4 
a) f= Grp b) f@) = Tapers 
c) f(z) = (@ +163 


8. In this problem we outline another proof of Theorem 7.8 for finite A. 
Suppose that zo is an isolated singularity of the function f(z), and for some 
complex finite number A, there are no sequences of numbers {z,,} such that 
Zn + 20 and limp+oo f(Zn) = A. Prove that 2 is either removable singularity 
or a pole of f(z). 


(i) Prove that there exist a positive number ¢ and a punctured neighbor- 
hood U of zo such that |f(z) — A] > ¢ on U. 


(ii) Deduce that the function w(z) = F@jrA is bounded on U, and therefore 


zo is a removable singularity of w. 


(iii) Using the representation f(z) = A+ 6) , conclude that zo is either 


removable singularity or a pole of f(z). 
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7.2 Residues 


According to Cauchy’s integral Theorem 5.17, the integral of an analytic func- 
tion along a closed path T is zero, if TP lies within a simply-connected domain 
on which f is analytic. But if the interior of [ contains singularities of f, then 
the theorem does not apply and the integral may be nonzero. It turns out 
that the value of the integral in this case depends only on the behavior of the 
function in punctured neighborhoods, however small, of those singularities. 
More precisely, the integral depends only on the value of integrals over circles, 
however small, around each singularity individually. We need a definition to 
start. 

Let zp be a finite isolated singularity of the function f. Assume that f is 
analytic in the punctured neighborhood 


V={z:0<|z-z| < R} 


of zp. Take a closed contour y lying within V, which encircles zo in the coun- 
terclockwise direction, keeping V on the left. The residue of the function f at 


zo is the value of the integral 54, f f(z) dz. We denote this value res,, f: 
y 


res,, f = a ft@ dz. (7.11) 
y 


Because of the invariance of integrals under path deformation (Corollary 5.11), 
this integral takes the same value on all such paths, i.e. those encircling zo 
counterclockwise and lying within V; therefore res, f is well-defined. In par- 
ticular, we may take y to be the circle |z — zo| = p centered at zo, and with 
p<R. 


Theorem 7.15 (Residue theorem). Let f be an analytic function on the 
domain G, and let T be a closed path in G. Suppose that f is analytic on the 
interior of T with the exception of finitely many isolated singularities 21, 22, 

.., 2n (see Fig. 57). Then the value of the integral of f along T is equal to 
the sum of the residues at the z,, multiplied by 277: 


n 


[ie dz = 2ni \” res, f. (7.12) 
i 


k=1 


Proof. We encircle the singularities inside [ with sufficiently small circles yz, 
of radius p; so that each contains only one singularity, lies entirely within the 
interior of I, and does not intersect any other circle. Then the function f will 
be analytic on the closed (n + 1)-connected domain D bounded by I and 7, 


V2, +525 Yn: 
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The domain D can also be thought 
of the set of points on TI and in 
its interior, from which the open 
disks |z — z,| < px have been re- 
moved. By Cauchy’s integral the- 
orem for multiply connected do- 
mains (Theorem 5.9, specifically 
formula (5.14)), 


Fig. 57 
[@ dz=S— [i@ dz. (7.13) 
r Bet Yk 


From (7.11) we easily see that Jon f(z) dz = 2nires,, f for each k =1,...,n. 


Substituting these equalities to (7.13) we get (7.12), as desired. 


According to this theorem, the value of the integral of a function f along 
the boundary of the closed domain D, depends only on the local behavior 
of f near the singularities within D. And we will see that the local behav- 
ior, in turn, is determined by the Laurent series expansion of f about those 
singularities; in fact, we will see in the next theorem that the residues are de- 
termined by just one coefficient of the principal part of that series. Therefore, 
Theorem 7.15 provides us with one of many examples when important global 
characteristics of analytic functions (such as the integral along the boundary 
of a domain) are determined by principal parts of their Laurent expansions. 

It is possible to give a physical rationale for the importance of the singu- 
larities. For example, if we regard the analytic function as a complex potential 
of the velocity field of flow of a fluid, then singularities can be interpreted as 
sources, sinks, or other elements that constrain the field. The interested reader 
can find more on this topic in Chapter 8. 

There is a simple relationship between the residue and the Laurent series 
expansion about a point: 


Theorem 7.16. Let f be an analytic function with an isolated singularity at 
zo, and let c_, be the coefficient of the term (z — z)~1 the Laurent series 
expansion of f about zo. Then 


res, f = c-1. (7.14) 
Proof. This follows immediately from the integral formula (6.40) for the co- 
efficients in the Laurent series. Setting n = —1 and y = {|¢ — z| = p}, we 
get 
1 f(z) 1 
_—— d = d = z ’ 
aie ie 6 Qri [ie C= TC829 f 
y y 


where the last equality is by definition (7.11). 
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If z is a removable singularity, then all coefficients of the principal part of 
the Laurent series about zo are zero. Therefore by this theorem, at a removable 
singularity the residue is 0. 

Now we will work out convenient formulas for calculating residues at poles. 
We begin with poles of order 1, called simple poles. 


Theorem 7.17. 1. Let z be a simple pole of a function f. Then 
res,, f = lim (z— zo) f(z). (7.15) 
Z>Zo 


2. Suppose that the function f(z) can be written in the form 


where h and w are functions which are both analytic in some neighborhood of 
zo, and h(zo) £ 0, while a(zo) = 0 and (zo) 4 0 (so that zo is a zero of w 
of order 1, and therefore is a simple pole of f). Then 


_ hz) 
res,, f = Bey (7.16) 
In particular, if (z) = z — 20, then 
res, f = h(zo). (7.17) 


Proof. 1. Since zo is a pole of order 1, the Laurent series expansion of f(z) 
about zp takes the form 


f(z) == + Yo en(z — 20)" 
a 20 n=0 


—see Theorem 7.4. Multiplying both sides by (z — zo) we get 


(z— 20) f(z) =c-i+ S- Cn(z — 2)"*1. 


n=0 


Taking the limit as z > zo, and using the previous Theorem 7.16, we get 


lim (z — zo) f(z) = c_1 = resz, f, 
ZZ 


as desired. 


2. Here we apply the formula (7.15) just proved and use the assumption 
w(zo) = 0: 
— a (e— eo)A(z) og (2 zp) A(z) 
reso Ea) #80 UL@) — Ue) 
= lm h(z) = a, Me) _ h(z0) 
m0 BE) lo) | B= 0) — Wo)’ 
z— £ ZZ z— £2 


giving us formula (7.16). The special case (7.17) follows immediately. 
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The following theorem generalizes formulas (7.15) and (7.17) to the case 
of a pole of any order. 


Theorem 7.18. 1. Suppose that zo is a pole of the function f of ordern > 1. 
Then 
lim ((z — z0)"f(z)) (7.18) 


tet = Gaye 


Note that here the ‘"—) means the (n — 1)th derivative. 
2. Suppose that on a punctured neighborhood of zo a function f(z) takes 
the form 
hiz 
f=, 
(z — 20) 


where h is analytic on a neighborhood of zo, and h(zo) # 0 (so that f has a 
pole of order n at zo). Then 


n@-) (20) 


=a (7.19) 


res,, f = 


Proof. 1. Since zo is a pole of order n, the Laurent series expansion of f about 
zo takes the form 


f(z) = =n 4+---4 ae S ce(z — 20)*. 
k=0 


(z — 20)” zZ— 2% 


Then multiplying by (z — 29)" gives 


Co 


(z = zo)" f(z) = Can toe +b c_1(z = 7 ae + > Cr(Z = z)***. 
k=0 


Now we differentiate n — 1 times with respect to z. During this process, all 
terms with powers less than n — 1 will disappear: 


((z— 20)" F(z) 


=(n—1)!c_14 5G tn)(k+n—1)...(k+2)e,.(2— 29)". (7.20) 


Taking the limit as z + zp and applying the equality (7.14), we get 


lim ((z — zo)" f(z)? = (n= Dle_1 = (n— VD! resz, f, 


2Z—>Zo 


from which formula (7.18) follows immediately. 
2. Applying the assumption f(z) = h(z)/(z— 20)” and formula (7.18) just 
proved, 


tit oe rie ie al 
ren f= Goa be, (G2) Gna) 


1 AM) (z9) 
2 wm Ai’-))(z) = 0 
Gio > GaN: 
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The last equality is because the analytic function h has continuous derivatives 
of all orders. 


Example 7.19 Find the residues at the singularities of the function 
z—1 
12) = a perse 


Solution This is the same function as in Example 7.6, where we saw that 
it has poles at z1 = 7, zg = —2, and z3 = —3; z, and 22 are simple poles, while 
z3 is a pole of order 2. We can use formula (7.15) to find the residues at z; 
and Za: 


pam 2 TV@-) _) @ -)E-Y 
ae (2? + 1)(z +3)? : i(z—ij(z+i)(z2+38) 
z-1 fod foot 


— li — — 
roi(ztiet3 a+32 4-344) 


— (i-1)(-38-4i) 7H i. 
~ 4(—3+ 4i)(-3-— 47) 100’ 


res_; f = lim (z+i(z-) _ ini (z+i)(z-1) 
et : i (2? + 1)(24+ 3)? Z i(z—i)(z+i)(z +3)? 
= lim Ged = 71 
2-1 (z—i)(z+3)?  —24(-4 + 3)? 
t+1 (i+ 1)(3 — 47) Ti 


~ A(3 +44) 4(3 + 44)(3 — 47) 100 ¢ 
We could have gotten the same result using formula (7.17), but the computa- 
tion is essentially the same. For example, to evaluate res; f we write f(z) in 
the form 


_ z—1 _ hz) ee 2 ee 
1G aeaeeae a? tO Gea 


By (7.17) we get 


ee ee 
~ 2(i+3)2 100° 
Now let us find the residue at z3 = —3, using formula (7.18) with n = 2: 


(z+ 3)2(z—1) z—-1 


(z— 20)? f(z) = (22 41)(z +3)? ~ 24? 


res; f = h(i) 


d 9 224+1-22(z-1) -22+2z24+1 

dz ((z = 20) f(z)) _ (22 + 1)? = (2 a 1)? , 

1 —2742z+1 -9-6+4+1 14 
1m = = ‘ 
25-3 (2241) (9+ 1)? 100 


res_3 f= 
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Again, we could instead have used formula (7.19). Represent f(z) in the 
form 


z-1 h(z) z—-1 


Ie GGG an Gree Oe aa 


As before, we have to evaluate the derivative of the same function h(z) at 
z = —3, and therefore the computation is essentially the same. This is true as 
a rule: neither of formulas (7.18) and (7.19) has any real advantage over the 
other. 


Example 7.20 Find the residue of the function f(z) = 1/sin z at the point 


20 = 1. 


Solution Let w(z) = sin z; then ~(z) = 0, while ¢'(7) = cosm = —-1 £0, 
sO 29 = 7 is a simple pole. Therefore we can apply formula (7.16): 


res; f = a =. 


wr) 1 


This formula is more convenient than (7.15), which would require multiplying 
by (z — 7) and taking a limit. 


Unfortunately these formulas do not work if we wish to find the residue 
at an essential singularity. In that case we must either use the integral for- 
mula (7.11), or find the principal part of the Laurent series. 


Example 7.21 Find the residue of the function 


f(z) =sin 


- 
at the point zp = 1. 
Solution We saw in Example 7.10 that z) = 1 is an essential singularity of 
this function, and we obtained the Laurent series for it about that point: 
qe es 1 1 i 1 
god eh Bk a1 oF ee =1e 


Having done all most of the work in that example, here it remains only to 
observe that the coefficient c_; of (z — 1)~' equals 1. Hence, 


res; f=c_,=1. 


Now we turn to the notion of residue at the point at infinity. So let zp = co 
be an isolated singularity of the function f, i.e. f is analytic in some punctured 
neighborhood 

U={z2:R<|z|< oo} 
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of co. Take a p > R so that the circle |z| = p lies within U, and make that 
circle a path by orienting it clockwise, i.e. so that in traversal U remains on 
the left; denote this path by [~. We define the residue of f at oo by 


TES f = = [ro dz. (7.21) 
ee 


This is analogous to the definition (7.11) given for finite singularities; but we 
will see the relation between the residue and the coefficients of the Laurent 
series changes slightly at the point at infinity. 


Theorem 7.22. Suppose that the function f is analytic in a punctured neigh- 
borhood of oo. The residue at infinity is equal to the coefficient c_, of z~' in 
the Laurent series expansion (7.8) of f about co, taken with the negative sign: 


T@8o9 f = —C-1. (7.22) 


Proof. The both series in (7.8) converge uniformly on [’~ , so we can substitute 
into the definition (7.21) and integrate termwise: 


where we have combined both sums of (7.21) into one. Invoking formula (5.6) 
once again, the right side reduces to just the term where n = —1: 


1 1 1 : 

el — = *: Ce - = —_ * CL —2 > 

TCSoo f ni on} f: dz eae 1(—271) 
ie 

where the negative sign is because the path is oriented clockwise. Then the 

desired formula (7.22) follows immediately. 


We should note one other difference from the case of finite singularities: 
in the case of z = ov, the coefficient c_; belongs to the regular part of the 
Laurent series about z = co, not the principal part. Therefore even if the 
function is analytic at oo, the residue there may not be 0—unlike the case of 
finite points, where the residue is nonzero only if the point is a nonremovable 
singularity. 


Example 7.23 Find the residue of the function 


fe) =24° 


at the point at infinity. 
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Solution This function is already in the form of its Laurent series expansion 
at z = 00, which consists of just these two terms. The coefficient of z~! is 3, 
so 

TRSoo f = —3. 


Note that this function is analytic at oo, for the Laurent series has no principal 
part (the terms with z”, n > 0, are absent). 


Theorem 7.24 (about the sum of residues). Suppose that the function f is 
analytic on the extended complex plane C, with the exception of finitely many 
singular points. Then the sum of the residues at all the singularities and at 
the point at infinity is zero. 


Proof. Let T be the circle |z| = p, where p is chosen sufficiently large that all 
finite singularities 21, z2 ...,Zn of f lie in the interior of I. If T° is oriented 
counterclockwise, then by Theorem 7.15 


oa a ft f(z) dz= Sis, f (7.23) 


k=1 


By the definition of the residue at the oo, 


~ Dri a {10 2) ae ni {70 f(z) dz = re800 f. (7.24) 


Adding these two equations gives 


0 =reSoo f + ye, res,, f, 


k=1 


as required. 


This theorem is useful both for calculating integrals, as we will see in the 
next section, and for calculating the residue at the point at infinity. 
Here is another convenient formula for res. f. 


Property 7.25. If f is analytic in a neighborhood of ~, 


TESoq ff = — reso (sf (<.)) . (7.25) 


This formula reduces the calculation of the residue of f(z) at zo = 00, to 
the calculation of the residue of 


at wo =.0. 
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Proof. We start with the Laurent series expansion (7.8) of f in a punctured 
neighborhood R < |z| < oo of the point at infinity: 


Co 


f@= S- Cn2", 


n=— Co 


where we have combined the regular and principal parts into one sum. Sub- 
stituting 1/w for z, we get 


1 oS 1 1 
—)= n— when R<|— ; 
(=) 29 wn when <|E}<x 


This can be rewritten as 


WwW 


Ae 30 — aa 1 
g(w) = sat (=) = S- Cnw when 0< |w| < RB 


n=—Cco 


giving us the Laurent series expansion of g at wo = 0. Then reso g is the 
coefficient of w~!, which is where —n — 2 = —1, or n = —1. So reso g = c_}. 
On the other hand, by Theorem 7.22, res, f = —c_1. Thus, 


TCSoo f = —C_1 = —Tresog, 


and the desired equality (7.25) is proved. 


This property can also be proved by starting with the definitions of residues 
in terms of integrals, and applying the change of variable w = 1/z. 
Example 7.26 Find the residue of the function 
z—1 
I) = tay ine sap 
at the point at infinity. 


Solution We will solve this in two different ways: first with Theorem 7.24. 
In Example 7.19 we saw that f has singularities at z] = 1, z2 = —i, and 
z3 = —3, and that the residues there are 


res; f =0.01(7+7), res_; f =0.01(7—7), res_3 f = —0.14. 
Applying Theorem 7.24 we get 
LeSoo f + 0.01(7 + @) + 0.01(7 — é) — 0.14 = 0, 


so that res. f = 0. 
Now we will solve it using Property 7.25. First find g(z): 


+o Ms eed = cd gol — (=w)w 
at) = ue (=) we (44+1)(4 a) ~ (14+ w2)(1 + 3w)? 
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(we obtained an analogous result in Example 7.12). This last equation is valid 
when w #4 0; but we see that the singularity at 0 is removable: by setting 
g(0) = 0, g becomes analytic at 0. Therefore by the formula (7.25), 


TESoo f = —resog = 0. 


Problems 


1. Find the residues at the singularities of the function 


oA 


12) = yar 


2 
2 = 7 at the point zp = 7 in two 
ways: a) Using the Laurent expansion of f in the neighborhood of the point 
zo; b) By formula (7.15). 


2. Find the residue of the function f(z) = 


3. Find the residues of the following functions at the given points: 


7 2 
a) f(z) =e, 2 =2; b) f(z) = (2— 3)sin 3, 20 = 3; 
1 
c) f(z) = — cos ae z = 0; d) f(z) = (z+2)?e7/@1), 2 = -2; 
z vA 
COS Z e” 
e) MO aor aarp zo = 0; f) th hareaee zo = 0. 


4. Find the residue of the function f(z) = (z+2)e~1/7 at the point at infinity. 


5. Find the residue of the function f at the point at infinity. 


a) fle) = (2+3)sin b) fle) = (z= 1 cos =; 


7.3 Computing Integrals with Residues 


One of the most important uses of residues is in computing integrals: knowl- 
edge of a single coefficient from the Laurent series expansions at one or several 
points is often enough to compute an entire path integral. 
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7.3.1 Integrals over closed curves 


Suppose that [ is a closed curve, and that the function f is analytic on T 
and its interior, with the exception of isolated singularities. Then the contour 
integral of f along [ can be calculated using the residue Theorem 7.15: find 
the residues at each singularity inside [, then sum them and multiply by 277. 


Example 7.27 Calculate the integral 


z—1 
/ @+Nerae 


|2|=2 


Solution Denote by f(z) the integrand. From Example 7.19 we know that 
the only singularities of f which lie within the circle |z| = 2, are z; = i and 
zq = —i; the third singularity, z3 = —3 lies outside of it. Using the values of 
the residues at z, and z2 found earlier, 
7T+i 7-i 
td aa d aisJ= am 
res; f 100 and res_; f 100 


and applying formula (7.23) from Theorem 7.15, we get 


z—-1 1 en et 
dz = = SS = 2m: = 0.2877. 
[1@ z ‘ CE SVCEEY: dz = 2ni (a + =) 0.287% 


|z|=2 |z|=2 


If f has only isolated singularities in the extended complex plane C, then 
instead of computing the sum of the residues at the finite singularities, it may 
easier to find the residue at the point at infinity, and then apply Theorem 7.24 
about the sum of the residues. 


Example 7.28 Calculate the integral 


gid 
/ ame 


jz{[=2 


Solution Denote by f(z) the integrand; then f(z) has 8 singularities, 
namely the roots of the equation z° + 1 = 0. Each of these points z, is a 
pole of order 2, because in a punctured neighborhood of z;, the function f(z) 
can be written in the form 
h(z) 
f(z) = =z)?’ 


where h is analytic in a neighborhood of zz, and h(z,) 4 0. All these sin- 
gularities lie inside the circle |z| = 2. Calculating the residues at all of these 
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points would be rather tedious. So instead we will apply Theorem 7.24 to this 
function: 


8 
TESoo f + SS res, f =0. 
k=1 
Thus it suffices to find the residue at the point at infinity in order to find the 
sum of other residues. Using Property 7.25, we get 


ow) = Ss (4) = 5 - oS 


wee Kw we (w+ 1)2 ~ wl + w8)2’ 


whose residue at wo = 0 will be equal to the negative of the one we want. To 
find the residue at wo = 0, we write g in the form 


hi(w) 1 
g(z) = Sa where hy(w) = it wey 


Since h,(z) is analytic in a neighborhood of wo = 0 and hi(0) 4 0, we may 
apply formula (7.17): reso g = hy (0) = 1. 
Putting everything together, we have 
yid 8 
‘| +i dz= 2ni \” resz, f = —271 reso f = 2mi reso g = 277. 


241 
|zl=2 Pere 


20 
7.3.2 Real integrals of the form | R(cos¢,sin¢) dg, where R 
0 


is a rational function of cos¢ and sing 


Integrals of this type arise in many settings, for example when solving bound- 
ary problems. They can be reduced to the type considered in the previous 
section, by means of the change of variable 

z=e'%, dz=e'%idd = zidd. 


Then 


1, ; , 1 1 
cos = ~(e8? +e”) = — (z+ =], 
2 2 z 


1 : , 
: wot. id _ .—ith Sy S Coty 
sing 54 (e e ‘?) Fi (: ~) : 


from formulas (4.28). As ¢ goes from 0 to 27, the variable z describes the circle 
|z| = 1. Therefore after the change to the variable z, we obtain an integral 
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around the unit circle; and the integrand is a ratio of two polynomials of z; 
such functions are called rational functions. 

Example 7.29 Calculate the integral 


20 


1 
—.—— d h a 
| peerereee eS 
0 


Solution Making the above substitutions, we get the equivalent integral 


T 7 dz = i) t dz 
z(1—2a3 (z+ 4) +a?) az* —(a?4+1)z+a 
|z|=1 |z|=1 


To factor the denominator, we must find its roots: 


a? +14 f(a? +1)?—-4a? a? +14 Vat — 207 +1 
2a = 2a 
a? +1+ (a? -1) 1 
= =a, . 
2a a 


Denoting the integrand by f(z) we now have 
a 
a(z—a)(z— 4) 


So f has two singularities, at 21 = a and z2 = 1/a, both of which are simple 
poles. Since |a| < 1, 21 lies inside the circle, while z lies outside it. So by the 
residue Theorem 7.15, 


f(z) = 


f(z) dz = 2rires, f. 
|z|=1 


To calculate the residue at z; = a we could use any of the formulas from 
Theorem 7.17. For example, using formula (7.16), 


A(z) =%, (z)=az?—(a?4+1)z+a, w'(z) = 2az- (a? +1), 
h(a) i i 


tid = w'(a) ~ 2a? — (a? + 1) see cst 


This yields 


20 


1 a 20 
eer OS a al ang? 
0 
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7.3.3 Improper integrals 


Here we consider integrals over the entire real line defined by 


J dex = lim. [re de. (7.26) 
—oo -R 


The integral defined by this equality, is called improper integral in the sense of 
the principal value. If the limit in (7.26) exists, the integral is said to converge; 
if not, it is said to diverge. 

If each of the integrals 


0 0 


jf i@ ae jim f fe) ax, 
—oo —R 


iio do fim, f te dx 
0 0 


converges, that is each limit exists, then the integral (7.26) along the real line 
also converges, and is equal to the sum of these two. However, the converse 
is not true: it is possible that (7.26) converges, while the integrals along half 
the real line diverge. For example, the integral 


Co 


x 
—. d 
Jaa 7? 


—oCo 


whose integrand is odd, converges to zero in the sense of the principal value, 
since for any R > 0, 


R R 
x 
d In(1 + x? = 0. 
hy Sag eer n(1+ 27) es 
—R 
But both integrals 
0 foe) 
x x 
ee ae 
/=m x and \em dx 
ae 0 


diverge. 
It is possible to calculate the values of many improper integrals of the 
form (7.26) (in the sense of the principal value) via the following theorem. 


Theorem 7.30. Suppose that the function f(x) is defined on the real line, 
and satisfies the following two conditions. 
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1. The extension f(z) of f(a) to the complex plane has only isolated singu- 
larities, and none lying on the real line. 


2. If y(R) denotes the semicircle in the upper (respectively, lower) half-plane 
which is centered at the origin and of radius R, then 


lim 7 f(z) dz =0. (7.27) 
Then the integral 


—co 


is equal to the sum of the residues of the function f(z) which lie in the upper 
(respectively, lower) half-plane, multiplied by 271 (respectively, —27i). 


Proof. First we consider the case when the semicircle y(R) lie in the upper 
half-plane. 

Define a closed path I(R) formed by 
traversing the interval [—R,R] from 
left to right, and the semicircle y(R) 
counterclockwise—Fig. 58. Then by the 
residue Theorem 7.15, 


c [1 dit + [ro dz 
—-R 


y(r) 


= [t@ dz = 2niS res, f, 


r(R) 


Fig. 58 


where the sum is taken over all singularities z, which lie in the interior of 
T(R). Taking the limit as R > oo, by definition (7.26) and assumption (7.27) 
we get 


i f(a) da =2ni}res,, f, (7.28) 


as desired; now the sum is over all singularities in the upper half-plane. 

The proof when the 7(R) lie in the lower half-plane is analogous, except 
that now 7(R) must be oriented clockwise when combined with [—R, R] to 
form IT'(R), because the interval [—R, R] is traversing from left to right in 
both cases. That means the (2) must also be oriented clockwise, and thus 
the signs of the residues must be reversed. 
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Example 7.31 Evaluate the integral 


= d 
(a? + 9)? 


—oco 


Solution Here f(z) = arthy: we just replaced the real variable x in the 
integrand with the complex variable z. Clearly this function satisfies the first 
condition of Theorem 7.30, having only two singularities, at z; = 3¢ and 


22 = —3t. To verify condition (7.27), we write f(z) as 
2701+4 1 1+4 1 1+4 
f(z)= 2 (1+ x) = =: 2" = —h(z), where A(z) = a 
(1+ 2) 


aG+a) 7 tay 2 
Note that h(z) + 1 as z > ov, and hence |h(z)| < 2 for sufficiently large |z|. 
This is helpful for checking the condition (7.27), because 


Similar estimates are valid for both the upper and lower semicircles. Therefore, 
we can choose any of them as y(R). 
Consider the case when y(R) is in the upper half-plane. Writing 


2+a4 2+4 
A ree 2 — 2 2 ? 
(z? + 9) (z + 31)?(z — 32) 
we see the singularities z1 = 32 and z2 = —3i are poles of order 2. Of these, 


only the point z; = 32 is in the upper half-plane. To find the residue at this 
point we apply formula (7.18) with n = 2: 


(z — 3i)?(z? + 4) +4 


(z—a)* f(z) = (24 3i)%(z—3i)2 (2 +34)?” 


d 9 _ 22(z + 84)? — 2(z + 3i)(z? + 4) 
_ Qa(z+3t)—2(2z? +4) — 2(8iz — 4) 
(z+ 37)8 Skee Bie 


2(3iz—4)  2(81-36-4) 18 
Il 2331 (+303 (31+32)8 ~~ 1082" 


res3i f = 
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Finally, by formula (7.28) we get 


f wed 13 137 
——~ dx = 27i iJ = 201 —_ = —. 
| Gage Oo a eae ee 


—Co 


Although it would have been possible to evaluate this integral by finding 
the antiderivative of f(a), the residue method used here is significantly easier. 


Remark 7.32 The method we used to check the second condition (7.27) of 
the Theorem 7.30 can be applied when f is any rational function, if the degree 
of the polynomial in the denominator exceeds that of the numerator by at least 
2; then condition (7.28) will be satisfied. In our example, the numerator was 
of degree 2, the denominator of degree 4. 


The following theorem shows that this condition is satisfied by another 
class of functions, integrals of which arise, for example, in calculus and in the 
theory of the Laplace transform—see Chapter 9. 


Theorem 7.33 (Jordan’s lemma). Suppose that F(z) is a function analytic in 
the half-plane Im z > —a, with the exception of at most finitely many isolated 
singularities, and that F(z) > 0 as z — oo. Let y(R) be the arc of the circle 


|z| = R above Imz = —a, and let t > 0 be any positive number. Then 
lim e* F(z) dz =0. (7.29) 
R—-00 
y(R) 


Proof. First we consider the case when a > 0. We will break +(R) up into 
three pieces, 71(R), yo2(R), and y3(R) (see Fig. 59), where y3(R) is the part 
of y(R2) in upper half-plane Imz > 0, and 7,(2) and y2(R) are the parts in 


YA the lower half-plane Imz < 0. Obvi- 
43(R) ously, the integral over y(2) is equal 
to the sum of integrals over these three 
arcs. Let us estimate each of these in- 
tegrals. 


&« 
~ For a point z = «+ iy on 7(R), the 
7y2(R) y(R) imaginary part satisfies y > —a, or 
—y <a. Therefore 
ee ide 
™~ L-— 71 (R) he | = jet#(o+#y)| 


Fig. 59 are eae ae. 
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Denote by [(R) the arc length of y,(R) and 72(R), and by y(R) the central 
angle (from the origin) subtended by these arcs. It is easy to see (Fig. 59) that 
siny = §, so that p(R) = sin! ($). Hence, 


I(R) = Ry(R) = Rsin=? (5): 


Let M(R) be the maximum of |F'(z)| on y(R). Since F(z) > 0 as z > ov, so 
also M(R) > 0 as R— co. Then we get the estimate 


i e''* F(z) dz| < e’* M(R)I(R) = e@M(R)Rsin“* (})- 
y(R) 


For example, using the L’Hospital’s rule, we can evaluate the limit 


jim, sin” (B) =a fim. [sn (B) /] =o 


Therefore we get 


: itz < ii ee i (|| Se eg = 
im / e"* F(z) dz| < im le M(R)R sin (=) e"-0-a=0. 
yi (R) 


Exactly the same estimates are valid for 72(R). Now we consider y3(R). 
For points z € 73(R), let ¢ = Arg z; then 0 < 6 <7, and 
z=2(¢) = R(cosd+ising), dz = iRe'?dd, 

cite(@) 


eit R(cos o+isin d) | = len cos beth sind | _ eth sin o. 


We use this parametrization to estimate the integral: 


/ e’? F(z) dz| < M(R)-R / gene to: 
73(R) 0 
We want to show that this integral approaches 0 as R — oo. Note that 
x /2 © 
| as do = | e-tRsine gg. 
n/2 


this equality is easy to prove, for example, by the change of variable a = 1— @. 


So, 
m/2 


/ e'* F(z) dz| < 2M(R) ee do. 


3 (R) 0 
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When 0 < ¢ < §, the graph of sin@ lies above the line segment connecting 
the points (0,0) and (3,1) of this graph. Hence, sind > 26 as0<¢< % 


Therefore 
e tksiné < eee, 


and 
n/2 
/ e' F(z) dz| <2M(R)-R i pele ap 
y3(R) 0 
n/2 
SMR) a Veet M(R)-—-(1-e**) 

0 

Hence, 


lim [etre a|=0-F-1=0. 
R- 00 t 

y3(R) 
So we have shown that the integrals over all three pieces of y(R) approach 0 
as R — oo, which finishes the case a > 0. 

In the case when a < 0, the arc y(R) lies in the closed upper half-plane 
Imz > 0 and is a part of y3(R); the parts y,(2) and 72(R) are absent. For 
7(R), the arguments given above for y3(R) are valid, and the theorem is 
proved. 


The power of this theorem is that, however slowly the function F(z) may 
tend to 0 as z > oo, multiplying by the factor e* causes the integral over 
(R) to approach 0. Compare this with Example 7.29, where the integral only 
approached 0 because the integrand decreased sufficiently quickly, like |z|~?. 

A version of Theorem 7.33 holds for the case when t < 0, with the change 
that y(R) is now the part of the circle in the half-plane Im z < —a (the dashed 
arc in Fig. 59). The proof would be analogous, or it could be derived from 
Theorem 7.33 by a change of variable ¢ = —z. In the case t = 0 the theorem 
is incorrect—see problem 6. 


Example 7.34 Evaluate the integrals 


ieee d d [B53 
Tc an 
age | eae 


—co 


Solution Consider the function 
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then when z = 2 is real, 


z(cos2x+isin2r)  xcos2x | .xsin2x 


f(z) = Ses 72 +9 rea 


So the real and imaginary parts of f(x) correspond to the two functions we 

wish to integrate. Therefore we can kill two birds with one stone by integrating 

the function f(x), and then taking the real and imaginary parts of the result. 
By defining the function F to the same as f, but without the factor e’”, 

Le. Fe 

F(z) ~, Pe) fe 9’ 
then F satisfies the conditions of the previous Theorem 7.33: it has only two 
singularities, at +37, and 


0. 


lim = 

zoo 72 +9 
Therefore if y(R) is the part of the circle of radius R centered at the origin 
which lies in the upper half-plane Im z > 0, then taking t = 2, 


12z 
: ze 
dim, | ay9%=% 
7(R) 


That we means we may now apply Theorem 7.30, according to which the 
integral of f(a) along the real line is equal to the sum of the residues of f(z) 
in the upper half-plane Imz > 0 times 277. The only such singularity is at 
z, = 31. Writing 
zel2* 
IO)= Groans an’ 

we see that this is a simple pole, so to find the residue we can use any of the 
formulas in Theorem 7.17. Applying formula (7.17) with 


42z 


ze 
h(z) = —— 
”) z+ 3%’ 
we get 
35. ef2:3t 1 
TeCS37 f = h(3t) = Sar = 5° 
So for the integral we get 
7 rer? 16 it 
/ Paro dz = 2nige = te 


Setting the real and imaginary parts of this value to first and second of the 
integrals, respectively, that we started with, we finally obtain 


+, Hebe 7 anon T 
[3s dx =0 and [= da = = 


—oo —oo 
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We could have predicted that the first integral would come out to 0, be- 
cause the integrand is an odd function, symmetric about the origin. But there 
was no easier way to evaluate the second integral. 


Problems 
1. Calculate the value of the integral 
4 
ae 
(+H (e+ 1p 
|z—1|=2 


2. Compute the integrals. 


zt + 1 24 
a) / z2(22 + 9) be / (22 +4)(z +1)? ba 
z+2i|=3 |z|=3 
4 28 
0 | wraecy® » | oap® 
z—1|=3 jzl=2 
e* 
Z1=6 


3. Compute the integral 


27 1 
——_——-_ di 
E —v2\sint 


4. Compute the integrals. 


21 20 
s feo dt b) lees dt 
34+ V/5sint 3cost +5 
0 0 


5. Calculate the value of the improper integral 


Co 


/ x? —A4 d 
z. 
(x? + 6a + 13)(x? + 16) 


—oco 


6. Let y(R) be the arc of the circle |z| = R above Im z = 0 oriented counter- 
clockwise. Prove that 


jim F(z) dz = 2ni res; F =it £0, where F(z) = Pat 
7(R) 


Compare this equality with (7.29). 
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7. Compute the improper integrals. 


xe? +5 etl 
dev: i a 
2) | a = We eecen, a 
ii z?+4+4 f (e+4)sine 
TT de: ee 
°) fers, es a | e+e 


sin xz T 
dx = —. 


8. Prove that f = 
x 
0 


7.4 Logarithmic Residues and the Argument Principle 


Consider the multivalued function 


log f(z) = In|f(z)| + éarg f(z) 
=In|f(z)| +2(Arg f(z) + 27k) where & =0,+1,+2,.... 


At all points z at which f(z) is analytic and nonzero, log f(z) is a multivalued 
analytic function. Each of its regular branches, obtained by a particular choice 
of k, is a single-valued analytic function in some neighborhood of z. Since these 
branches differ only by an additive constant, they all have the same derivative, 
namely 2) 
d 1 : ft 

This is called the logarithmic derivative of the function f; it is a single-valued 
analytic function everywhere that f(z) was both analytic and nonzero, in 
other words everywhere except at singularities and zeros of f. The residue of 
the logarithmic derivative of f at a point zg (that is the residue of the function 
f'(z)/f(z)) is called the logarithmic residue of f at zo. 


Theorem 7.35. If z is a zero of order n of an analytic function f, then the 
logarithmic residue of f at z is n; if zo is a pole of f of order p, then the 
logarithmic residue of f at zo is —p. 


Proof. Suppose that zp is a zero of f of order n. Then, in some neighborhood 
of zo, f(z) can be written in the form 


f(z) = (2 - 20)" 92), 
where ¢ is an analytic function and $(zo) 4 0. Then 
f'(z) = n(z— z0)"""b(z) + (2 — 20)"4"(2), 
f(z) _ n(z ~ 20)" *9(2) + (z= 20)"$"(2) _ rn, #2) 
F(z) (z — 20)"6(z) z—2%  o(z) 
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Since ¢(zo) 4 0, the function $'(z)/¢(z) is analytic in some neighborhood of 
zo, and therefore has a power series expansion there. Therefore the principal 
part of the Laurent series expansion of f’(z)/f(z) consists of just the single 
term n/(z — z9), and so the residue, which is equal to the coefficient c_; of 
the (z — 29)~+ term (see (7.14)) is n. 

Suppose now 2 is a pole of f of order p. We can prove the other assertion 
in the similar way, writing f(z) in the form 


(2) 


ii2)= 


where ¢ is analytic in some neighborhood of zo, and ¢(z0) # 0. But the 
following arguments are shorter. If z is a pole of f of order p, then zg is a 
zero of order p of the function g(z) = 1/f(z). Therefore, by the first part of 


the theorem, 
g' 
— (£) a 
g 


Then using the identity 


we get 


as desired. 


In the following theorems we will explore the connection between the num- 
ber of zeros and poles of a function in the interior of a domain, and the behavior 
of the function on the boundary of the domain. In counting the number of 
zeros or poles, we will follow the convention that each zero or pole of order 
n will be counted n times. For example, if a domain contains a single pole, 
which is of order 3, and two zeros, one of order 1 and one of order 4, then we 
will say that the pole count P = 3 and the zero count N = 5. 


Theorem 7.36 (Logarithmic residue theorem). Suppose that f is a function 
analytic in some domain, T is a closed curve lying within that domain, and T 
contains no zeros of f. Let f be analytic in the interior of T. with the possible 
exception a finite number of poles. IfT is oriented so that points in its interior 
always lie on the left during traversal, then 


oe Pere 
os Fe) dz = N —P, 


Tr 


(7.30) 


where N is the zero count of f in the interior of T, and P is the pole count 


of f there. 
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Proof. Denote the logarithmic derivative of f by G, i.e. G(z) = f’(z)/f(z). 
Because [ contains neither zeros nor poles of f, this function G is analytic 
in a neighborhood of I’. We are assuming that within the interior of T, f has 
only finitely many poles. Moreover, we may assume it has only finitely many 
zeros, otherwise the zeros would form a set of uniqueness, and the function 
would be identically zero, including the points of I. 

So let a1, dz, ..., aj be the zeros of f, which are also the poles of G; and 
let by, bo, ..., bm be the poles of f, which are also the zeros of G. And let nx 
be the order of the zero of f at az, and let pz be the order of the pole of f at 
by,. Obviously, G is analytic at all other points inside [, and we can apply the 
residue Theorem 7.15 to this integral, according to which 


H 


: PF) z T f " Tt f 
mm | Te d = a Sa, : 7 Sb, fr (7.31) 


Now applying the previous Theorem 7.35, we have 


1 ff) : 
es dz= So ne—S pp =N-—P, 
A k=1 k=1 


as desired. 


The integral on the left of equation (7.30) is called the logarithmic residue 
of f with respect to [, which explains the name of this theorem. We will 
show that this value has a geometric meaning, and consequently this theorem 
expresses certain geometric properties of the mapping w = f(z). 


Fig. 60 


In Fig. 60 a, we see a point z on the path T; this point is mapped under 
w = f(z) to a point wo = f(z) in the w-plane, Fig. 60 b. If z traverses 
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T starting from zo, then the corresponding point w = f(z) will describe a 
trajectory C, starting at wo, in the w-plane. As z returns along [ to its 
starting point z, so w will return to wo; therefore the path C' will also be 
closed, although it may intersect itself. 

Suppose that z(t) is parametrization of T on [0,1], with z(0) = zp = 2(1). 
We wish to define a continuous function ¢(t) to represent arg f(z(t)). At t = 0, 
we can simply take ¢(0) to be the principal value Arg f(z(0)). As t goes from 
0 to 1, 

arg f(2(t)) = Arg f(z(t)) + 2nk, 
where k is an integer; we can always pick a suitable k so that the argument 
arg f(z(t)) changes continuously. This value of arg f(z(t)) we denote by ¢(t). 
However, ¢(0) may not equal ¢(1); in general, when z traverses I starting from 
zg and returns to zo, the argument of f(z) will get some increment. Define 


Ar arg f = @(1) — ¢(0). 


This difference represents the number of times f(z(t)) has revolved around 
w = 0 when traversing C’, times 27; in Fig. 60, the number of revolutions is 2. 


Theorem 7.37 (Argument principle). Suppose that f is a function analytic 
in some domain, T is a closed curve lying within that domain, and T contains 
no zeros of f. Let f be analytic in the interior of T' with the possible exception 
of finitely many poles. If T is oriented so that points in its interior always lie 
on the left during traversal, then 


Aparg f =2n(N — P), (7.32) 


where N and P are the zero number and pole number, respectively, of f in the 
interior of T.. In other words, the number of revolutions about w = 0 made by 
f(z) as z traverses T, is N — P. 


For example suppose that I is a circle centered at a zero zp of order n of 
some analytic function f, and that T is sufficiently small to contain no other 
zeros or poles of f. Then N = n and P = 0, so according to this theorem, for 
every traversal of [ around zo, f(z) completes n counterclockwise revolutions 
around the origin. But if instead zp were a pole of order p, so that N = 0 and 
P = p, then for every traversal of [ around zo, f(z) completes p clockwise 
revolutions around the origin. 3 


Proof. Let z(t) be a parametrization of T, and ¢(t) be a continuously changing 
argument of f(z(t)). Then we may define the function 


O(t) = In| f(z(t))| + ie), 


3In this simple case, the result can be explained using the Laurent series expansion at zo. 
For if zo is a zero, then f(z) = (z—zo)"(z), where ¢ is analytic and nonzero at zo, so f(z) © 
$(z0)(z — 20)" = C(z-— 20)” at points near zo which makes n counterclockwise revolutions 
in the w-plane per each in the z-plane. And if zo is a pole, then f(z) = $(z)(z— z0)7”, and 
f(z) & 6(z0)(z— 20)? = C(z— 20)”, which makes p clockwise revolutions in the w-plane 
per each in the z-plane. 
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so that ® is continuous, and ®(t) = log f(z(t)) in a neighborhood of any 
t € [0,1], where log is a regular branch of logarithm. Then 


W(t) = Flog F(2(0) = FD 2, 


By the fundamental theorem, 


Ome COR ean eee 
— Z(t) dt = | ®'(t) dt = ®(1) — 0(0). 
[ra *=] | 


f(z) f(zt)) 


Since | f(z(1))] = |f(2(0))|; 
B(1) — (0) = i(4(1) — 4(0)) = tArarg f. 


Therefore, 


Aparg f = > {oe dz = =2mi(N P) =2n(N — P), 
T 


where the last step is by the logarithmic residue Theorem 7.36. 


The quantity N — P is often referred to as the winding number of T under 
f, since it represents the number of times that the image of [ under f winds 
around the origin in the plane of w = f(z). Theorem 7.36 means that the 
winding number is equal to the sum of the logarithmic residues. 

The next theorem is a nice application of the argument principle. 


Theorem 7.38 (Rouché’s* theorem). Let the functions f and g be analytic 
on the closed contour T and in its interior, and suppose that | f(z)| > |g(z)| on 
T. Then within T, the function F(z) = f(z)+g9(z) has the same zero number, 
i.e. number of zeros counting multiplicities, as does f. 


Proof. First we show that neither f nor F' have zeros on [. By assumption, 


on T° 
If(z)| > lg()| = 9, 


so f is never 0 there. And if F(z) = 0 for some z on T, then f(z) + g(z) =0, 
implying f(z) = —g(z), and |f(z)| = |g(z)|, which is a contradiction; hence F 
also has no zeros on T. 

So we may apply the argument principle to these functions. Since f(z) is 
never 0 on T', we may write 


f(2) +9) =F (14+ $3) 


there. Recall that multiplication of complex numbers results in the addition 
of their arguments. Therefore 


Ap arg(f +g) = Ararg f + Ar arg (1 + 2) 


4Eugéne Rouché (1832-1910) was a French mathematician. 
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Now, by assumption |g(z)/f(z)| < 1 on T. Let 


then 
aes pe 


f(z) 


<1 


for zET. 

This inequality means that as z tra- 
(z) verses T, the point w remains within 
the disk |w — 1] < 1, which lies on the 
upper side of the complex plane—see 
Fig. 61. Therefore the path of w never 
encircles the origin w = 0, and so the 
argument of w has the same value at 
the end of the traversal as it did at the 
beginning. In other words 


Fig. 61 Ap arg (1 4: 4) =0. 
Thus, 

Ararg(f +g) = Ararg f, 
and so by the previous theorem, the quantity N — P is the same for f and F. 
Since neither function has any poles, P = 0 in both cases, and hence f and F 
have the same value of N, as desired. 


An important use of this theorem is to aid in the determination of the zero 
number of a function in a given domain. 


Example 7.39 Determine the number of roots of the equation 
28 429 + 22 -1=0 
which lie in the disk |z| < 1. 
Solution Let us take I to be the circle |z| = 1, and 
f(z) =—42°, g(z) = 22 427-1, 
so that F(z) = f(z)+4(<) is the left side of the equation above. And at points 


on T, 
If(2)| =| - 42°] =4, 


lo(z)] = [2 +2? - As |e] +|271+]- 1 =3, 
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so |f(z)| > |g(z)| on I. Therefore we may apply Rouché’s theorem, according 
to which F has the same zero number as f. But f(z) = —4z° clearly has only 
one zero at z = 0, which is a zero of order 5, so N = 5. Therefore the original 
equation also has 5 roots, counting multiplicities. 


Rouché’s theorem also leads to an easy proof of the fundamental theorem 
of algebra. 


Theorem 7.40 (Fundamental theorem of algebra). Every polynomial 
P(z) = Qn2™ + Qn-12"" +++ +00, On #0, 
of degree n has exactly n roots, counting multiplicities, in the complex plane. 
Proof. Let 
f(2)=anz", o(z) = az”! + ago2™ 7 +++ a0, 


so that P(z) = f(z) + g(z). Then 


nm 
f(z) : Anz 

l = lim 7 5 
z00 g(Z) 2-400 An—-1 2"! + An_92"-2 +--+ +9 

li an 

= MM @n-1  Gn—2 Gp Os 
= —2.., 4 a0 
Bet OD oe am 2 rogn 


so there must exist some real Rp > 0 such that | f(z)/g(z)| > 2 when |z| > Ro. 
Then for any R > Ro, the points z on the circle |z| = R satisfy | f(z)| > |g(z)|, 
so we may apply Rouché’s theorem. The power function f(z) has n zeros, i.e. 
z = 0 with multiplicity n, in the interior of the circle; therefore by Rouché’s 
theorem P(z) also has exactly n roots in the same region. Since this holds 
for any R > Ro, there must in fact be exactly n zeros of P(z) in the entire 
complex plane. 


A real differentiable function f(a) of one variable which is 1-1 on an in- 
terval, must be either monotone increasing or monotone decreasing on that 
interval. However, that does not guarantee that f’(2) 4 0 on this interval—for 
example consider f(a) = 2° on (—1,1). But using Rouché’s theorem we see 


that the analogous property holds for complex analytic functions. 


Lemma 7.41. If a function f(z) is analytic and 1-1 on the domain D then 
f'(z) £0 on D. 


Proof. We will prove the equivalent (contrapositive) statement: if f is analytic 
on a domain D, and f(z) = 0 at some z € D, then f is not 1-1. If f is 
constant, we are done; so assume f is not constant. Now suppose that zo is a 
root of order q of f’(z), so that 


f' (0) = fF" (20) =--- = f(z) =0, and ft (zo) 40, g>1. 
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By the Uniqueness Theorem, since f is not constant on D, there must be 
some punctured disk E = {0 < |z — zo| < r} in D such that f’(z) 4 0 and 
f(z) 4 f(zo) in E; let T be the circle {|z — zo| = r}. Setting wo = f (zo), let 
pt be the minimal value of | f(z) — wo| on I. Then pz > 0. Fix a point w; 4 wo 
for which |w, — wo| < ys, and consider two functions: fo(z) = f(z) — wo and 
the constant function g(z) = wo — wi. Note that fo has a zero of order g+1 
at z and does not have other zeros within I’. We have, for z € T, 


[9(z)| = |wo — wil < we S | f(z) — wol = | folZ)I- 


By Rouché’s theorem the function F(z) = fo(z) + g(z) has the same number 
of zeros counting multiplicities as fo, which is q+ 1. 

Thus F' has g+1 zeros, which must lie in the punctured neighborhood E. 
Since F’(z) = f’(z), the condition f’(z) #4 0 in E implies that the multiplicity 
of each of these zeros is 1, hence they are at distinct points. Notice now that 
F(z) = f(z)—w1, which means that at these g+1 zeros in E, f(z)—w 1 = 0, or 
equivalently f(z) = w1. Therefore, f(z) is not 1-1, so the lemma is proved. 


Another contrast with real functions comes from considering the converse 
of this lemma: “if f’(z) # 0 on D then f(z) is 1-1”. This holds for real 
differentiable functions (apply Rolle’s theorem), but fails for complex analytic 
ones! For instance consider f(z) = e* in a domain D containing the points 0 
and 277. But a local version of the converse statement is valid—see problem 2. 

As an application of Theorem 7.37 and Lemma 7.41 we prove Prop- 
erty 4.19. For the convenience of the reader we reformulate this property 
as Theorem 7.42. 


Theorem 7.42. Let D and D’ be simply-connected domains which are 
bounded by closed Jordan curves T and I’ in C. Also let w = f(z) be a func- 
tion analytic on D and continuous on D, which maps bijectively T onto I’ 
and preserves orientation in the mapping from T onto I’. Then the function 
w = f(z) carries out a conformal mapping of domain D onto domain D’. 


Proof. It suffices to prove that the mapping w = f(z) is 1-1 on D; for then 
Lemma 7.41 would imply that f’(z) 4 0 on D. But if a function f(z) is 1-1 
and analytic on the domain D and f’(z) 4 0 on D, then this function performs 
a conformal mapping on D—see the beginning of Chapter 4. So, the theorem 
would be proved. 

To prove that the mapping w = f(z) is 1-1, we have to establish that 

(a) for every point w in D’, there is a unique preimage z € D, i.e. w = f(z); 

(b) for every point z in D, the image f(z) is in D’. 

To prove (a), fix a point wo € D’. Since f maps T° bijectively onto I” 
and wo ¢ I’, we must have f(z) 4 wo for z € T. Also, by assumption f is 
continuous on D; hence f(z) 4 wo also for z in D which are sufficiently close 
to. 

Again because f maps [ bijectively onto I’, the point w = f(z) traverses 
I” exactly once as z traverses I’. By assumption I” is a closed Jordan curve 
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and so does not intersect itself (unlike the curve in Fig. 53 (b)). Hence the 
vector f(z) — wo revolves exactly once around the origin as z traverses I’ (see 
Fig. 62); that is Ap arg(f(z) — wo) = 271, or 


7 he arg(f(z) — wo) = 1. (7.33) 


271 


Fig. 62 


This would suffice to prove (a), except that f is not assumed to be analytic 
on I’, and so we cannot yet apply Theorem 7.37. The remedy is continuity: 
since f is continuous on D, the change in the value of (7.33) is small under 
small deformations of I’. Hence we can find Jordan curves I; in D which when 
substituted for T in (7.33) would take values arbitrarily close to 1. But this 
value can be only a natural number 1,2,...; therefore there is a closed Jordan 
curve ['; in D for which (7.33) assumes the value 1, and moreover f(z) 4 wo 
for all z in D located between T and T;. Applying (7.32) to the function 
f(z) — wo and to the closed curve T; we have 


1 
N= = -Ap, arg(f(z) — wo) = 1. 
Tt 


Hence, there is the only one point zo within T'; such that f(zo) = wo. Since 
there are no such points in D outside and on T';, we have proved (a). 

To prove (b), we first show that for z € D, f(z) must lie in D’. Let w; ¢ D’. 
Then the vector f(z) — w1 revolves zero times as z traverses I’ (see Fig. 62). 
In the same way as above we see that 


N= 5 Ar arg(f(z) — wi) = 0. 


Therefore there are no points z in D for which f(z) = wi. 

Furthermore, f(z) cannot lie on I’. For f is analytic on D, and therefore 
the image of D is an open set (Property 4.16); so if that image meets I”, it 
would also contain points outside of D’, which we have just seen is impossible. 
Therefore f maps D onto D’. This completes the proof. 
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1. Let f(z) be analytic at a point zo, and let f’(z) has zero of order q at 
zo (if f’(z0) #0 then g = 0). Prove that there are punctured neighborhoods 
V = {0 < |z— z| < r} and W = {0 < |w — wo] < pu} of the points zp and 
wo = f(z), respectively, such that every point w; in W has exactly q+1 
preimages in V. 


2. Let f(z) be analytic at a point zo, and f’(z0) 4 0. Prove that there is a 
neighborhood U of zo, such that f(z) is 1-1 on U. 


3. Prove Property 4.16 (preservation of domains under mappings performed 
by analytic functions). 


4. Determine the number of roots of the following equations which lie in the 
disk |z| < 1. 


a) 24 — 223+ 527-1=0; b) 52° — 223+ 27 -1=0; 
c) 22-224 4e7t! = 0; d) 2? -4z+e? =0. 
5. How many zeros does the function f(z) have in the annulus 1 < |z| < 2? 


a) f(z) = 22 +32z-1; b) f(z) = 22 +2 -3. 


8 


Applications 


In this chapter we consider some applications of complex variables to problems 
in hydrodynamics, electrostatics, and thermodynamics. Since most of these 
applications will be based on conformal mappings, we must first develop some 
further techniques for the construction of such mappings. 


8.1 The Schwarz-Christoffel Transformation 


The Schwarz-Christoffel transformation is a mapping of the upper half-plane 
onto a polygon. First, we consider a bounded polygon whose nonadjacent sides 
do not intersect except the case when adjacent sides form exterior angles of —7 
(see Fig. 63). Then later we will consider the case when one or more vertices 
are at infinity. 

Let wy1,W2,..-,Wn be consecutive vertices of the polygon, and let 
TQ1,7Q2,...,7A, be the corresponding exterior angles; in Fig. 63, n = 8. 
Each angle 7a; measures the change of direction of a point moving along the 
boundary of the polygon as the point passes through the vertex wx. 


The direction of motion is such 
that the interior of the polygon is 
on the left. We restrict each a; to 
-1 < a, < 1 for k = 1,...,n. 
Ao When a point traverses the bound- 
ras} nant ary, the total change of directions 
- is 27. Hence, 


ay +ag+::-+ An, = 2. (8.1) 


st The existence of a conformal map- 
ping of the upper half-plane onto a 
polygon follows from the Riemann 
Mapping Theorem 4.15. The fol- 
lowing theorem gives the form of 
this mapping. 
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Theorem 8.1 (Schwarz-Christoffel!). Let P be a polygon with exterior angles 


TA1,7A2,...,7An, —l < ag <1 fork =1,...,n, and let z be a fixed point 
in the upper half-plane II. Then there exist real numbers x1,2%2,...,2n with 
Ly < 4g <+++<a@yn, and complex constants A,B such that the function 


— is at 
(o=4 | Cam esay en 


performs a conformal mapping of IL onto P. The integral in (8.2) is taken 
along any path joining zo to z and lying in IL. 


+B (8.2) 


We know that the power functions are multivalued in general. By (z—x,,)°* 
we understand the branch of the power function with a vertical cut below xx. 
More precisely, if @;, € arg(z — ax) is chosen so that —} < dg < an then 


(z— &)°* = |z — x, |** exp(tazdx). (8.3) 
Therefore, the derivative 
f'(z) = A(z — 41)" (2 — 42)... (2 — Bn) ™ 


is analytic on II except the points 71,..., 7». Hence, the same property holds 
for f(z). 

A rigorous proof of Theorem 8.1 is not given in this book; we refer the 
interested reader, for example, to the book [7] by R. A. Silverman. But we 
are going to discuss the formula (8.2), explain why f(z) maps II conformally 
onto the interior of a polygon, and give examples demonstrating how to use 
the formula. 

(i) First we prove that f(z) is continuous on IL including the points xp; 
that is 

lim f(z)= f(x) for ze€IL 


ZL 


Consider for instance the point 21. The function f’(z) can be written as 


f(z) = (2-21) “A(z) 


where h(z) = A(z —22)7°...(z —2n)7°; 


obviously, h(z) is analytic at 21. Note that the standard integration by parts 
b 


formula 
b b 
| udv = uv) — / v du 


is valid for analytic functions u,v as well; see Section 5.2. Let 


(¢—2)'-™ 


l-aj, 


u=h(C), dv=(C-m) “dl, v= 


German mathematicians Hermann A. Schwarz (1843-1921) and Elwin B. Christoffel 
(1829-1900) proved this theorem independently. 
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Then we have 


se) = f “(¢— a1)" A(0) de 


20 


= (c—ae i 1 ° =a 2! 
= MOS] ~ a [Cr Oa 
(z _ g)t-%1 (20 _ ny 
= hz) a (20) 7s 
1 


[« i) Oe (Ca: 


l-a, Zo 


Since 1 — a; > 0, we see that lim(z — x;)'~“ =0 as z > ag, z € IL. Hence, 
the functions (z—21)!~“h(z), (C—21)'~*h' (0), and therefore the function 
ioe (¢ — a1)!~*h'(¢) d¢ are continuous at 21. So, the continuity of f(z) at x1 
is proved, and f(21) is finite. Obviously, the same arguments work for every 
tr, k =1,...,n. The continuity we have just established, allows us to select 
as 29 any point in IT including points zx,. 

Note in addition that there is a finite limit f(a) > wo as z > 00 for z € IT; 
this follows from the estimate 


M _ 
Ol < Fp as lel> BR zeT, (8.4) 


where M and R are sufficiently large positive numbers. This estimate easily 
follows from (8.1). We leave the details for the reader. 


(ii) Next we prove that for every choice of real numbers x1,...,2n, and 
Q1,---,Qn satisfying (8.1) and such that —1 < ay, < 1, the function f(z) 
maps II onto the interior of a polygon with exterior angles Taz; the images 
wr of points x, are vertices of the polygon. 

According to (i), f(z) maps the real axis onto a continuous bounded curve 
I’. Consider a point x moving along the real axis in the positive direction. The 
function f(z) is continuous at x and f’(a) 4 0 except the points 21,...,2n.- 
We know (see Section 3.3.1) that arg f’(a) is equal to the angle through which 
the tangent to a curve through x point is rotated under the mapping f(z). 
Denote by a the unit tangent vector of the trajectory at x, that is a = (1,0). 
Let us find the direction of of the tangent vector to T at the point f(x). It is 
obtained by turning the vector a through an angle arg f’(x). We have 


arg f’(z) = arg A+ arg(z — 21) +--+ + arg(z — a)” 


8.5 
= arg A— a, arg(z — 21) —--- — a, arg(z — 2p), a 
where branches of arg(z — xz) are indicated in (8.3). 
Let x € (—oo, 21). Then arg(x — v,) = 7 for all k = 1,...,n, and we have 


arg f’(x) =arg A—ayr — at —+++— Ant, « € (—0, 2). 
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Therefore, arg f’(z) is the same for all 2 € (—oo, 21). Hence, tangent vectors 
at all points of the corresponding piece of [ have the same directions. We 
conclude that the image of the interval (—co, 71) is a line segment (wo, w1). 

Consider now x € (x1, £2). Obviously, arg(x—2x1) = 0, and arg(x—a2,,) = 7 
for k = 2,...,n. Therefore, 


arg f’(a) =arg A—agt—++:—Qnm, © E (21,22). 


The same arguments as above show that the image of the interval (x7), x72) isa 
line segment (w 1, w2). The difference between directions of the line segments 
(wo, wi) and (wi, w2) is a1. Hence, these two segments form an angle with 
vertex at w , and the exterior angle is ma,. Continuing in the same way we 
see that T is a polygon with vertices w, = f(x), because the total change of 
directions is tay + Taq +-+-+7Q, = 27; the point wo is in the side (wy, wi). 

Fix a point z in I , and let x be a point 

on the real axis, « 4 @1,...,%p. Obvi- 
/ ously, the angle between vectors a and 
: @z is less than 7. The mapping f(z) 
is conformal at x. Hence, the angle at 
the point w = f(z) between T and the 
image of the line segment (x, z) is also 
less than 7—see Fig. 64. It means that 
the image of II is on the left of every 
side (Wr-1, Wk): 


x Ty x9 ee rn 


Fig. 64 


Moreover, we see that distinct line segments (wz-1, wz) cannot cross each 
other transversely, for then there would be points w = f(z) on both sides of the 
segments. But possibly one of the line segments could overlap with an adjacent 
one—this would happen if some a, = —1. According to Property 4.19, f(z) 
performs a conformal mapping of II onto a polygon. 


(iii) Now we explain why for any polygon P there are points x1,...,%n On 
the real axis, and complez numbers A, B, such that the function f(z) defined 
in (8.2) maps II onto the given polygon P. 

It is sufficient to set A = 1, B = 0, and find f(z) which maps II onto a 
polygon P’ which is similar to P and has the same orientation of the boundary; 
that is P’ has the same angles in the same order when paths along the bound- 
aries keep the polygons on the left, and side lengths of P’ are proportional 
to the corresponding side lengths of P. In this case P can be obtained from 
P' by dilation, rotation, and translation. These transformations can be easily 
performed by choice of constants A (responsible for dilation and rotation) and 
B (responsible for translation). Notice that the exterior angles a1,...,Q@,, are 
already fixed, and we have to choose only the points x71,...,2n. 

Two triangles are similar and have the same orientation if their corre- 
sponding angles are the same; side lengths will be proportional “automati- 
cally”. Hence, to find a mapping of II onto a triangle, the points 1, < x2 < 13 
can be chosen arbitrarily. 
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For n > 3 the situation is different: the 
ws equality of angles does not imply simi- 

larity of P’ and P—see Fig. 65a for the 

case n = 4. But the polygons P’ and P 
P are similar if in addition to the equality 
wr of angles, P’ and P have the same an- 
gles y between a side and diagonal. Fix 
L1,%2,04. If 3 approaches x2, then w 
approaches wi, and y > 0. 


w4 


Fig. 65 


If 3 approaches x4, then w3 — w, and y approaches maximal possible value 
m(1 — a1). Hence there is a value of x3 when y is exactly the same as in the 
given polygon P. Thus, there exists the desired mapping of II onto P of the 
form (8.2). 


In general, for n > 3 two polygons are 
similar if in addition to the equality of 
angles, the angles between a side and 
a diagonal, and between the diagonals 


coming from the same point, are the ye 
same. One can easily see that there are 
n — 3 such angles; in Fig. 66, n = 6. Fig. 66 


If we fix three points x,, we will have n — 3 other “free” parameters xz to 
satisfy n — 3 conditions for the angles y;. We will not prove the existence and 
uniqueness of a solution in this general case, and at this point our arguments 
are not rigorous. But we can explain why it is that three points among the 
xt, can be chosen arbitrarily. Note that this conclusion agrees with Riemann’s 
mapping theorem (Theorem 4.15) which says that the mapping has three free 
real parameters. Finding the remaining n—3 points x, is the main difficulty in 
applying the Schwarz-Christoffel formula. Before moving on to the examples, 
we make two useful remarks. 


(iv) One of the points x, can be chosen at infinity. In this case the formula 
has the same form as (8.2), but the corresponding factor (¢ —x,)%* is absent. 
For example, if x, = co then 


— : és 
(0-4 | Coamag rae a 


For explanation we may just repeat the arguments given above. The existence 
of a finite limit wo of f(z) as z > oo follows from the estimate 


+B. (8.6) 


M M 
/ — 
IP @) < Gaetan ~ ]zpe=en’ 


lz) > R, z eI. 


Here is essential that 2— a, > 1, because a, < 1. But the exterior angle 
between images of the rays (—oo, 71) and (4,1, co), namely between the line 
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segments (wo, wi) and (wn_1, Wo), is not 0, since ay +-+-+Qn_1 = 2—An #0. 
This exterior angle equals 7a,,. Therefore, wo is the vertex wy, in contrast 
with the previous case when wo was on the side (w,,w1)—see (ii). All other 
arguments given above are valid. 

Another way to verify (8.6) is to reduce the case x, = oo to the previous 
one by the mapping ¢ = -s4, where a is a real number different from all 
£1,---,Xn—1 (possibly a = 0). This function maps II onto the upper half-plane 
of another variable ¢, and maps points 21,...,2%n— 1,00 onto n finite points 
vi,...,0), 1,2/, with z!, = 0. Substituting ¢ = + and a, = =—5 instead 
of x; in (8.2), we come to (8.6) (with z instead of ¢ in the denominator and 
another constant A). We leave the details for the reader. 


(v) Now we consider a case which is very important for applications: when 
one or more of the vertices of P are at infinity—a so-called degenerate polygon. 
Suppose for example that w, = oo while the other vertices of P are finite (see 
Fig. 67). Fix two arbitrary points w;,, wi! on the rays (wz—1,00) and (wx, co). 
Joining w}, and w}/, we get a bounded polygon P’ with n+1 vertices. By (8.2), 
the function mapping II onto P’ is 


d¢ 


z)=A ° : a B. 
fe) [ Cam. a (Cat... (Coan) * 


Now, let the segment (w/,,w,) ap- 
proach infinity while remaining paral- 
lel to itself. Then the points x, and 
x merge into a single point z,. (In- 
deed, if x,, xf approach distinct points 
then the polygon is bounded—see (ii)). 
This point x, corresponds to the ver- 
tex Wy = oo. Passing to the limit we 
have 


(C— 2), )%(C— 2) > (C— ay) tee, 


The sum of internal angles of the tri- 
angle w},ww; equals 7, and we have 
(7 — mal,) + (a — nal) +y = 7, that is 
nai, + Tay = 7 + p—see Fig. 67. 


Recall that we defined the angle between two lines at infinity as the angle 
at 0 between their images under the mapping 4, One can easily see that if 
y is a directed angle between rays at their finite point of intersection, then 
the angle between these rays at oo equals —y, and the exterior angle at oo is 
Ta, = 17—(—y) = a+. Therefore, aj, + a// = a,, and our formula again has 
the form (8.2). If the rays (wx_1,00) and (wx, 00) are parallel, we have y = 0. 
Therefore, the Schwarz-Christoffel formula (8.2) is valid also for polygons with 
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one or more vertices at oo, if the angle between two lines at oo is defined as 
the angle at the finite point of their intersection taken with the opposite sign. 
If the lines are parallel then the angle is 0, and the exterior angle is 7, so that 
Ak =1. 


(vi) We conclude with useful remarks concerning finding the coefficients 
A, B. For z = z the equalities (8.2), (8.6) imply B = f(zo). So, if f(zo) is 
known, we get B. Now we explain how to determine arg A. Consider a point x 
on the real line such that x > x, if x, is finite, and x > @,_1 if tT, = oo. Then 
arg(x — x.) = 0 for all points x, < x and for the selected branch of argument. 
Hence, by (8.5), arg f(z) = arg A. Therefore, arg A equals the argument of 
the side of the polygon starting from the verter Wy if tp is finite, and from 
Wn_-1 if Ln is infinite. In the other words, arg A is the angle between this side 
of the polygon and the u-axis in the w-plane, taking into account the bypass 
direction. 

Finally we note that the length of the side (wz, wr+41) of a polygon is given 
by the formula 

TEL 
juga —wal = fo [fla (8.7) 
rk 

Indeed, if we write f(a) in the form f(a) = u(x) +iv(a), then f’(x) = u'(a)+ 
iv! (x), |f’(x)| = V/(u'(x))? + (v'(z))?, and (8.7) becomes the formula for arc 
length of a parametric curve—see Section 5.1. 


Examples of the Schwarz-Christoffel transformation 


A w,=—at+ib & wy=atib 
—p adit oh p 
et 
Ly x2 X3 X4 
a b 


Fig. 68 


Example 8.2 Map the upper half-plane IT onto the rectangle shown in 
Fig. 68 b. 

Solution In this case a, =---= a4 = s. Since the values of f at three 
boundary points of IT may be chosen arbitrarily, 


we define f(—1) = —a, f(0) = 0, f(1) = a, and k Wk an | Lk 
denote rz = —1, x3 = 1. The remaining points x 1 | -a+%b | 1/2 | —p 
and x4 have to be determined. 2 ak 1/2 | -1 
3; a |i/2}i 
Z| ati |1/2| p 
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Let zo = 0 and let x4 = p, p > 1. Then by the symmetry, x1 = —x4 = —p. 
The data is shown in the table. 
According to (8.2), the mapping is given by the formula 


i x 
aC Payee FCC py 


ie d¢ 
i Wai =P) | 


To find B, we plug z = 0 into (8.8). Since f(0) = 0, we have B = 0. To find 
arg A, we use the remark in (vi). For 7 > x4, f(x) moves from w4 toward 
w ,. Hence arg A = m. Thus, A is real and negative: A = —|A]. For finding |A| 
and p we use the formula (8.7) for the length of intervals. Since the length of 
(0, w3) equals a, 


f(zZ)=A 
(8.8) 


(8.9) 


x dx _ 
lf V@— Dap) 


Evaluating the length of (w3, wa) we obtain the equality 


ial fo Tea aa = (8.10) 


n (8.9), (8.10) we select the “usual” nonnegative values of square roots. Thus, 
we have two equations for two unknown parameters |A| and p. Divide the first 
equation by the second one: 


i eae I I ~ 


The integrals are called elliptic integrals; they cannot be expressed in terms 
of elementary functions. But the equation may be solved for p numerically with 
any given accuracy. Once p is known, |A| can be found from any of equations 
(8.9) and (8.10). 

Evaluating the last integral in (8.8) we should remember that the argument 
arg[(¢? — 1)(¢? — p?)] changes contihtions|y 3 in \ {+1, +p}. For instance, for 
¢ € (-1,1) we have arg[(¢? — 1)(¢? — p?)] = 27 (not 0), because when ¢ runs 
along the x axis to the left, the argument of (¢? — 1)(¢? — p?) increases on 7 
every time when ¢ passes points p and 1—see (ii). Therefore, 


A A 
‘(x) = = 0, wx E€(-1,1). 
1" eae o2) &Yeoneom 


It agrees with the direction of motion from we to w3. 
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Example 8.3 Map the upper half- 
plane II onto the domain above the 
polygonal line shown in Fig. 69. 


Fig. 69 


Solution The domain is a degenerate triangle with the vertex ws at infinity; 
the sides of this angle are horizontal rays. The angle 
between them equals 7. Hence, the angle at oo equals 


k 
—m, and the external angle is m — (—7) = 2m. So, T = i * 
a3 = 2. Because the point zo and boundary values 21 ab | 1/21 1 
f (xx) at three points x, might be chosen arbitrarily, [37—S9 5) a5 


we set 29 = 0 and define x, and f(x;) according to 
the table. Note that °°, ax = 2. By (8.2) we have 


‘ d¢ */G=1 
fy=A f amgapa +B =A f Je d¢ + B; 


the factor corresponding to x3 is absent—see (iv). Since f(0) = 0, we have 
B = 0. To evaluate the integral, we may consider an interval in the real 
axis and use all methods of integration of real-valued functions of one real 
variable to evaluate an antiderivative f(x). Since all differentiation formulas 
for functions of complex variable are the same as for real-valued functions 
of real variable, the obtained function f(x) also is an antiderivative for the 
branch f(€) which is analytic in II and coincides with f(z) on the given 
interval. It is convenient to choose the interval (0,1) and the branch of /¢ 
which is positive as ¢ € (0,00). Then /x—1 = i/1—@a as x € (0,1). We 
start with the substitution u = \/z, so that « = u*, dx = 2udu, and 


vaz—1 v1 

. dx =1 — “de =2i f VIP aw, 
Vr a 

Now we apply the standard trig substitution u = sin@. Then du = cosé@d6, 

and the last integral is equal to 


1 1 
2i | cos? 0a = 25 [a + cos 20) d@ = i(@ + 3 sin 20) +C 
= isin tut+uV1—wu?2)+C =i(sin | Jz + VeV1—2)4+C. 


Now we replace « with the complex variable ¢, and interpret sin~' \/@ as the 
branch of the corresponding multivalued function such that sin~' 1 = 7/2. 
Therefore, 


f(z2= iA (sin VE+ VEI=9) | = iA (sin™ 1 z+ Vx1-2). 
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To find A we use the condition f(1) = ib which implies the equalities 


2 
ib = f(1) =4A(sin-! 140) = iAS, Ase. 
T 
Finally, 
2ib 
f(z) = (sin Vz + Vz(1— 9). 
A 
ib|” 
ti Be cal =< Lconncta Example 8.4 Map the upper half- 
iw «WD 7 plane II onto the strip —a < Imw < b 
W3 «x! sn) u cut along the negative real axis, shown 
—— in Fig. 70. 
—ia 
Fig. 70 


Solution We regard the domain as a degenerate quadrangle with three ver- 
tices w 1, w3, and w, at infinity. We choose zo = 0 and 
define x, and f(x) according to the table; the value 


k Wk Ak Lk 
x1 = —p, p > 0, has to be determined. Note that the Cleo) |—» 
ray (—oo,0) is the lower side of the angle with vertex 7) oO |=kl oO 
w , and at the same time it is the upper side of the 31 ool 1 T 
angle with vertex w3; these sides are coincide. One 4Z/lool 1 | cw 


may think about these sides as “the upper” and “the 
lower” sides of the ray. The arrows near the boundary 
indicate the direction of motion of the point w = f(x) when z runs along the 
real axis from —oo to oo. The exterior angles at wz, k = 1,3,4 equal 0, and 
a, = 1, k = 1,3,4 — see (v) for a more detailed explanation. The interior 
angle at we equals —7, and az = —1. By (8.2) we have 


fF Cae 
10-4) eet? 


To evaluate the integral we apply the partial fraction decomposition and ob- 
tain the formula 


f(2) = = (log( — 1) + plog(e +7)) +B 


= C(log(z — 1) + plog(z + p)) + B, 


A 
p+l? 
logz = In|z| +iArgz, —3% < Argz < 32. To find B we use the condition 
f(0) = 0 (see the above table): 


where C = and the branch of logarithm is indicated in (8.3), namely 


0 = C(log(—1) + plogp)+ B, B= -—C(log(—1) + plogp). 


The Schwarz-Christoffel Transformation 221 
Hence, 
f(z) = C(log(z — 1) — log(—1) + p(log(z + p) — log p) 
- C( tost: 1) -—in4 ploy =*2). 


zt 
P 


(8.11) 


Note here that log(z + p) — logp = log **” since Argp = 0, although this 
would not be true for arbitrary p values.? 

It remains to find C and p. If z = « € R and z runs from 1 to ov, then 
the corresponding point w = f(a) is on the lower side Im f(#) = —a of the 
strip (see Fig. 70 and the table in the previous page), and runs from ws to 
w4. The angle between this side of the strip and the real axis is 0. Hence, 
Arg A = 0 (see (vi)). Therefore A and C are real positive numbers. In this 
interval Arg(x — 1) = 0 and Arg(¥ + 1) = 0. Comparing the imaginary parts 
of f(a) and of the right hand side of (8.11) we have 


Im f(x) = Im C(—ir) = —a. 


Hence, Cr =a, C= *. 
To find p we assume that z = x € (—oo, —p). Then the point w = f(x) is 
on the upper side Im f(x) = 6 of the strip, and Arg(x—1) = 7, Arg($+1) =n. 


From (8.11) we obtain 
Im f(x) = “(n- n+ pr) =. 
7 


Therefore, p = a and the desired mapping is 


f= log (z 1) + 208 (F ! 1) ia. (8.12) 


w— 2 : 
ON ra —_—_ _ Example 8.5 Map the strip —a < 
¢ uy Im z < 7 onto the polygonal symmetric 
domain shown in Fig. 71. 
—ih 
Fig. 71 
2Indeed, if we were to take p = —1 and z = 2, we would get the peculiar equality 


—log(—1) = log(—1). It occurs because the branches of logarithms on the left and on the 
right are different. The last equality is correct if we consider it as the equality of sets of all 
values of the multivalued function log z. 
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Solution The domain is a degenerate quadrangle. We may map the given 
strip onto the upper half-plane, and then apply the Schwarz-Christoffel trans- 
formation. But it is much easier to make use of the symmetry principle (Theo- 
rem 5.28) and to work only with the upper half G; of the given domain which 
is a “degenerate triangle”. Our plan is the following. 

(1) Map the upper half-plane II onto G; by the Schwarz-Christoffel trans- 
formation w = f(z). 

(2) Denote by D, the upper half 0 < Imy < a of the strip —7 < Imy < 7 
in the x-plane, and map D, onto II by the function z = eX. Then the function 
w = g(x) = f(e*) maps D, onto G. 

(3) Check the conditions of Theorem 5.28 to make sure that the obtained 
function w = g(x) maps the whole strip —7 < Imy < 7 onto the given 
polygonal domain. 

So we start with the mapping of II onto G,. Here 


the angle with vertex w3 at co equals —7a, and the Eluel on os 
exterior angle at oo is 7M—(—7a) = 7(1+a); therefore ilgh =e Toi 
a3 = 1+ a (see (v) for details). The formula (8.2) ECS I 0 
yields 3 


f(z) = af ear dC +B. (8.13) 


We choose zo = —1 because f(—1) = ih, and then for z = —1 we have B = th. 

To find A we use the same idea as in the previous example. Namely, we 
consider an appropriate value of 2 and compare the imaginary parts of f(z) 
and of the right hand side in (8.13). However, here the situation is more com- 
plicated because the integral is not expressed in terms of elementary functions. 

Consider z = « € (0,00). Then the point w = f(x) is on the real axis; 
it runs to the right when x increases. Hence Im f(x) = 0 and arg A = 0 - 
see (vi). Therefore, A is real and positive. To find the imaginary part of the 
integral, we may integrate along any path from —1 to x lying in II\ {0}, where 


the integrand “*)" is an analytic function. Fix a small positive 6 and 
8 C 


consider a path consisting of the 
two intervals [—1, —d], [6,2], and a 
semicircle ys of radius 6 centered at 5 
a = 0—see Fig. 72. On both these Big a 
intervals the integrand is real, and 7 See * 

hence the imaginary parts of the in- Fig. 72 

tegral over the intervals equal zero. 


Consider now the integral over ys. The function (¢ +1)® equals 1 at ¢ = 0 
and is continuous there. Hence, (¢+1)* = 1+ ¢(¢), where ¢(¢) + 0 as ¢ > 0, 


and we have (C41) ' 40 
he Ba Leet ee 
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The first integral on the right equals —i7 because we integrate in the clockwise 
direction — see Example 5.1. The integral of ¢(¢)/¢ tends to 0 as 6 + 0 because 
|¢| = 6 in this integral, the length of ys equals 7d, and ¢(¢) approaches zero 
as 6 — 0. Therefore, 


x 1 a 
im [ RES By as «x € (0,0). 
= eS 
From (8.13) we get 
Im f(a) = A(-7) +h =0. 
Therefore, A = h/a. Now (8.13) takes the form 
af 1)* 
4 = aa (Cr actin. (8.14) 
WT J-1 ¢ 
The next step is to use the mapping z = eX. We obtain the function 
h f® (¢+1)% 
wag area * f eM acs an, 
WT SJ-1 G 


which maps D, onto G,. This expression can be simplified if we use the 
substitution ¢ = e§. If ¢ = —1 then € = im; if ¢ = eX then € = x. Hence, 


Now we check the assumptions of Theorem 5.28. The function z = eX maps 
the real axis in the y-plane onto the interval (0,00) in the z-plane; then our 
function f(z) maps this interval onto the real axis in the w-plane. Therefore 
all conditions of Theorem 5.28 are satisfied. By the principle of symmetry, 
the same function g(x) maps the whole strip —a < Imy < 7 onto the whole 
polygonal domain. Rewriting the function now using z instead of y, we get 


w= g(z)= “fe + 1)° dé + ih. (8.15) 


iT 


Here z is a point in the strip —a < Imy < a (not in the half-lane II). 


Problems 


1. This problem illustrates how the choice of points %1,%2,... may affect 
the function f(z) (the choice of zo affects only B). Notice that if f(z) and 
g(z) are two conformal mappings of the upper half plane II onto the same 
domain, then there is a Mobius transformation y(z) of II onto itself such that 
g(z) = f(u(e))- 

Use the Schwarz-Christoffel transformation to map the upper half plane 
onto the strip 0 < Imz < 7 in two ways: 
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(a) choose 71 = 0, 22 = ov, with f(z,) = co, k = 1,2, and zp = 1. Com- 
pare your result with properties of the logarithmic function (Section 4.3.2). 


(b) choose 2; = —1, v2 =1, 2 =0. 


2. Use the Schwarz-Christoffel transformation to find the mapping of the 
upper half plane onto the semi-infinite vertical strip 


D={w=utiv:-h<u<h, 0<v< co} 


such that f(—1) = —h, f(1) =h, f(oo) =~, z =0. 


3. Find the mapping f(z) of the upper half-plane Im z > 0 onto the polygonal 


domain shown in Fig. 73 such fo \ 
that f(—a?) =h, +iha, f(0) = 02 
OO; f() = 0, f (co) = W%, 
zo = 1, where hj, ho are given 
numbers and a has to be deter- 
mined. 


wy = hy +thg 
(i) Determine a, and construct —— 
the table as in the examples. hy a 
(ii) Write the  Schwarz- {3 = 
Christoffel integral and deter-  ° ; 
mine B. Fig. 73 


(iii) Determine A and a. It’s even easier to find them now, before evaluation 
of the integral. Take z = x > 1 and conclude that A is real and positive. 


Take z = x € (—a?,0) and compare the 
real parts of the left and right sides of 
the formula for f from part (ii). Then 
take z = x < —a? with a big absolute 
value |x| > 1, and compare the imag- 
inary parts. The paths of integration 
are shown on Fig. 74. Notice that in 
both cases we are integrating over arcs 
whose images join the sides of angles 
with a vertex at infinity. 


(iv) Evaluate the integral from part (ii). Use the substitution t = 
V¢ + a?/V/¢C —1 and the partial fraction decomposition. 


Here we consider the branch of the function which coincides with the cor- 
responding real-valued function when z = x > 1—see the comments in the 
solution to the Example 8.3. 
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For example, for z € (0,1) we have argt? = —m because the argument of t 
changes continuously when z moves from the interval (1,00) to (0,1) along an arc 
in II. Hence, t = —ir,a<r<ooasz=-2 € (0,1), andr a* asx > 07, while 
r—+ocoasx—1-. In this case, 


t—iwta r+a 
2 og 
t+ita r—-a 
tends to co as x > 0*, and tends to 0 as « — 1~. Moreover, 


= = log = = i(n + 2arg(—ir + 1)) 


log 


(to check the last equality, sketch a diagram with the points +1 and —ir). Hence, 
log ++ tends to i(m + 2arg(—ia + 1)) as x + 0*, and to 0 as x + 1~. Therefore, 
from (9.58) we see that the point f(x) runs from oo to 0 along the imaginary axis 
as x runs from 0 to 1. This is consistent with Figs. 73 and 74. You may check the 
other intervals for x in the same way and see that f(x) runs along the boundary of 
the domain in Fig. 73 as x changes from —oo to +00. 


4. Find the mapping of the upper half-plane Im z > 0 onto the same polyg- 
onal domain shown in Fig. 73 such that f(—1) = 00, f(0) = 0, f(a?) = oo, 
f(co) = hi +ith2, 29 = 0, where hi, hz are given numbers and a > 1 has to be 
determined (you will want to renumber the vertices in Fig. 73). 


5. Let z9,a be points of the upper half-plane II, and let the real numbers 
LR, Ap, k =1,...,n, be such that ay + ag +++: +a, = 2, and -1 < a, <1. 
Let the function f(x) be defined by 


ee i Se a ee ee ee 
fey= af dé +B, 


¢—a)?(C—a)? 


where A, B are complex constants. Prove that f(z) maps II conformally onto 
the exterior of a polygon with external angles 7a,; the images of points x, 
are vertices of the polygon, and the image of a is oo. 


Hint. To prove the conformity of f at a, use the Laurent expansion for f’(z) 
at a and write f(z) in the form f(z) = -— + ¢(z), where ¢(z) is analytic 


at a. Then use the same arguments as in the proof of conformity of Mobius 
transformations (Theorem 4.3). 


6. Let D be the upper half of the w-plane cut along the vertical ray T = {w = 
re™/? : 7 > 1}. Let w; =i, and let wz = 00 be the vertex of the angle between 
the rays T and (—oo,0), and ws = oo be the vertex of the angle between the 
rays (0,00) and IT. Find the mapping f(z) of the upper half-plane onto D such 
that: 


(i) f(-1) = wi, f(0) = we, f(co) = ws; 
(ii) f(-1) = ws, f(0) = wi, fC) = we. 
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7. Consider the generalization of problem 6(i) where I is the ray T = {w = 
re’? :r > 1}, and @ is a given angle, 0 < ¢ < 1/2. 


8.2 Hydrodynamics. Simply-connected Domains 


In this section we consider the steady planar flow of a fluid. In this model, 
the flow is essentially two-dimensional (hence “planar” ); that is, all particles 
of the fluid move parallel to the same plane, and particles lying along the 
same line which is perpendicular to the plane move with the same speed and 
direction, i.e. they have the same velocity vector—see Fig. 75, where the plane 
is horizontal. 


Fig. 75 


We also assume that the flow is stable, in the sense of not varying with 
time (hence “steady” ). Of course the flow may vary with position in the plane. 
Thus the velocity vector of a particle is independent of time and depends only 
on the projection (x,y) of the particle onto the plane. So we will represent 
the velocity by a vector function Vof the position (a, y) in the plane. We will 
denote the components of the vector V by X and Y. Then 


V(a,y) = X(a,y) +1Y (a, y). 
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8.2.1 Complex potential of a vector field 


We will assume that the functions X and Y have continuous first and second 
derivatives at all points of some domain D. Further, we assume that the vector 
field V satisfies the following two conditions. 

1) V isa potential field, i.e. there exists some real-valued function u defined 


on D for which A A 
UL u 
X=—, Y=—. 8.16 
ar: Dy (8.16) 
If this is the case, then from the equality of the mixed partial derivatives we 
get 
OY Oru O7u Ox 


Ox OyOx Oxdy Oy’ 


which can be written 
~—- =0. (8.17) 


Conversely, if D is simply-connected then (8.17) implies (8.16). More- 
over, in this case (8.17) and (8.16) are equivalent to the following property: 
Jp X dx + Y dy = 0 for every closed contour I situated in D. Physically, this 
condition means that the fluid flow is free from circular motion, or eddies. 
Such fields are also called irrotational. 

2) The vector field V is solenoidal: 

OX OY 
a + Dy =0. (8.18) 


In a simply-connected domain D this condition is equivalent to the property 
that the vector field 
iV =-Y +ix 


also has a potential function, i.e. some real function v such that 


Ov Ov 

ago Y, ay Xx. (8.19) 
To interpret this condition in terms of fluid flow consider a smooth curve [ in 
a simply-connected domain D. Imagine a vertical fence of unit height is built 
along [, but through which the fluid can flow unimpeded. Then It X dy—Y dx 
is equal to the amount of fluid that passes through the fence in one unit of 
time. This quantity is called the flow through the curve T or the flux through 
T. The property (8.18) is equivalent to requiring that the contour integral 


[Xa-¥ae=0 
r 


for any closed contour [ in D. The physical meaning of this property is that 
the quantity of the fluid entering I is equal to quantity leaving I’, that is there 
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are no sources or sinks inside [ and therefore in the domain D. In other words, 
streamlines (the trajectories of the particles of the fluid) neither start nor stop 
anywhere in D. Sometimes the solenoidal property is called incompressibility, 
for it also means that the number of particles flowing to a point always equals 
the number flowing out from it. 

The function v has its own physical meaning. Take any two points (21, y1) 
and (22, y2) in D, and connect them by some curve Tc D. Then 


| X dy —Y dx = v(2#1, y1) — v(£2, y2). 
r 


Hence the difference v(x1,y1) — v(x2,y2) is equal to the flow through the 
curve TI’, and by this equality it depends only on the start and end points of 
the curve, and not on its shape. 

Now let us consider the level curves of the function v, that is, sets of points 
(x,y) € D on which v(x, y) = C, where C is a constant. Fix C and find the 
tangent vector to the curve v(z,y) = C at any one of its points (a, y). It’s 


known that the gradient 
Vu= ed 2 
~ \ Ox’ Oy 


is orthogonal to the level curve v(x, y) = C. According to (8.19), 


Ov Ov 


Vector (—Y, X) is orthogonal to (X,Y) since their dot product equals 0. So, 
the velocity vector V = (X,Y) is tangent to to the level curve v(x, y) = C. 
Therefore, the vector field V is tangent to the level curves of v at every point. 
That means: the level curves v(xz,y) = C are streamlines of the flow of the 
fluid. Therefore the function v is called the stream function. 

We can now form the function f(z) = u(x, y) +iv(a,y), where z = x+ iy, 
making this a function of a complex variable. This is called the complex po- 
tential of the vector field V. From equations (8.16) and (8.19) it follows that f 
satisfies the Cauchy-Riemann conditions (3.4), which means it is analytic in D. 
Thus, the complex potential which arises from a planar potential and solenoidal 
steady fluid flow in a simply-connected domain, is an analytic function. 

Since f(z) is analytic, its derivative is independent of direction, so we can 
calculate it by differentiating with respect to xz; then applying the Cauchy- 
Riemann conditions, we get 


=X-iY=V. (8.20) 


So we see that the derivative of the complex potential is the complex conjugate 
of the velocity of the fluid flow. 

The equality f’(zo) = 0 means that the velocity V at zo is zero. Such 
points are called stagnation points. 
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The function wu is called the potential of the vector field, and the level 
curves u(x, y) = C are called equipotentials. The curves u = C1, v = C2 are 
orthogonal in the w-plane. If f’(z) 4 0, then the mapping f(z) preserves the 
angles at z. Therefore, the curves u(x, y) = C1, v(x, y) = C2 are orthogonal, 
that is equipotentials are orthogonal to streamlines except at stagnation points. 

Now we will show that any function f(z) =u+t iv, analytic on D, can be 
interpreted as the complex potential of a vector field V = gu - i, which is 
solenoidal as well as potential. This is where the hydrodynamic interpretation 
of analytic functions lies. 

So given such a function f, let us define a vector field V = X + iY by 
X= gu and Y = ge a Su Then our property 1 above, that V arises 
from a potential, is automatically satisfied. By virtue of the Cauchy-Riemann 
conditions, the equalities (8.19) are satisfied. Then differentiating the first of 
these equalities w.r.t. y, and the second w.r.t. x, we obtain the solenoidal 
condition (8.18). So V is both a solenoidal and potential field. 

If a domain D is multiply-connected, the complex potential F(z) can be 
constructed in a simply connected subdomain. An analytic continuation of 
f(z) to D in such a situation will generally be multivalued. But the derivative 
f'(z) =X —(Y is a single-valued analytic function in D. 

Interpreting an analytic function as a complex potential of a vector field 
enables us to solve a number of important applied problems. We consider some 
problems in hydrodynamics, electrostatics, and thermodynamics. 


8.2.2 Simply-connected domains 


Suppose that a flow V is potential and solenoidal in a simply-connected do- 
main D. To study the vector flow for this scenario, we begin by finding the 
complex potential f(z). Let w = f(z) = u+iv. We will exploit the fact that 
the streamlines of flow of the fluid are of the form v(z, y) = C. In the w-plane, 
the equations v = C' define the horizontal lines; so the function f will have to 
map the streamlines of flow in D to a family of horizontal lines in the w-plane. 
We make two assumptions. 

(a) The boundary of D is one or two streamlines (that is a fluid flows 
along the boundary). Then f(z) maps the boundary to horizontal lines in the 
w-plane. 

(b) The total flux of the flow is given. We know that v(z2)—v(21) is the flux 
through a curve in D with endpoints 21, z2. So, the total flux is the maximal 
distance between the horizontal lines containing images of streamlines in the 
w-plane. 

Let f(z) be a conformal mapping of D onto a half-plane Imw > a if the 
total flux is infinite, and onto a strip a < Imw < 6 if the total flux is finite 
and equals b— a. Then the images of the horizontal lines Im w = C' under the 
inverse mapping f~'(w) are streamlines of the flow with the given flux and 
satisfying (a). Moreover, we will be able to find conformal mappings satisfying 
additional conditions for specific problems. Since an additive constant to f(z) 
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would have no effect on the flow X +iY = f’(z), we can assume for simplicity 
that a = 0. Therefore, to construct a complex potential f(z), it’s sufficient to 
find the conformal mapping of D onto either a half-plane Imw > 0, or a strip 
0<Imw <b, satisfying some additional conditions depending on the specific 
problem. To determine which of these cases takes place, we see whether the 
total flux is bounded or not. Two typical cases are considered below. 

Once f(z) is known, we can find the streamlines in two ways: 

1. consider the equation v(z, y) = Im f(z, y) = C as an implicit equation 
of streamlines; 

2. consider the equality f(x,y) = w+iC as a system of equations with 
variables u, x, and y, exclude (if possible) u from the system, and obtain an 
explicit equations of streamlines y = g(a, C). 


Remark. In our discussion of the Schwarz-Christoffel mapping in the pre- 
vious Section 8.1, we used the standard notation w = f(z) for a mapping of 
the half-plane II and a strip onto a polygonal domain P. Now we use the same 
notation w = f(z) for a mapping of D (in particular, of P) onto II or onto a 
strip, that is we assume that D is in the z-plane, and the image G is in the 
w-plane. So, the complex potential f(z) is inverse to the mappings considered 
in the previous section. If the inverse z = f~'(w) to the complex potential 
(that is a mapping of II in the w-plane onto D in the z-plane) is known, the 
streamlines have the equations x = Re f~!(u,C), y = Im f~!(u, C), which we 
may consider as parametric equations with the parameter u; here as before 
z=a2+1y,w=u+iv. If possible, we exclude u from the system, and again 
obtain an explicit equation y = g(x, C). 


(a) Flow in a curvilinear half- 
plane. Consider a domain D 
bounded by a Jordan curve [ with 
endpoints at infinity such that the 
angle at co between the left and the 
right parts of T equals 7, as seen in 
Fig. 76. Note that the figure shows 
the vertical cross section of the flow 
which is parallel to the (, y)-plane. 
We assume that there is a limit 
lim,5. W(z) which we denote by 
Veo, and that [Vol = Voo is a Fig. 76 


given positive number. 


The physical meaning of this assumption is that the flow is almost uniform at 
points which are far away from obstacles and other points where the shape of 
D changes. To determine whether the image of D is a strip or a half-plane, fix 
a point z in D such that V(z) is close to Vo. when |z| > |zo|. Consider the 
curve in |z| > |zo| with endpoint at zo, which is orthogonal to the streamlines 
(that is a part of an equipotential). This line does not end in D, and all normal 
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vectors are almost parallel to V... Hence this curve goes to infinity. Let z be 
a point on this curve. Then the flux through the part of the curve between zo 
and z approaches oo as z — oo. But the flux is equal to u(z) — u(zo); therefore 
u(z) — oo. So the image of D must be a half-plane Imz > a, and we may 
choose a = 0. Moreover, we see that f(0o) = oo. By (8.20), f’(z) = V. Taking 
the limit as z + oo, we get |f’(co)| = Vo. Therefore, the problem of finding 
the complex potential f(z) is reduced to that of finding the conformal mapping 
from D onto the upper half-plane such that 


f(co) = 00, | f"(c0)| = Voo. (8.21) 


Example 8.6 We will look at an infinitely deep planar flow around an obsta- 
cle of height h—see Fig. 77a. Here the domain D will be the upper half-plane 
with a segment cut from the bottom of the positive y-axis (the obstacle). We 
assume that the velocity vector V(z) approaches a fixed horizontal constant 
vector Veo with |Voo| = Voo as |z| > 00. 


Fig. 77 


To correlate Fig. 75 with Fig. 77a, imagine an endless vertical board and 
a horizontal flow. Then Fig. 77a is a horizontal cross section of the flow. 
As we saw, here G is just the upper half-plane Il, Imz > 0. We consider 
two ways to find the conformal mapping of D onto II satisfying (8.21). The 
first one does not require the Schwarz-Christoffel transformation, it is based 
only on properties of known functions; such an approach is not restricted to 
polygonal domains. The second method is based on the Schwarz-Christoffel 
transformations and allows us to consider a more general case. 

First method. We will compose such a mapping in three steps. 


1. The function w; = z? maps D to the complex plane minus the ray 


Rew, > —h?. The reader can verify this by considering the images of each 
of the four pieces of the boundary of D (including both sides of the “ob- 
stacle”, [0,2h]). 


2. The function wz = w; + h? slides the previous domain to the right h? 
units, producing the complex plane minus the positive real axis. 
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3. To this domain we apply a regular branch of the function w = ./we, 


defined by 
w = /|wole*?/?, 
where we = |wale*® with 0<¢< 2r. 


Under the last mapping w = ,/w2, the upper edge of the cut, i.e. 6 = 0, 
goes to the same ray in the w-plane, while the lower edge of the cut, ¢ = 27, 
goes to the negative real axis Arg w = 7. Therefore the cut plane from step 2 
goes to the upper half-plane in step 3. 

The composition of these three functions gives the mapping we sought: 


w= fg = fu, +h? = N22 + h?. 


This mapping is not unique: a Mobius transform of the upper half plane onto 
itself could be added on as a step 4, but all we need for present purposes 
is a real multiplicative constant k > 0, to form w = kVWz?2 +h?. 3? We can 
determine the value of the constant k from the velocity V,,: since by (8.20) 


f'(z) = V, we get 


k|2| 


Taking the limit as z > oo, we get |f’(oo)| = k = |Vo| = Voo. Therefore 


f(2) = Vea 2? £2, (8.23) 


and we have found the complex potential. With its help we can determine the 
most important characteristics of the flow: the magnitude and direction of the 
velocity vector V, the equation for the streamlines of flow, rate of outflow, etc. 
For example, from (8.22) we see that near the base of the obstruction (z = 0) 
the velocity is close to zero (dead zone) and z = 0 is a stagnation points, while 
near its top (z = th) the velocity approaches infinity (spike effect). 

Now let us find the equation for the streamlines of flow, which are curves 
defined by the equalities u(x, y) = C for different positive constants C’. So we 
can either find the imaginary part of the function f(z) = u+ iv defined in 
(8.23), or we can regard (8.23) as a system of equations with variables u, , 
and y, and eliminate u. We will follow the second strategy: from (8.23) we get 


IVI =I @1= (8.22) 


(u+iv)? = V2((a+iy)? +h’), 
7 ae ter _ 72.2 2 2). 9772 
or ui—vi+i2uv = Ve(a—y +h*)+i2Vecy. 
Equating the real and imaginary parts, we arrive at the system of equations 


w—v = V2(a?-y? +h?) 
w = Vezy. 


3More precisely, the condition that oo be fixed by the mapping would restrict these 
Mobius transforms to linear ones kw + b. The constant b would not affect the flow, so the 
only extra parameter needed for our example is k. 
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We now solve for u in the second equation, and then substitute the resulting 
expression into the first, thus eliminating u. For convenience we will define 
c= v/V5; since v = C is constant, so is c. After simplifying algebraically we 
finally arrive at the equation 


h2 


= 1+ — ——,, 
y ° a? + C2 


which corresponds to the lines of flow seen in Fig. 77a. 


Second method. We consider the more 
general problem when the obstacle is 
not necessarily perpendicular to the 
bottom—see Fig. 78. We will use the 
result of Example 8.4, but change the 
notations of variables, and map the up- 
7 per half of the w-plane onto the domain 
Fig. 78 D in the z-plane shown in the figure. 


Choose a,b such that 


a . 
at+b a+b 
Our function will be a composition of the following functions. 
(1) The function from Example 8.4, 


b 
4A= Z log(w — 1) + — log G + 1) ia, 
T T b 


maps the upper half-plane Im w > 0 into the strip —a < Imz, < b cut along 
the negative real axis—see (8.12). 

(2) The function z2 = z, + 7a slides the previous domain a units upward. 

(3) The function z3 = a4 22 Maps our strip onto the strip 0 < _Imz3 <7 
cut along the horizontal ray z3 =x+i7h =x+ina, -o<a<0. 

(4) The function z4 = e** maps the strip onto the upper half-plane Im z4 > 
0, and maps the cut onto the interval z4 = re’™*, O< r <1. 

(5) The last function z = hz4 gives us the desired mapping onto domain 
D. Therefore (we write e* as exp(z)), 


z= he? = tuexp ( a a) 
a+b 


1 a b aw 
= thexp (2, (Ztogtw 1) + toe ( 5 -1))) 


= h(w —1)° (F + 1) _ 
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Obviously, z = oo if and only if w = oo. To satisfy the second equality in 
(8.21) we remark that the function 


z= f'(w) = h(kw — 1) Ga 7 ' 7 (8.24) 


l-a 
= h(kw — 1)° (<2 . 1) 
—-a 


also maps the upper w-plane onto D and sends oo to oo for every k > 0. 
Differentiating equation (8.24) implicitly with respect to z, we get 


1l-a 
1 = ha(kw —1)°~"kw! (Few + 1) 


+ h(kw —1)°(1 = a) (Shw 4 1)" = kw! 


2ky +1\1-% a {f kw-1\° 
=h ‘(2 + (1—a)kw! 
nw (Ser) ( aku’ (Gera) 
Then taking the limit as w approach oo, and recalling that w’ = V > Vso, we 


get 
l=h lak a + (1 a)RVo0 (2) | =n(2) "eV, 


so that we obtain k: 


(ee 23 alg (aie cena le 
k- = ae : 8.25 
AV 55 (2) AVos ( Qa ) ( ) 


Therefore, the function inverse to the complex potential is given by (8.24) 
with k indicated in (8.25). From (8.24) we obtain the equations of streamlines 


l-a 
x+iy= n(k(u + 0) —1)° (Sau +ic) +1) : 


which can be viewed as parametric equations with parameter u. 
In particular, for a = 4 the equation (8.24) has the form 


2 2 
-=n/(;"-) -1=\(¢) —h?, that is w= VooV2? +h, 


which coincides with (8.23). 


(b) Flow in a curvilinear strip. Let [,, [2 be two Jordan curves with 
joint points only at infinity, and let D be a domain between these curves. 
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We assume that the flow 
is potential and solenoidal 
in D, and the stream flows 
along [,, Tg. This means 
that the function v(z) = 
Im f(z) is constant as z € 
T, and as z € Is, where 
f(z) is a complex poten- 
tial. 


Fig. 79 


Hence, the difference v(z2) — v(z,) is the same for any points z; € Ty and 
zq € Tg. The physical interpretation of this fact is that for any points z,; € Ty, 
zg © T2, and for any curve in D joining 2, 22, the flux through the curve 
is the same—see Fig. 79. We assume that the value (that is the total flux) 
H = v(z2) — v(z1) is given. Then f(z) maps D onto the strip up < Imw < 
Uo + H; we may take vg = 0. In our case the streamlines tend to oo in both 
directions. For the images of the streamlines, namely for the horizontal lines 
v = C in the plane of w = u+ iv, we have u > +co as z tends to oo along 
a streamline in the direction of flow, and u — —oo as z tends to oo in the 
opposite direction—it follows from the correspondence of boundaries under 
conformal mappings. We write this relation in the form 


f (00) = too. (8.26) 


Therefore, to determine the complex potential of a flow in a curvilinear strip 
D, we have to find the conformal mapping of D onto the strip 0 < Imw < H 
satisfying (8.26). 

Example 8.7 


hy 


Find parametric equations of the form 
z = g(u,C) for the streamlines of the 
flow with total flux H shown in Fig. 80. 


Fig. 80 


Solution As in the second method in the previous example, we construct 
the function z = f~'(w) such that f~+(w) is inverse to the complex potential 
w = f(z), f-'(w) maps the strip 0 < Imw < H onto the domain D, and 


f—* (400) = +00 (8.27) 


(clearly, (8.26) and (8.27) are equivalent). We find such a mapping in two 
steps. 


236 Applications 
(1) The function w, = e™’/” maps the strip 0 < Imw < H onto the 
half-plane Im w, > 0 in the w,-plane. This function maps —oo to 0, and maps 
oo to oo. 

(2) In problem 3 in the previous Section 8.1, we found the mapping of 
the upper half-plane onto D which maps 0 to —oo and oo to co—see formula 
(9.58) in Answers. We rewrite this result in accordance with the notations of 
the current problem: 


ho [. t—1ia t+1 w, +a? Me 
= == l l t= | ——— ‘ 
a=) "2 (jalog [= + log 5), (S25 


Thus, the composition 


w= fw) = n(e™/") 


maps the strip onto D and satisfies (8.27). To find the parametric equations 
we just write u+iC for w, where 0 < C < H: 


ho f....t—ta t+1 em(utiC)/H 4 g2\ 1/2 
z= g(u,C) = - (iatox = log). t= (Saar 


Dotted lines in Fig. 80 indicate equipotentials. Another example of a similar 
kind will be given later—see Example 8.16 in Section 8.4. 


Problems 


1. Derive the formula (8.23) directly using the formula (8.2) for the Schwarz- 
Christoffel transformation. 


2. Find the complex potential and equations for streamlines and for equipo- 
tentials of the flow with infinite flux around a corner in the quadrant D = 
{z=a+iy:x2>0, y>O}. 


3. Find the complex potential and implicit equations for streamlines of the 
flow around a semicircular obstruction of radius R; we replace the vertical 
obstacle in Fig. 77a by the semicircle of radius R centered at the origin. 
Assume that the velocity vector V(z) approaches a fixed horizontal constant 
vector Veo with |Voo| = Voo as |z| > 00. 


4. (i) Find the complex potential f(z) of the flow with total flux H in the 
upper half-plane Im z > 0 cut along the vertical ray {z = re’™/? : r > 1}. You 
may use the result of problem 6(i) in Section 8.1. 


(ii) Find the velocity vector V(z) of the flow at z =iy,0<y< 1. 
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8.3 Sources and Sinks. Flow around Obstacles 


8.3.1 Sources and sinks 


Recall that the flux of a vector field V = X +7Y through a curve I is defined 
by the formula = X dy—Y dz—see Section 8.2.1. We say that a point zp is an 
isolated sourse of strength N, if for every sufficiently small contour T enclosing 
zo, the flux through I equals N. If we interpret V as a flow of fluid, it means 
that the point z) produces N units of fluid in a unit of time. 


Let us consider the vector field gen- 
erated by a single source of strength 
N.* We may assume that the source is 
located at the origin. In this case the 
direction of the vector V(z) coincides 
with the direction of the vector Oz for 
every z # 0, and |V| depends only on 
r = |z|—see Fig. 81. Hence, V has the 
form V = ¢(r)z, where ¢(r) is a pos- 
itive function of r. From the equality 
(5.3) with u = X, v = —Y, we see 
that 


Fig. 81 


Flux through [ = | X dy-—Ydzr= im [ V(z) dz. (8.28) 
cr r 


For the source at the origin with strength N, the flux through any closed 
curve enclosing the origin equals N. Hence, we may take a circle |z| = r, 
r > 0, as I. We parametrize it in the standard way: z = re’’, 0 < t < 27; then 
dz = ire’ dt. From (8.28) we have 


N=Im [ V@az=1m f oryzae 
20 


(8.29) 
=In b(r)re—“*ire” dt = o(r)r?2n. 
0 
Therefore, ¢(r) = N/(2mr?), and we have 
N yo» i. oO N 
be ae Ine Qn zz om zz’ C= 5, 880) 


4Recall that our plane vector field is a cross-section of a three-dimensional vector field 
whose vectors are parallel to the same plane. In three dimensions, we must think of the 
source as a line that is perpendicular to the plane and such that the entire line produces 
fluid evenly in all radial directions. 
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Now we may find the complex potential f(z). Since f’(z) = V, we obtain the 
equalities 


f(ixj=—, f(z) =Qlogz = QIn|z| + iQ arg z (8.31) 


(we drop an additive constant). Therefore, the complex potential is a multi- 
valued function. The equipotentials u = Qn |z| = C, that is |z| = c > 0, and 
streamlines v = Q arg z = C are shown in Fig. 81. Obviously, if a source is at 
the point zo, the complex potential is f(z) = Q log(z — 20). 

If N and Q are negative, that is if a point absorbs || units of fluid in a unit 
of time, we say that the point is a sink of strength |N|. The equipotentials and 
streamlines are the same curves as in Fig. 81, just with the opposite direction 
of flow. 


8.3.2 Vortices 


Recall that the circulation of a vector 
field V = X+7Y around a contour I is 
defined by the formula f,, X dx +Y dy. 
We say that zp is an isolated vortex 
point of V of strength x, if for every suf- 
ficiently small contour [ enclosing 20, 
the circulation along [' equals «. Let us 
consider the vector field generated by 
a single vortex of strength « located at 
the origin. In this case the vectors V(z) 
are tangent to circles centered at 0, the 
moduli |V(z)| depend only on r = |z|, 
that is V(z) = id(r)z, and a circula- 
tion of V around any contour enclosing 
0 equals «. In Fig. 82 the directions of 
streamlines are shown for k > 0. Note 
that the complex potential cannot be 
analytic at the source, sinks, 


and vortex points since the corresponding integrals over I are not equal to 0. 
In the same way as for sources, we may show that the vector field V and its 
complex potential f(z) are defined by the formulas (see problem 1) 
ie 
n= Re | V@az, Vee. Fal =" logs, (8.32) 
r 27 Zz 27 
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We say that 0 is a vortex-source point 
of a vector field V if it’s a vortex point 
and a source at the same time. In this 
case the complex potential of V is 
N — 1k 
= log z; 
f(z) 5, 1082: 


the equipotentials and streamlines are 
spirals — see Fig. 83. Equations of the 
spirals are derived in problem 2. There- 
fore, if we interpret an analytic func- 
tion as a complex potential of a vector 
field, then we may interpret isolated 
logarithmic branch points as vortex- 
source points. 


Fig. 83 


Example 8.8 Suppose that z = 1 is a source and z = —1 is a sink of the 
same strength N. Find equations for equipotentials and streamlines for the 
system. 


Solution The vector field of the system is the sum of the vector fields 


of the source and the sink. Hence, the complex potential is the sum of the 
N 


corresponding complex potentials for these points. Setting Q@ = 5, we get 
z—-—1 
f(2) = Qlog(z — 1) ~ Qlog(2 + 1) = Qlog —S = u+ iv, 
z—1 z—-—1 
os I ° @are 1 


Here we may take any branch of logarithm because an additive constant is 
unimportant. The equations u = const for equipotentials and v = const for 
streamlines are equivalent to 

z—l1 | z—1 


rel =c, c>0, and rae aes 


Consider. the Mobius transformation 


p=7 ;- In the €-plane the lines |¢| = 
z 
c, c > 0, are circles, and argé = C are 
a 
rays. The inverse function z = a 


also is a Mobius transformation, and 
according to Theorem 4.4, it maps cir- 
cles onto circles or lines, and maps 
rays onto arcs of circles or rays. There- 
fore, equipotentials are either circles or 
lines, and streamlines are either arcs of 
circles or rays—see Fig. 84. 
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Let w = g(z) be a conformal mapping of a domain D in the z-plane onto 
a domain G in the w-plane, and let f(w) be a complex potential of a vector 
field Vg in G. Then the function fi(z) = f(g(z)) is a complex potential in the 
z-plane. The corresponding vector field Vp(z) is defined from the equalities 


Vo(2) = fil2) = 3g 9'(2) = Val9(z))9"(2). 


Suppose now that wo € G is a source of strength N, and z = g~'(wo). Let 
T be a contour enclosing zg. The function w = g(z) maps [ onto a contour + 
enclosing wo. Hence, 


im [ Vo) de=tm | Vo(ol=)g (2) dz = Im f Velw)aw = 


where we have used the substitution w = g(z), and applied (8.28).° Therefore, 
zg is a source of strength N. Thus, the preimage of a source is a source of 
the same strength. Obviously, the same arguments work when 2 is a sink. 
In the same way we may consider the inverse mapping z = g~‘(w) and see 
that under a conformal transformation, a source or sink at a given point 
corresponds to a source or sink of the same strength at the image of that 
point. The analogous statement holds for vortex points—see problem 3. Also 
this conclusion is valid if a source (sink) is located at the boundary of a 
domain. The proof is essentially the same; instead of a contour enclosing the 
point, we consider a curve with endpoints on the boundary of a domain on 
opposite sides of the point. 
We start with an example where a source is inside the domain. 


Example 8.9 A source of strength NV 
is located at the point ib, b > 0, of the 
upper half-plane D = {Imz > 0}. Find 
the complex potential and the corre- 
sponding vector field in D, derive the 
equations for streamlines and equipo- 
tentials, and draw some of these lines. 


Fig. 85 


Solution The problem is symmetric with respect to the imaginary axis — 
see Fig. 85. So, we may consider the domain D; = {z = x+iy:2>0, y> 0}, 
and a source of strength N/2 at the same point ib. The function w = g(z) = 2? 


5The substitution rule is justified exactly in the same way as for real-valued functions, 
because the chain rule and the Fundamental Theorem of Calculus are valid for analytic 
function; also one may prove it reducing a contour integral to the integral over an interval 
in the real axis. 
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maps D, onto the upper half-plane G in the w-plane. The image of ib is —b?. 
We use symmetry once again (now with respect to the u-axis in the w-plane) 
and see that the problem in the entire w-plane with the source of strength N 
and the problem in the upper half-plane G (and in the lower half-plane) with 
the source of strength N/2 are the same. Hence, the complex potential in G 
is 


N 
= —] - 
lw) = § log(w +0?) 
(see (8.31); we substitute w — wo = w — (—b?) instead of z); we may choose 


any branch of logarithm which is analytic in G. Thus, in D, we have 


N 
filz) = f(g(z)) = ae log(z? + 67). (8.33) 
The same formula is valid in the entire half-plane D. Now we may find the 
vector field: 


N z N Zz 
=>—:+ ———? V SS ee 
nm 22+ $2’ (2) nm 22+ 062 


In particular, we see that V(0) = 0, so z = 0 is a stagnation point; while 
V(z) ~ 0 as z > 0 and z > ~, and V(z) > w as z > ib. 
We find the streamlines from the equalities 


N N 
Im — log(z? + 6?) = — arg(z? +b?) =C. 
27 27 


Since C' is an arbitrary constant, we may incorporate into it the factor x. 
Taking into account that 

240 =(¢+iy? +P =e -y 4b? 4 iday, 
we may write the equations for streamlines in the equivalent form 


Im(2z? + 6?) 2ry 
t C = = 
Re(z2 +67) = 2? — y? +b?” ™ 


Kx? — Ky* —2cy+ Kb’? =0, 


where kK = tanC. When K = 0, we have equations of lines = 0, y = 0 (note 
that the line y = 0 is not in D); when K + 0, the streamlines are hyperbolas 
passing through the point ib—see Fig. 85. 

The equipotentials are possibly even more remarkable curves. Their equa- 
tions can be written in the following form: 


Relog(z? + 6?) = In|z? + 6?|=C, or 
|2? + b?| = |z—ib]-|z+ 2b] =c, e>0. 
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Therefore, equipotentials are the sets (or loci) of points such that the product 
of the distances to two fixed points, namely to +7), is constant. Such curves 
are called Cassini ovals®; in Fig. 85 you see the upper half of them. 


In fact any analogous problem with a single source (sink) at a point 2 
inside a simply connected unbounded domain D can be reduced to the problem 
in Example 8.9, if we find the conformal mapping w = g(z) of D onto the upper 
half-plane such that g(zo) = ib, b > 0, and g(oo) = oo. To obtain the complex 
potential, it’s sufficient just to replace z by g(z) in (8.33). 

This approach works also for bounded domains D, but there must be a sink 
of the same strength at a boundary point &) of D, and such that g(&) = oo. 
Now we consider an example with a te 
source at the boundary of a domain. 


Example 8.10 _ A source of strength 
N is located at the point h + id of the h+id 
semi-infinite strip D = {z = a+ iy: 
—-h<a<h,0<y< oh}—see Fig. 86. 
Find the equations for streamlines and 
the limit V(co) of the velocity of the ap 
flow as z > oo. i 3 s 
Fig. 86 


Solution In the problem 3, Section 8.1, we found the conformal mapping 
of the upper half-plane onto the semi-infinite strip such that f(oo) = oo. In 
the context of the current problem, taking the half-strip D to be in the z- 
plane, and the half-plane G in the w-plane, the mapping is z = = sin w. 
Therefore, the mapping of D onto G is given by the formula 

TZ 


w = g(z) =sin Oh 


The image of the source zo = h + id is 


. w(h+id) _ (an ind ind 
a = sin TEND sin (F + 2) = cos 

1 (erd/(2h) 4 @-7d/(2h)) — cosh ™ 

2 2h 


6 Cassini ovals are named after the Italian astronomer Giovanni Domenico Cassini (1625— 
1712) who studied them in 1680. You may find more details in Wikipedia. 
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—see (4.33). The complex potential in the half-plane G is 


f(w) = ~ Log (w — cosh a). (8.34) 


we may choose any branch of logarithm which is analytic in G. Here we use 


again (8.31), but write ~ instead of 4 because whole fluid is coming into 


the upper half-plane; so, the equivalent source in the whole plane has double 
strength 2N. Hence, the complex potential of the vector field in D is equal to 


N _ tz ad 
fiz) = f(g(z)) = a Log (sin ae cosh x) “ 
The streamlines have the implicit equations 


N d 
Im f(z) = — Arg (sin — cosh x) ie. 


Let us find V(co). We have 


—~ N TZ nd\~* 
VQefie= = (sin a, cosh sr) 5p 08 ap" 


It’s easy to see that, as z — oo within D, we have Im  — oo, 


bt a TZ 
_ Fz sin a cos 24 1 
e '2h — oo, on oD ne 
eth 2 ett, 2 


TZ ——_— 
Now we divide cos 37 and (sin 3% — cosh 3#) by e2h in the equality for V(z) 


and pass to the limit: 


Vie... Hh. Vee V(co) = 


Z—oo within D Qhi’ 


In particular, it means that the velocity becomes more and more uniform, 
and streamlines are almost vertical as the distance from the source tends to 
infinity. Note that if we accept this intuitively obvious fact without proof, the 
limit can be found even without computation. Indeed, the source generates N 
units of fluid per a unit of time. Hence, the total flux through a cross-section 
of the strip perpendicular to streamlines is N. Since the width of the strip is 
2h, the magnitude of the velocity must be approximately N/(2h). 
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8.3.3 Flow around obsta- 
cles 


We now consider the flow around 
an object bounded by a piece-wise 
smooth closed Jordan curve [—see 
Fig. 87. In 3D the object is an in- 
finite cylinder, and our plane is a 
cross section of the flow perpen- 
dicular to the cylinder. Let D be 
the unbounded domain in C exte- 
rior to [. Thus, oo is a point witha 
punctured neighborhood in D. Re- 
call that a neighborhood of co is a 
set {|z| > R}, that is the exterior 
of a disk. 


Fig. 87 


We make the following assumptions regarding the vector field V: 

(a) V is potential and solenoidal in every simply connected subdomain of 
D. 

(b) The limit of V(z) as z > co exists, that is the flow is almost uniform 
at a great distance from the object; this limit is denoted by Vy. 

(c) The curve T is a part of a streamline of the flow; in other words, the 
fluid flows around [. 

(d) The circulation around any contour 7 containing I in its interior, is a 
given value «, that is 


/ Xdz+Y dy= Re | V(z) dz =k. (8.35) 
y 7 


The first equality follows from (5.3); and note that if T is outside y, then, 
according to (a), the first integral in (8.35) equals zero. But this is not nec- 
essarily so if I’ is inside y. In this case (a) implies only that the circulation is 
the same around any contour enclosing [—see problem 4. 

The complex potential is defined in the same way as before. It is a single- 
valued analytic function in any simply connected subdomain of D, but now 
it is not necessarily single-valued in D. We prove that under the assumptions 
(a)—(d), there is R > 0 such that the complex potential, up to an additive 
constant, can be written 


C_2 C_3 
D2 or 


w= f(z)=Voz4 ~— log z (a) >A, (8.36) 
where the coefficients c_2,c_3,... are uniquely determined. Hence, the vector 
field satisfying (a)—(d), is unique. We give a proof of this statement because 
it is a nice example of the usefulness, for important applied problems, of the 
theory developed in the preceding sections. Also, the proof brings out more 
properties of f(z). 


Sources and Sinks. Flow around Obstacles 245 


Proof. From the equality f’(z) = V(z) we see that f’(z) is single-valued in D, 
and according to (b), there is a limit lim, f’(z) = Veo. Hence zo = co isa 
removable singularity of f’(z), and by Theorem 7.11, the Laurent expansion 
of f’(z) about infinity has the form 

= C_1 C€_9 C_3 


f'(2) = Voo 4 + wks (8.37) 


23 


From this equality we get 
| f' (2) dz = 2ric_1 
- 


for any contour y enclosing I’. On the other hand, from (8.29) and (8.35) we 
see that 


[ f@Qa= [VE =n tin, 


where JN is the flow through y. Since sources and sinks are absent, N = 0 
and therefore c_; = «/(27i). Then integrating both sides of (8.37), we obtain 
(8.36). 

Let us prove that the coefficients c_2,c_3,... are uniquely determined. 
The function f(z) maps streamlines onto horizontal lines. Since T is a part 
of a streamline (assumption (c)), the image of I is a horizontal interval, that 
is Im f(z) is constant when z € I. Let fi, fo be two complex potentials of 
vector fields satisfying (a)-(d), and let F = f; — fo. From (8.36) we obtain 
the equality (up to an additive constant) 


where d_, is the difference of the corresponding coefficients c_, for fy, fo. 
Therefore, F(z) is a single-valued analytic function in |z| > R, and hence in D. 
Thus, the function v(z) = Im F(z) is harmonic in D, and v(z) is constant for 
z €T. If the maximum or minimum value of v(z) is attained at a point inside 
D, then vu(z) is constant in D by Corollary 6.30. Suppose that such a value is 


attained at oo. Let w = 1. The function Fi(w) = F(4) = —d_sw—-S8w?-... 
is analytic in |w| < %. Hence, the function v1(w) = Im Fi(w) = v(+) is 
harmonic and attains its maximum or minimum value at wo = 0. Again 


by Corollary 6.30, v is constant. Finally, if both these values are taken on 
I, then again v(z) = C because its maximum and minimum values are the 
same. Thus, v(z) is constant in D, and by the Cauchy-Riemann equations, 
F(z) = filz) — fo(z) =C. Hence, fi(z) = fo(z) + C, and the uniqueness (up 
to an additive constant) is proved. 


Now we consider the important example. 


Example 8.11 Find the flow around a circular cylinder of radius R satisfy- 
ing the assumptions (a)—(d)—-see Fig. 88. 
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Solution Here D is the exterior of a disk of radius R, that is D = {|z| > R}, 
and [ is the circle |z| = R. Denote for simplicity |V.| = Vio. We start with 
the case when V.. is a positive real number, so that Voo = |Vool. 


We know that a complex potential f(z) 
maps I onto a horizontal interval, and 
f(~@) = oo. A mapping with such 
properties has already been considered 
in Section 4.4.4—this is the Zhukovsky 
transform w = $(z+ 4), which maps 
conformally the exterior of the unit 
disk onto the exterior of the interval 
[-1,1]. To map the exterior of a disk 
of radius R, we first map this disk onto 
the unit disk by the function 21 = z/R, 
and then apply the Zhukovsky trans- 
form w = $(z + ay obtaining w = 
Hit ®). 

Note that the function f(z) = k($+#) 
also maps the disk of radius R onto 
a horizontal interval for every real k, 
and therefore satisfies the condition 
(c). Since f’(z) = $ — &, we have 
fi(co) = k/R. So, the condition (c) 
will be fulfilled if ‘R= = Veo, that is 
Fig. 88 k = RV,., and 


1) =Vo(#+ #) 


But (d) does not yet hold, because 


[V@a= [ #@de=ve [ (1-F)ae=0 


for every closed curve y in D. To satisfy (d), we add ae fe circulatory 


stream 5® log z which also flows around the circle |z| = 


Veal? 
f(z) = Vc wo +O - log z. (8.38) 
Now all conditions (a)—(d) are Baten, Indeed, just like the Zhukovsky trans- 
form, any branch of the function 55; logz maps the circle |z| = R onto a 
horizontal interval, namely onto 


Iai 


5, (argz—iln R), 0) < arg z < 09 +27, 
7 
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and therefore (c) holds; (a),(b) are obvious, and (d) now holds since 


[V@u= [ eoa=ve f (2 a) aes mi faa* 


By the uniqueness (up to an additive constant) we established earlier, the 
function defined in (8.38) is the desired complex potential. Note that it has 
the form (8.36) with c_z = —V..R?, c_-3 =c_4=:::=0. 

The general case V., = Vooe’* can easily be reduced to the previous one 
by rotating the vector field by the angle —a. First we apply the mapping 
z, = ze’, and then the transform (8.38) with z, instead of z. We get 


: V5, R? ; 
f(z) = Vooze™*™ + agra log(ze~**) 
zee 201 (8.39) 
— ss VR? ; 
=Vooet S * log z na Veg = Vege: 
Zz 271 20 


the constant —5° may be dropped. For the vector field V(z) we have 


Ve fOHVa= 2 


22 


Qriz 
Let us find the stagnation points of the flow. The equality V(z) = 0 is 
equivalent to the quadratic equation 


Vaz t+ oz — VaR? =0 (8.40) 
201 


2 
K K 1 
= ale | 4 2 2 ———— 
ae ri I() Vol” | 


: (te + \/1672V2, R? — K?). 


~ AnVen 


with solutions 


If 167?V2 R? — Kk? > 0, that is |x| < 47V,,R, then a straightforward calcu- 
lation of the modulus shows that |z,| = |z2| = R. Therefore, both stagnation 
points are on the circle |z| = R—see Fig. 88 a; Fig. 88 illustrates the case 
when a = 0 and « > 0. At 2; the streamline bifurcates in two; one part flows 
along the upper arc of the circle, and the other along the lower arc. At z2 these 
two streamlines merge again. In the case « = 0 when circulation is absent, 
21, Z2 are located at the endpoints of the diameter of I. When « increases, the 
points 21,22 approach each other, and when kt = 47V.,R, these two points 
coincide—Fig. 88 b. For k > 47V,,R, there is the only one stagnation point 
with |z;| > R—Fig. 88 c. 
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Suppose now that T is an arbitrary piece-wise smooth closed Jordan curve 
(a cross section of an infinite cylinder). To find the flow over I satisfying the 
conditions (a)—(d), we reduce the problem to the previous one. Let 2; = g(z) 
be the conformal mapping of the exterior D of I onto the exterior of the unit 
circle |w| = 1 such that 


g(oo) =0co, Argg’(oo) =0, where g’(oo) = lim g'(z) > 0. (8.41) 
Such a function g(z) is unique. According to (8.39), for any complex number 
A the function 


_ A 
f (21) = Az = a = log 21 
zy 2m 


is a complex potential of a vector field around the circle |z1| = 1 with f’(0o) = 
A. Hence, the composition fi(z) = f(g(z)) is a complex potential of a flow 
around IT. To find A, we use the condition (b) which is equivalent to the 


equality f{(0o) = Voc. By the chain rule we have 


Voc = fi(co) = f'(co)g'(co) = Eg'(co), thatis A= (8.42) 
g' (00) 
(note that according to (8.41), g’(oo) is real). Therefore, 
Veo Ves K 
We find the corresponding vector field V(z) in D from the equality 
Veo Voog' (2), Kg'(2) 

V(z)=fi(z)= (iz - : 8.44 
A) Tee) ~ Giloo)g2(2) * arig(ay OMY 


It’s easy to verify directly that V satisfies all conditions (a)—(d) (problem 5). 
Therefore, f(z) is the desired complex potential. 


Example 8.12 Find the complex po- 
tential and the stagnation points of the 
flow around the interval [—h, hl], if the 
velocity at infinity is Vo = Vooe’®, 
0<a<q, and the circulation k = 0O— 
see Fig. 89. 


Solution We know that the Zhukovsky function maps the exterior and the 
interior of the unit disk conformally onto the exterior of the interval [—1, 1], 
and both these mappings are one-to-one. Let D be the exterior of the interval 
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[—h, h]. Thus, to find the conformal mapping w = g(z) of D onto the exterior 
of the unit circle |w| = 1, we need two steps: 

1. Map D onto the exterior of [—1,1] by the function z, = z/h. 

2. Map the exterior of [—1, 1] in the z,-plane onto the exterior of the unit 
circle |w| = 1 by the corresponding branch of the function which is inverse to 
the Zhukovsky function z; = $(w + +). 

The last equality is equivalent to the equality w? — 2z,w +1 = 0. Solving 
this quadratic equation for w, we have w = 21 + \/z7 — 1. So, 


w= g(z) =< (24 2-1), 
We define a branch of the square root function by taking 
arg(z” — h?) = Arg(z — h) + Arg(z +h); 
then 


V2 — h? = exp (5 log(z? — n?)) 


is single-valued and continuous in D (why?’), and hence the function g(z) is 
single-valued and continuous in D. Since g(2h) > 1, the function g(z) maps 
D onto the exterior (but not onto the interior!) of the unit circle. Hence, our 
choice of the branch of the square root is correct. 

Now we evaluate 


: “i i 1 z _ 2 
ad vie a 
Therefore, g(z) satisfies (8.41), and (8.43) yields the complex potential: 


Vv h? 
z)= z+ 2? n?) se i Veg Vos’ 
fil) = ( Se 


We can simplify this expression essentially using the identity 
(2 + V22- n?) (2 —V22- 1?) =h?, that is 


Zz 22 — h?2. 


We have 


=Vs5 (zcosa i z2 — h? sina) . 


7To prove this property show that for every real « < —h, the limit limz, Vz? — h? = 
—V/x? — h?; it is the same as z approaches x from the upper of from the lower half-plane. 
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The vector field is defined by the equality 

= : 1Z : 

V(z) = fi (2) = Voo | cosa — ————= sina). 
To find the stagnation points of the flow we have to solve the equation V(z) = 


0, that is Vz? — h? cosa = izsina. Squaring both parts of this equality, we 
have 


(2” — h?) cos? a = —z* sin?a, z?(sin? a + cos? a) = h? cos” a. 


2 


Therefore, z2 = h? cos?a, and z = +thcosa. From Fig. 89 we see that the 
stagnation point on the upper side of the interval [—h,h] is hcosa, and on 
the lower side —hcos a. 


8.3.4 The Zhukovsky airfoils 


Let y be a circle with radius R centered 
at 29, which intersects the x-axis at the 
point a > 0 and contains the point —a 
in its interior—see Fig. 90. Let Tbe the 
image of 7 under the mapping 


Fig. 90 


Let us show that I has a cusp at the point w = a. The unit tangent vector to 
T at w =a is given by the limit 


When z approaches a along y from the opposite sides, the limits of the argu- 
ments of (z—a) differ by 7; hence, the limits of the arguments of (z—a)? differ 
by 27. This means that the unit tangent vectors to the “upper” and “lower” 
sides of [ at w = a coincide. Therefore, I’ forms a sharp cusp at a—see Fig. 91. 

The curve [ is called the Zhukousky airfoil. It resembles the cross-section 
of a wing, and Zhukovsky first investigated this class of curves to develop 
methods for calculating the wing of an aircraft. We will derive the formula for 
the lifting force in the subsequent sections. 
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To imagine the shape of Zhukovsky air- 
foils, it is useful to consider the auxil- 
iary circle 71, which is centered at a 
point ih, h > 0, of the imaginary axis 
and is tangent to y at a (drawn by the 
dotted line in Fig. 90). Let r be the ra- 
dius of 7. The function ¢(z) maps this 
circle onto the arc of the circle of radius 
R=& centered at i74—" (drawn by 
the dotted line in Fig. 91). The arc has 
endpoints at +a and passes through th 
— see problem 6. We denote this arc by 
A. It has the same unit tangent vector 
ataasT. 


Therefore, the shape of a Zhukovsky airfoil depends on three real param- 
eters: a characterizes width of a wing, h characterizes its curvature, and the 
distance |zo —ih| = R—r between centers of the circles y and 7 characterizes 
its thickness. 

The important property of ¢(z) is that ¢ conformally maps the exterior 
of the circle y onto the exterior of the airfoil T. To this end we note, that the 
conformality of ¢(z) at every point z 4 0 and z 4 +a is obvious® because 
@(z) is differentiable and ¢'(z) 4 0. The next step is to prove that ¢(z) is 
one-to-one outside y. In fact a stronger statement holds: in problems 7 and 8 
we prove that ¢ maps the exterior of 7 (and also the interior of 7) bijectively 
onto the exterior of A. 

Now we are ready to prove that $(z) conformally maps the exterior of 
y onto the exterior of T. We will start from the result of problem 8, that ¢ 
conformally maps the exterior of 7; onto the exterior of A; so here we need 
to show only that the domain and range of ¢ are as desired. Denote by FE 
the exterior of y, and by D the exterior of [. First we show that ¢(z) € D 
for every z € E. Suppose that this statement is incorrect. Then there exists a 
point 21 € F such that ¢(21) ¢ D, that is $(z1) is inside T. Since ¢(co) = ov, 
there is a point z2 € EF such that wo = ¢(z2) € D. Consider a curve 7 lying in 
E with endpoints 21, z. Its image $(72) is a continuous curve with endpoints 
W1,W2 which are on opposite sides of . Hence, yz intersects [ at some point 
w3. The preimage z3 of wz is a point in yz, and z3 € y. Hence, 72 does not lie 
in F, and we come to a contradiction. Essentially the same arguments show 
that d~'(w) € E for every w € D (just consider ¢~! instead of ¢). 


Example 8.13 Let [ be a Zhukovsky airfoil with given zp and a, and let D 
be the exterior of [. Suppose that V is the vector field which is 


1. potential and solenoidal in every simply connected subdomain of D, 


2. limz 400 V(z) = Voo, where Vo = Voce’ is given, 


8In fact ¢ is conformal at z = 0 and z = oo as well. 


252 Applications 


3. V flows around I (that is T is a streamline of the flow), and 
4. the streamlines over the upper and the lower parts of merge at a. 


See Fig. 91; this is an approximate model of a physical flow, when whirls at a 
and other effects are not taken into account. 
Find the complex potential and the circulation k. 


Notice that this problem is inverse in a certain sense to the problem con- 
sidered in Example 8.12, where & was given and the question was to find the 
stagnation points. 


Solution Let us find the conformal mapping w = g(z) of the exterior D 
of the airfoil T onto the exterior of the circle |w| = R. We assume that T is 
in the z-plane and the unit circle is in the w-plane, as in the formulas (8.43) 
and (8.44). It was proved earlier that the function z = $(z1+ ) conformally 
maps the exterior and the interior of the circle y = {|z1 — zo| = R} in the 
z,-plane onto D. 

1. First we map D onto the exterior of y by the branch of the function 
which is inverse to the function z = $(z + a) and which conformally maps 
D onto the exterior (not interior!) of y. To find z; from the last equality, we 
solve the quadratic equation 27 — 22,z + a? =0 for 2 and get 

z4=2z2t+V22-a?. 
We select the branch of the square root as in the previous example. Namely, 
we define 
arg(z? — a”) = Arg(z — a) + Arg(z +a) 


and 


il 
V 2? — a? = exp (5 log(z? — )) : 


We may plug a test point z = 2a and verify that z; = a(2 + V3) is outside y 
indeed. 

2. The next step is to map y onto the circle |w| = R. It can be done easily 
by the translation w = z, — zg. Therefore, 


w= g(z)=2z-am4+V22-a?. 


It’s not difficult to see that g’(co) = 2. To find «, we again reduce the problem 
to the case of the flow around the circle |w| = R. The function w = g(z) carries 
the streamlines around T onto the streamlines of the vector field around the 
circle whose velocity at infinity equals V./g'(co) = Woo/2—see (8.42). The 
point a on T goes to the point g(a) = a— Zo on the circle |w| = R. Therefore, 
we have to find & under condition that the streamlines over the circle merge 
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at the point a — zo. This is a stagnation point on the circle. Hence we may 
use the equality (8.40) with V../2 instead of V.. and z = a— 2p: 


1 s—— K 
= (Vala — 2)? + ~; (a — 2%) - VooR?) = 0, 


2 
Vek = 
K= Tt ( a Voo(a 0) : 


a— 20 


We may simplify this expression using the elementary formulas 
R? = |a — zo|? = (a — 2) (a — 20), 
Vxo(a— 2) = Vc(a — 20), and z—Z = 2iImz 
for every z € C. We get 
K= 71 (Vo0(a = 20) = Voc (a = 20)) = —27Im (Vuc(a=2)) ; 


We can also write & in terms of the angles a, the angle of the predominant 
flow, and 0 = Arg (a — 29): 


kK = —2nV..Rsin(a— 6), a—z = Re’. (8.46) 


Now we may find the complex potential from the equality (8.43). 

In conclusion we remark that we cannot find « directly from (8.44), by in 
plugging z = a and setting the right hand side to zero, because g/(a) = oo. 
Moreover, one can prove in general that in (8.44) the limit of V(z) as z > a 
is never 0. 


8.3.5 Lifting force 


In this section we find the force exerted by a vector field on a unit length of 
a cross section of an infinite cylinder. The sum of these forces over the whole 
cross section is called a lifting force, although the force is not necessarily 
vertical. As before, we assume that the vector field V = V(z) satisfies the 
assumptions (a)—(d) in Section 8.3.3. 

Let P = P(z) be a pressure at a point z of the flow V(z), and let p be the 
(uniform) density of the fluid. Bernoulli’s Law® states that 


P(2) =C- 5plV(a)P, (8.47) 


where C’ is some constant (we do not take the gravitational force into ac- 
count).1° 


®Daniel Bernoulli (1700-1782) was a Swiss mathematician and physicist. 
10For a derivation of Bernoulli’s Law, see for example the book by S. D. Fisher [4], p. 251. 
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We consider a cross section I perpen- 
dicular to the cylinder. We assume that 
T is piece-wise smooth, and we consider 
an element dz of T at a point z where [ 
is smooth. Since the pressure acting on 
dz is normal to [ and directed toward 
its interior (Fig. 92), the force acting 
on dz is 


Fig. 92 


1 
P(z) dz =iC dz — iselV(2)I dz. 


Hence, the total force F acting on T is given by the integral 


P= [ iPwdz=ic [ dz — ize [ |V (2)? dz. 
1 r 2° Jr 


Since [, dz = 0 (why?), we get 


Pe -ise [ [V(2)|? de. (8.48) 


It is convenient to express F via the complex potential f(z). Let V(z) = 
|V(z)|e*®. Since T is a streamline, the vector V(z) is tangent to I’. Hence, 
6 = arg V(z) = arg (dz), and V(z) = f’(z), z € T. Therefore, 


[Vi(z)| = Vizje-* = fi(zje-®, dz =|dzle”, dz=|dzle? 
From (8.48) we have 


B= —i5p | (F@)Pe™e ae 


ran 


=-i50 | POPE =i50 [ropa 


and we obtain the formula!! 


rs ise [ F'@)? dz. (8.49) 
2° Jr 
Instead of [ we may integrate over any piece-wise smooth curve surrounding 
l, since (f’(z))? is analytic outside I. 
Now it’s easy to obtain a formula for F in terms of the circulation «. Let 
|z| =r be a circle surrounding [’. Applying (8.36) and (8.49) we get 


—_ all ECi29 E38 2 
F=i- Vic ...}d 
ise | (Ve Sra a ) ‘ 
Al Weak f a 1 2Ve5 
r 


= = a) = Vas 
“or 271 z ‘oP 271 a a 


11This formula was obtained by Russian mechanic and mathematician S. A. Chaplygin 
in 1910, and by German physicist P. R. Blasius in 1911. 
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because the integrals of other terms are zero. Finally, 
F = —ipkVo. (8.50) 


This is the celebrated Kutta-Zhukousky theorem.'? According to this theorem, 
the magnitude of the force exerted on T equals px|V |; the force is perpendic- 
ular to Vo, and its direction is obtained by rotating the vector V. through 
90° counterclockwise if « < 0, and clockwise if k > 0. In other words, Vx is 
rotating in the direction opposite to the circulation around T. For example, 
if a = 0, that is the wind is horizontal and directed to the right, and k < 0, 
then F will be directed upward. 


Example 8.14 Let T be the Zhukovsky airfoil considered in Example 8.13; 
we use the notation from that Section 8.3.4. We have proved that in this case 
kK = —27V,.Rsin(a — 6) 

(equation (8.46)). Hence, 
F = i297VRsin(a—0)Veo, Voo = Vol’. 


So, the magnitude of the lifting force is 2o7V2, Rsin(a — 0). If the wind is 
horizontal and directed to the right, then the lifting force is directed upward. 


Problems 


1. Prove the formulas (8.32) for the vector field with vortex of strength « at 
the origin. 


2. Suppose that the origin is a vortex point of strength « 4 0 and a source of 
strength N 4 0 at the same time. 


(i) Derive equations of the equipotentials and streamlines in polar coordi- 
nates. 


(ii) Determine how the signs of « and N affect the streamlines, that is 
when the streamlines spiral into the origin clockwise, and when they spiral 
counterclockwise. 


3. Prove that under a conformal transformation, a vortex point corresponds 
to a vortex point of the same strength. 


4. Let D be the domain exterior to a closed Jordan curve I’, and let a vector 
field V be potential and solenoidal in every simply connected subdomain of 
D. Prove that the circulation around any contour enclosing T is the same. 


12M W Kutta (1867-1944) was a German mathematician. 
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5. Suppose that I is an arbitrary piecewise smooth closed Jordan curve and 
w = g(z) is the conformal mapping of the exterior of I onto the exterior of 
the unit circle |w| = 1 satisfying (8.41). Verify that the vector field defined by 
the equality (8.44), satisfies all conditions (a)—(d). 


6. Prove that the function ¢(z) = $(z+ a) maps a circle y; of radius r, 
centered at a point 7h, h > 0, and passing through +a, onto the arc of the 
circle of radius R = ual centered at 1H = a, The arc has endpoints at 
ta and lies in the upper half-plane. 


7. Let G. be the exterior and G; be the interior of 7,; we also use the notation 
of Section 8.3.4. Prove that if (21) = ¢(22), 21 # Za, then z, € G. if and only 
if ZZ €E G;. 


8. In the notation of Section 8.3.4 and Problem 7, prove that ¢(z) maps the 
sets G., G; bijectively, and hence conformally, onto the exterior of the arc A. 


9. Consider again the air foil from Example 8.13. Suppose that V.. is fixed, 
and that the wind is horizontal and toward the right. Show that the lifting 
force depends only on Im Zo. 


10. A source of strength N is located at the point h, h > 0 on the side of the 
angle D = {z =a+iy:a2>0, y > 0}. Find the equations for streamlines 
and the limit V(oo) of the velocity of the flow as z > oo. 


11. A source of strength N is located at the point h, h > 0 on the side of 
the angle D = {z =a+iy:2>0, y> O}, and a sink of the same strength 
N is located at the point ih. Find the equations for streamlines and the limit 
V(co) of the velocity of the flow as z > oo. 


8.4 Other Interpretations of Vector Fields 


Fundamentally, the possibility of applying complex analysis to the problems 
of hydrodynamics arises because the vector field of velocities is potential and 
solenoidal outside obstacles, sources, and sinks. In this section we consider two 
more very important vector fields with such properties, namely the electric 
field and heat flow. 


8.4.1 Electrostatics 


An electric field E(z) is the force experienced by a unit positive charge 
at a point z in a given region. We assume that the electric field is inde- 
pendent of time (that is steady, or static), and is generated by charged 
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infinitely long cylindrical surfaces or wires which are ideal 
conductors. The charge they carry is uniform along any 
generatrix of the cylinder, the line whose movement forms 
its surface (Fig. 93). So, the vectors E(z) are orthogonal 
to a generatrix, and the electric field is the same in any 
plane perpendicular to the generatrix. Thus, again we have 
a plane vector field, making it possible to use the methods 
of complex analysis. 


We will make use of Coulomb’s Law according to which two particles of 
charges q; and qz2, exert a force on one another whose magnitude is 


F|=c"> 

where s is the distance between the particles. The force is directed along the 
line through the two points and is attractive if gq, and qz have opposite signs 
and repulsive if the signs of q; and q2 

are the same. The constant C’ depends H dh 

on the choice of units; we shall take 
C=1. 


Example 8.15 Find the electric field 
generated by an infinite wire perpen- 6 
dicular to the complex plane, passing Zo 
through a point zo and carrying a uni- z : 
form charge of A coulombs per unit | 
length—see Fig. 94. ; 

Fig. 94 


Solution Suppose that a unit charge is at the point z 4 zo. Fix a point H 
on the wire and consider an element dh of the wire (Fig. 94). This element 
carries a charge A dh, and according to Coulomb’s Law, the magnitude of the 
force between this element and the unit charge is 


Adh o A dh 

= 3 ae pet fy’ 
Since the force dE is directed — the line through z and H, the magnitude 
of its projection onto the z-plane equals 


r dh r Ar dh 
|dE| cos 0 = 2 = ®P4Rye 
Due to the symmetry about the plane, the total force E has zero vertical 
component. Hence, |E] is equal to the sum of the projections of |dE|. To 
evaluate the integral of the last expression, we use the substitution h = r tan 6, 
so that dh = rsec? 6d0, and r? + h? = r? sec? 0. We have 


%°  ordh r2sec26d0 = 7/? on 
E| = = =2 36d9 — <2. 
ye I. (r2 + h?) (r2 + h2)3/2 is  73sec3 0 =f 8 r 


|dE| = 
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Now we take into account the direction of E. Since the unit vector directed 
from zo to z is (z — z9)/r, we have 

a 2A #7 % _oy. zZ— Zo 2A 


r r (z — 20)(z — 20) Z— 


E 


Note that E coincides with the vector field for a source of strength 47\—see 
(8.30). 


The general static two-dimensional electric field has many properties which 
are similar to those of the fluid flow field. Let E(x, y) = E2(x,y) +1£,(z,y). 
In this case the general Maxwell equations have the form 


OB, 0s 
= 4 =0 8.51 
a (8.51) 
OE, OE, 
——— =4nrp. 8.52 
on ae (8.52) 
Here p is the charge density at a point z = (x,y), that is 
_ 4, QZ) 
AC oe eae 


where Q(z,1r) is the charge in a cylinder of unit high with the base of radius 
r centered at z. Thus, if a simply-connected domain D is charge-free, that is 
p(z) = 0 for every z € D, then E is potential and solenoidal in D, and (8.51), 
(8.52) are equivalent to the equalities 


| E, du + E, dy = 0, (8.53) 
T 


| —E, dx + E, dy = 0, (8.54) 
i 


respectively; here [is any closed contour in D. It’s interesting to note that 
(8.53) holds even for closed contours in multiply-connected domains, that is 
the circulation along any closed contour is zero (in contrast with the vector 
fields V in hydrodynamics). The following physical arguments explain this 
property. For any (not necessarily closed) curve I the integral ‘2 E, dz+E, dy 
is equal to the work of the force E to carry the charge along I’. Note that no 
additional energy required to maintain the steady electric field. If we assume 
that (8.53) does not hold, then traversing the closed curve [ more and more 
times, we get an infinite source of energy, that is perpetual motion! 

The equalities (8.53), (8.54) imply the existence of real functions u, v such 
that 


Ov Ov 
Ex ~ Ax? y Oy’ 
Be Ou E, = Ou 
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(we introduce the functions u,v in the way accepted in electrostatics, which is 
slightly different from those in Section 8.2; some explanation for the difference 
is given below). Since (8.53) holds even in multiply-connected domains, the 
potential v(x,y) of E is single-valued in any domain (in contrast with the 
vector field V); the function wu is single-valued in simply-connected domains, 
but might be multi-valued in multiply-connected ones. We see that 


Ou Ov Ou Ov 


Hence, u,v satisfy the Cauchy-Riemann equations, and therefore the function 


f(z) = ula, y) + iv(z, y) 


is analytic in D. It is called the complex potential of E. We get 


fi2e Fa in, = —H, — iE, = —i(E, —iEy) = —iE(z). 
Therefore, 
E(z) = —if’(z). (8.55) 
The vector (Ez, Ey) = ( — 3) is perpendicular to Vu = (%, a and Vu 


at a point (a, y) is the normal vector to the level curve u(x, y) = C through 
(x,y). Hence, the vector E = (E£,, E,) is a tangent vector to this curve. This 
is why the curves u(x, y) = C are called lines of force. The orthogonal curves 
v(x, y) = C are called equipotentials. 

The equipotentials in electrostatics are analogous to the flow lines in fluid 
flow, in that both correspond to the level curves u(x, y) = C. A more essential 
parallel is in their behavior around boundaries of the domain. Let a charged 
cylindrical conducting surface intersects the complex plane along the curve IT. 
Then T must be a part of an equipotential. Indeed, if the potential v(z, y) 
is not constant on I’, the field produces a movement of charges along [, and 
hence the field is not static. Thus, in electrostatics the equipotentials include 
the boundary of the conductor, analogous to the way the boundary of a domain 
is a flow line in hydrodynamics. 

The problem of finding complex potentials is essentially the same as those 
that we considered earlier. For example, instead of a flow in a curvilinear strip 
bounded by curves T;, ['2, considered in Section 8.2.2 (b), now we have a 
condenser with plates [;, [2 (more precisely, the condenser with cylindrical 
plates intersecting the complex plane along the curves T;, 2). Then we apply 
conformal mappings exactly as before. To determine the width H of the strip 
on which we map D, again we need the value v(z2)—v(21), where z; € T1, zo € 
I. In the flow problem this difference is the total flux; now it is a difference of 
potentials on T,, ['2. For example, if we interpret the channel in Example 8.7 
as a condenser—see Fig. 80, then the solid lines will be equipotentials, and 
the dotted lines will be the lines of force. 
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Let us consider one more example. 


Example 8.16 Find the electric 
field near the edges of a semi-infinite 
parallel-plate condenser, if the distance 
between plates is 2h, and potentials at 
the lower and upper plates are —V and 
V, respectively—see Fig. 95. 


Fig. 95 


Solution In this problem D is the complement of two rays—the plates of 
the condenser. The complex potential w = f(z) maps D onto the strip —V < 
Imw < V in such a way that the lower and upper plates of the condenser go to 
the lower and upper boundaries of the strip, respectively. As in Section 8.2.2, 
we find the inverse mapping z = f—'(w) of the strip onto D. Even a more 
general case has been already considered in Example 8.5, and the following 
result was obtained: the function 


h f{* 
z= - | (e§ +.1)% dé + th (8.56) 
T Sin 
maps the strip —7 < Imw, < 7 in the w)-plane onto the polygonal domain 
in the z-plane, shown in Fig. 71; here we use a different notation for the 
variables. The lower and the upper boundaries of the strip go to lower and 
upper boundaries of the polygonal domain, respectively. Our domain D is the 
special case when a = 1. To apply (8.56), we map our strip —V < Imw < V 
onto the strip —7 < Imw) < 7 by the function w; = Fw, and plug in a = 1: 


mw/V 
+ ih. 


UT 


mw/V 
we ~ | Cee Mf +8) 


Since additive constants might be dropped, we get 


2= fw) = = (ere/v + 7): 


Taking real and imaginary parts of both sides of this equality, we get two 
equations 


h Tu OT 
L= (er cos + ), 
T 


VoeoV 
h 
y= 2 (ew sin 4), 


z=H2+ly, w=ut+w. 
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If we fix v by setting v = C, then we obtain the parametric equations with 
parameter u for equipotentials (solid lines in Fig. 32); fixing u, we obtain the 
parametric equations with parameter v for force lines (dotted lines). 

To find the electric field E, we use (8.55). It’s convenient to write E via w: 


E (=) i 1 V 1 
= V => v7 => v7 => 1 na % 
ee) ee) ee 


When W tends to —oo inside the condenser, E tends to —iV/h (compare with 
the answer to problem 1). If W@ + +iV, that is W approaches the ends of the 
condenser, then e™/Y — —1, and E becomes infinitely large. 


8.4.2 Heat flow 


We briefly consider one more interpretation of vector fields and related an- 
alytic functions. Namely, we consider a steady (that is independent of time) 
distribution of temperature in a plane domain D. Let u = u(az,y) be a tem- 
perature at a point z = (a, y). It is well known that u satisfies the Laplace!* 
equation 

ui Ou 

aap taw = 0. 

Ox? Oy? 
Hence, u is harmonic in D. Let v be harmonically conjugate to u. If D is 
simply-connected, then v is single-valued. In multiply connected domains v 
might be mulivalued. The analytic function 


f(z) = ula, y) + tv(@, y) 


is called the complex potential. Let us clarify the physical meaning of v. Let k 
be the coefficient of thermal conductivity of the material. The vector 


Q = —-kVu 


is called the vector of heat flow; the minus sign appears because the heat flows 
from high temperatures to the lower ones. By a general property of gradients, 
Q(x, yo) is orthogonal to the isotherm u(#,y) = C passing through some 
point (xo, yo). Since the curves u(xz,y) = C and v(a,y) = C are orthogo- 
nal, Q(x, yo) is a tangent vector to the curve v(#,y) = C through the point 
(x0, yo). Therefore, v(a,y) = C are heat streamlines. If Q and dz are orthogo- 
nal at some point, then |Q| |dz| is the amount of heat flowing through dz per 
unit of time. If the angle between dz and Q is 0, this amount is 


Ou Ou Ov Ov 
in@ = d. k—dy=-—k dy }; 
|Q| |dz| sin @ Es xv y (= dx Dy v); 


13Pierre-Simon, marquis de Laplace (1749-1827) was a great French mathematician. 
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in the last equality we used the Cauchy-Riemann equations. Thus, for a curve 
y in D with endpoints 21, z2, the amount of heat flowing through y per unit 
time is 


et pe bf ae + Fay 
y OF Oy y OF Oy 
(8.57) 


oa / dv = k(v(z1) — v(z2)), 


which up to the multiplicative constant —k coincides with the first equality 
in (8.28). Moreover, 


Ou Ou Ou Ov ; 
Q= ($e + iS) = K(S ist) = kf'(z). 


So, there is a direct analogy between the fluid flow and the heat flow. 


Example 8.17 We may interpret the source-sink system in Example 8.8 
as a heat source and heat sink of strength N, located at the points 1 and —1 
respectively, and we consider the vector field Q instead of V. The complex 


potential in this case is 
N z+1 
= —— log —— 
P(2) 2Qrk °6 z—1 


—see problem 3. So the temperature u(z) = Re f(z) increases to oo as z 
approaches 1, and u(z) + —co as z —> —1. The solid lines in Fig. 84 indicate 
the heat streamlines, and the dotted lines are isotherms. 


We may consider analogs of other problems on fluid flow in the similar 
way. The analog of flux is the heat flow defined in (8.57). 


8.4.3. Remarks on boundary value problems 


The classical topic in the theory of partial differential equations is the following 
Dirichlet!4 problem: find a function that is harmonic in a domain D and has 
prescribed values along the boundary y of D. If y is continuous and piece- 
wise smooth, and the boundary values are piecewise continuous on 7, then 
the solution to the Dirichlet problem exists and unique. To show how useful 
conformal mappings are for this task, we start with a special case. 

Suppose that the boundary y consists of two parts 7, and 72, the temper- 
ature at each of these parts is constant and equals 7; and T>, respectively. We 
know that isotherms have equations u(z,y) = C. Thus, to find the complex 
potential w = f(z) of the heat flow in D, it is sufficient to find a conformal 
mapping of D onto the vertical strip T; < Rew < 75, and which maps 7, and 
7y2 onto the vertical lines Rew = T, and Rew = 7», respectively. Then the 
temperature u(x, y) in D equals Re f(z). 


14 Johann Peter Dirichlet (1805-1859) was a famous German mathematician. 
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Example 8.18 Find the temperature distribution in the upper half-plane D 
if the temperature at the boundary is u(x,0) = T, as x < 0, and u(x,0) = To 
asx >0,T, < To. 


Solution (1) The function w; = Logz maps D onto the horizontal strip 
0 < Imw, < 7 in the plane of variable w; = u, + v1; the image of the ray 
x > 0 is the line v; = 0, and the image of x < 0 is the line v; = 7. 

(2) The next step is to map the obtained strip onto the vertical strip 
T, < Rew < 7, w = u-+iv, in such a way that v; = 0 goes to u = 75, and 
v1 = 7 goes to u= 7. In turn, it requires several steps. 

(a) The thickness of our strip is 7, but we need the strip of thickness 
T> — T,. So we apply the mapping w2 = Phy, 

(b) To have a vertical strip with the boundary values T,, T>, we rotate the 
strip obtained in (a) by 7/2: w3 = twa. Now we have the strip —(T2 — T,) < 
Rew 3 < 0. 

(c) The last step is to translate the strip to the right by adding T>. Finally 
we have 


Th — T; 
w=utiv= f(z) =ht+i- * Log z 
To — T; To — T; 
=T> — i= * Arg z + i——— In |z. 
1 
=. fa Th 


Therefore, u(x, y) = To —+ Arg z. We see that isotherms u(x, y) = C are 
the rays emanating from the origin, and the heat streamlines u(x, y) = C' are 
the semicircles centered at the origin. 


What do we do if the boundary values are more complicated? We will not 
consider general methods of solving the problem in this book.!° But we shall 
show how conformal mappings may reduce a difficult problem to an easier 
one. We prove a simple but important fact. 


Theorem 8.19. Let w = g(z) be a conformal mapping of a domain D onto 
a domain G, and let H(w) be a harmonic function in G. Then the function 
H(g(z)) is harmonic in D. 


Proof. Choose a point z) € D, and let wo = g(zo). Denote by I a harmonic 
conjugate to H in some neighborhood U of wo. Then the function F(w) = 
H(w) +iI(w) is analytic in U. Hence, F'(g(z)) is analytic in a neighborhood 
of z because the superposition of analytic functions is analytic. Therefore, 
Re F(g(z)) = H(g(z)) is harmonic near zo. Since zo is any point in D, the 
function H(g(z)) is harmonic in D, as required to prove. 


Suppose now that we have to solve a Dirichlet problem for a harmonic 
function h(z) in a domain D with given boundary values on the boundary + 
of D. The mapping w = g(z) can be viewed as carrying those boundary values 


15The reader may find more details, for example, in the book by R. V. Churchill [2]. 
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to T of G, via H(w) = h(g~'(w)). Therefore, the Dirichlet problem for h in D 
becomes the corresponding Dirichlet problem for the harmonic function H in 
G. This problem in G may be easier than the initial one. After finding H(w) 
we have h(z) = H(g(z)). 

Note that the approach we used above for the special case of boundary 
values T,, Tz, may be viewed as a special case of this method when H(w) = 
Rew and the complex potential f equals g. 


Problems 


1. Find the complex potential and the electric field inside an infinite condenser 
with plates Imz = +7h, if the potentials at the lower and upper plates are 
—V and V, respectively. Sketch equipotentials and force lines. 


2. Suppose the boundary of the unit disk D consists of two conductors, insu- 
lated from each other at the points +1. The potentials at the lower and upper 
plates are 0 and V, respectively. Find the complex potential and the electric 
field inside the disk. 


3. Prove that if the origin is a heat source of strength N, then the complex 
potential f(z) equals 


N 
f= "ee log z, 


where & is the coefficient of thermal conductivity of the material. 


4. Find the complex potential of the heat flow and the temperature at any 
point (a, y) of the strip a < Imz < }, if the temperature at points of the lines 
Imz =a, Imz = b is constant and equals T, and Ty, respectively. Sketch the 
isotherms and heat streamlines. 


5. Find the complex potential of the heat flow and the temperature at any 
point (2, y) of the following domains D: 


(a) D is the upper half of the unit disk |z| < 1; the temperature at points 
of the diameter (—1,1) is 0, and at points of the upper semi-circle is T. 


(b) D is the sector 0 < Argz < 7/2; the temperature on sides Arg z = 0 
and Arg z = 7/2 equals 0 and T, respectively. 


6. Consider two parallel half-planes with distance 2h between them, as the 
plates of the condenser in Fig. 95. Suppose that the lower and the upper plates 
have temperature —T and 7’, respectively. Find the inverse of the complex 
potential. Sketch the isotherms and heat streamlines. 


9 


The Laplace Transform 


We will work with a certain class of functions f(t), of a real variable t, suf- 
ficiently wide for practical applications. We then introduce a rule by which 
each function of that class is associated to a unique function F'(p) of a com- 
plex variable p. This rule is called a transformation or operator, and F'(p) is 
called the transformation of the original function f(t). To each alteration of 
the original function there corresponds an alteration of the transform. What 
makes this correspondence useful is the crucial feature that operations carried 
out on the transforms tend to be simpler than the corresponding ones per- 
formed on the original functions. For example, differentiation of the original 
function corresponds to multiplication of the transform by the variable p, and 
integration to division by p. 

Suppose we have such a transformation. Then to solve a differential equa- 
tion for a function y(t), for example, we might use the following strategy. 


1. Instead of the original function y(t) consider its transform Y(p). 


2. Transform the differential equation, so that the operations of differentia- 
tion of y(t) become simpler operations on the transform Y (p): the original 
differential equation for y(t) becomes a linear algebraic equation for Y (p). 


3. Solve the algebraic equation, obtaining a transform Y (p). 


4. Restore the function y(t) those transform is Y(p), that is perform the 
inverse transformation from Y(p) to y(t). This function y(t) solves the 
given differential equation. 


Similar so-called symbolic calculus had been developed in the 19th century, 
in which taking the nth derivative of a function f(t) was regarded as applying 
the formal symbol p” to f (in the modern sense p is the argument of the 
transform F(p)). This approach proved to be quite convenient for solving 
problems associated with linear differential equations. The English engineer 
and physicist Oliver Heaviside (1850-1925) contributed to the development 
and popularization of this method, successfully applying symbolic calculus 
to problems in electromagnetism. But the rules for the symbolic operations 
remained without formal mathematical foundations until the work of a series 
of 20th century mathematicians established the necessary theory. 
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9.1 The Laplace Transform 


Let f(t) be a function of the real variable t, for all t € R; the values of f(t) 
may be either real or complex, although in our applications they will be real. 
The function f is said to be piecewise differentiable if, for every finite interval 
I, f fails to be differentiable at only finitely many points of J, and all its points 
of discontinuity are jumps (i.e. there are right and left limits of the function 
at these points). 

We now introduce a class of functions for which the transformation will be 
defined. We assume that the following three conditions are satisfied: 

(1) f(t) =0 when t < 0; 

(2) f is piecewise differentiable; 

(3) there exist real numbers M and o such that 


|f()| < Me” forall teR. (9.1) 


As arule, condition (1) does not limit the possibilities for applications. For 
example, f(t) might describe some physical process that starts at a particular 
moment t = 0, but then evolves into the indefinite future. In this case only 
the values of f(t) for t > 0 are significant; the values for t < 0 can be chosen 
arbitrary, in particular equal to zero. 

Condition (3) says that the growth of f is at most exponential, i.e. f(t) 
does not grow too fast as t > oo. In practice, this does not greatly limit the 
class of functions, since all the elementary functions we have seen in this book 
(for example, sint, cost, #”, e“’, and so on) satisfy this condition for t > 0. 
A function violating this condition would have super-exponential growth, like 
f(t)=e. 

Besides the function which is identically zero, the simplest member of this 
class of functions is the Heaviside function 


noe eon (9.2) 


1, t20. 


Like any bounded function, this satisfies condition (9.1) with o = 0. When 
the Heaviside function is multiplied into any other function ¢(t), the resulting 
function is identical to ¢ on t > 0, but identically zero on t < 0. Therefore if 
¢ fails to satisfy condition (1), but does satisfy conditions (2) and (3), then 
the function f(t) = h(t) ¢(t) will satisfy all three conditions. For example, 


A(t)sinwt, h(t)t", and h(t)e™ 


are all satisfy conditions (1)—(3). For simplicity we will usually omit the factor 
h(t), taking it as understood that when we are going to find the transformation 
of a function we redefine its values for negative t to be 0; so we will usually 
just write 1 instead of A(t), sinwt instead of h(t) sinwt, and so on. 
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The Heaviside function allows us to write the definition of functions defined 
by different formulas on different intervals (that is piecewise defined functions) 
in a more convenient form. Such functions appear in various applications. 

Let f(t) be a function on the interval t > 0, and let fi(t) be a “piece” 
of f(t) on the interval [a,b), a > 0, that is f,(t) = f(t) when ¢ € [a,b), and 
fi(t) = 0 otherwise. To set the value of f1(t) to zero for t < 0, we multiply 
f(t) by h(t — a). To get zero for t > 6, we can subtract from f(t) the values 
f(t) as t > b, that is subtract h(t — b) f(t). Thus, 


fi(t) = h(t — a) f(t) — h(t — b) f(t) = [A(t — a) — h(t — b)| FO). (9.3) 


Example 9.1 Using the Heaviside function, write down the piecewise defi- 
nition of the function 


0, OSt<2, 
f®)=<3t, 2<t<4, 
2, t>A4, 


in one line. 


Solution The function f(t) is the sum f(t) + fo(t), where fi(t) is the 
“piece” of the function f(t) = 3¢ on the interval [2,4), and f2(t) is the “piece” 
of the function f(t) = 2 on the interval [4, 00). For f2 we need not to subtract 
h(t — b) f(t). Applying (9.3) we have 


filt) = A(t — 2)3t — h(t — 4)3t; fo(t) = h(t — 4)2; 
f(t) = falt) + fo(t) = A(t — 2)3t — A(t — 4)3t + h(t — 4)2 
= h(t — 2)3t — A(t — 4)(3t — 2). 


If the function f satisfies the growth condition (9.1) for some M > 0 and 
01, then the condition will still be satisfied with that same M and any a > oj. 
On the other hand, if for some o2 condition (9.1) fails for any M > 0, then 
for all o < og the condition will still fail for any M > 0. Therefore the real 
number line is divided into two groups, forming the two rays (—oo,09) and 
(o9, 00): for any o in the first, the condition (9.1) fails for all M > 0, while for 
any o in the second, the condition is satisfied for some M > 0. The number 
00, which separates the two sets, is called the growth index or just the index 
of the function f. When o = go, condition (9.1) may or may not be satisfied, 
depending on the function. As examples: 

For the functions 1, sinwt, and coswt, the growth index is o9 = 0, and 
when o = 09 = 0 the condition is satisfied when M = 1. 

For t” with n > 0, the index is still o9 = 0. Indeed, for any o > 0, 

ae 


im 
too eft 
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and therefore condition (9.1) holds with some M > 0. But at o = 09 = 0 the 
condition fails for every M > 0, since |t"| > Me° when t > VM. 

We still need a few more definitions before getting to the transformation 
alluded to at the start of the chapter. Let ¢ be a piecewise continuous function 
defined for t > 0. Recall that the improper integral of ¢ over [0,00) is defined 
by 

oo R 

/ H(t) dt = lim f p(e) at, (9.4) 
R-0o 

0 0 


if the limit exists, in which case we say the integral converges and ¢ is integrable 
over [0, 00); if the limit does not exist, we say the integral diverges. We will 
say that ¢ is absolutely integrable over [0, co) if the integral of |¢| converges, 
i.e. if the limit 


love) R 
fowl ae= jim fore] ae (9.5) 
0 0 


exists (and is finite). 
The following theorem is analogous to Theorem 6.2 for convergence of 
series. 


Theorem 9.2. Jf a function is absolutely integrable over [0,00) then it is 
integrable over that set. 


Since we will not be using this theorem directly, we omit the proof; the 
reader can derive Theorem 9.2 from Theorem 6.2. As with Theorem 6.2, the 
converse is false: integrability does not imply absolute integrability. 

Now suppose that @ is a function which depends on both a real variable t 
and a complex variable p, that is ¢ = (t, p). If for some p the integral 


/ b(t, p) dt (9.6) 
0 


converges, we denote its value by F'(p). Thus, F is a function defined on the 
set of values of p for which the integral converges. 

Analogous to the concept of uniform convergence of a series, we say that 
the integral (9.6) converges uniformly on the domain D to the function F(p) 
if for any € > 0 there is some R, depending on e, for which 


R 
[olt.n) ae FID) <« 
0 

whenever R > R, and pe D. 


Uniform convergence is an essentially stronger condition than ordinary 
pointwise convergence: the difference is that in the definition, Re may depend 
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only on ¢, and not on p. So once again, uniform convergence of the integral 
implies convergence, but not conversely. 

Now finally we are ready to define our transformation of functions satisfy- 
ing the conditions (1)-—(3). 

The Laplace transformation of the function f(t) is a rule defined by the 
formula 


F(p) = / f(t)e-?* at, (9.7) 
0 


associating the function f(t) of the real variable t with the function F'(p) of 
the complex variable p. 

The function F(p) is defined on the set of those p for which the inte- 
gral (9.7) converges; it is called the Laplace transform, or just the transfor- 
mation of the function f(t). We denote this relationship between f and F’ 
by 

ft) 5 F(p) and F(p) = f(t). 

Notice that in the literature, the term “transform” is often used for both 
the mapping f(t) to F(p) and the function F(p). 

In this text we will look only at the Laplace transformation, but other 
transformations can be used in operational calculus. Heaviside considered the 
transformation F(p) = pF(p); others studied include the Mellin and Fourier 
transformations, which are useful for certain applications. But the Laplace 
transformation is the most common for applications we are going to consider. 


Theorem 9.3. If f(t) is a piecewise continuous function with growth index 9, 
then the integral (9.7) converges absolutely for all p in the half-plane Rep > oo; 
and it converges uniformly on every half-plane Rep > 0, where a, > 09. The 
function F(p) defined by formula (9.7) is analytic in the half-plane Rep > ao. 


Proof. Fix a real number oj > oo, and set 


Fi,(p) = i f(t)e-™ dt where n=1,2,.... 


n-1 


We will first show that for each n, the function F,,(p) is analytic on the entire 
complex plane of the variable p. Take any closed path [ lying in C; then 


n 


[ro a= | J toe dt a= f [wen dp} dt. (9.8) 
r -1 n T 


Ir n 4: 


The change of the order of integration in the last equality can be justified as 
follows. Suppose that p(t) = x(r) + iy(r) is a parametrization of [, where 
a<7< £. As we saw in Section 5.1, integrals along [ can be reduced to 
integrals with respect to the real variable 7; in which case the double integral 


is over the rectangle 
a<7T<B, n-1l<t<n. 
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You will recall from calculus that such a double integral over a rectangle in 
IR? can be taken in either order of the variables. 

Resuming from (9.8), since f(t) does not depend on p we may pull it out 
of the inner integral: 


[set dp= st) fem dp=o. 
T T 


where the last equality is by the Cauchy-Goursat’s Theorem 5.7. So we have 
now established that 


[ro dp=0 forall n=1,2,.... 
iv 


From the continuity of e~”' and the piecewise continuity of f(t), we can easily 
conclude that the functions F,(p) are also continuous on C. Therefore by 
Morera’s Theorem 5.26, all the F,,(p) are analytic on C. 

Since the growth index of f(t) equals oo and o1 > oo, we know that the 
inequality (9.1) is satisfied for some M. Let Rep =o > oj; then 


l=] f sew atl < f ls@lle™l at 
n—-1 n—-1 


<M [ae dt = M peor dt 
n—1 n—1 


n 


M 


O—-OdO,1 


<M olor-oyin-t) = g,, 


O—OdO,1 


elo o)t 


n—-1 


using a», to denote this upper bound of |F,(p)|. Note that these a, form a 
geometric sequence with ratio 


An+1 
an 


=e (-7) <1 


? 


so that the series }>°°_, an converges. Since |F;,(p)| < ay for all p in the half- 
plane Rep > 01, the series )>>~_, F,(p) converges absolutely and uniformly, 
by Weierstrass’ uniform convergence Theorem 6.5. Denote this sum by $(p); 
by Theorem 6.9, S(p) is analytic on the half-plane Rep > 01. 

Next we show that S(p) is equal to the function F'(p) defined in for- 
mula (9.7). Denote by 


Sn(p) = >> Fe(p) 
k=1 
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the partial sums of Sp); we know that these partial sums converge to S(p) 
on the half-plane. Also, 


Therefore 


implies that 


n—->co 


lim | f(t)e~?’ dt = S(p). 
| 


Now we prove that also 


R-0o 


R 
lim | f(t)e~”’ dt = S(p), 
l 


and that the convergence is uniform. Take any R > 1, and choose n so that 
n<R<n+1. Then 


R 


n R 
i f(t)e-P* dt — 5(p)| = i f(t)e-P! dt + i f(t)e-P* dt — 5(p) 
0 n 


0 


IA 


n R 
/ f(t)e"’ dt — S(p)| + / f(t)e~”! dt 
0 n 


R [oe) 
<|Su(v) - S@)|+ ff eP| dts Yo an tangs. 


k=n+1 


Let us denote this last expression by €,; note that this depends only on n, 
and not on p. Furthermore, €, — 0 as n > co. Therefore the integral 


F(p) = / Pltye- at 
0 


converges to Sp) uniformly on the domain Rep > o1. Thus, $(p) = F(p), 
which is analytic on the half-plane Rep > o,. 

Since our 01 > 00 was arbitrary, it now follows easily that F'(p) is in fact 
analytic on the half-plane Rep > oo. For any p’ with Rep’ > oo, we can 
always find some intermediate oj, i.e. such that Rep’ > o1 > og; and then 
the argument just given shows that F is analytic at p’. 
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Now let us calculate the Laplace transforms of some common functions. 
Recall our convention that these functions are considered to be identically 
zero for t < 0, or in other words that we always multiply these functions by 
the Heaviside function h(t) before calculating the Laplace transform. 


Example 9.4 Find the Laplace transform of the Heaviside function itself, 
defined in (9.2). 


Solution Take any p for which Rep > 0. From the definition (9.7) of the 
Laplace transformation, 


co co sm R , 
F(p) = [rite dt = Lec dt = — lim =-, 
; 4 R->oo Dp 0 p 
since 
lim |e~??| = lim e~ er)? — 9, 
R- 00 Roo 
Therefore , ‘ 
Aa) = 7 ies . (9.9) 


Example 9.5 Find the Laplace transform of the exponential function e“ 
(or h(t)e"). 


Solution Set oo = Rea, and take any p for which Rep > oo. Then 


vi va —(p—a)t | 1 
F(p) = [ ete” dt = [e~®-%* dt =— lim = : 
R00 DP—@ |g p-a 
0 0 
So ‘ 
at L 
= ; 9.10 

eer (9.10) 


Note in this example that the transform F'(p) = 1/(p— a) turns out to be 
analytic in the entire complex plane, apart from the singularity at p = a; this 
even though the integral that defines it converges only when Rep > go. In 
other words, F'(p) has an analytic continuation to a larger domain. As we will 
see in the following examples, this situation is typical: as a rule, the function 
F(p) turns out to be defined and analytic on a significantly larger part of C 
than the half-plane Rep > oo. According to Theorem 9.3, F'(p) can have no 
singularities in that half-plane: all its singularities lie on or to the left of the 
line Rep = oo. 

To each function f(t) satisfying conditions (1)—(3), the Laplace transfor- 
mation associates its transform F'(p). It turns out that distinct functions f(t) 
are associated with distinct transforms—the association is 1-1. Even better, 
there is a so-called inversion formula which can recover from a known trans- 
form F(p), the original function f(t). 
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Theorem 9.6 (Inversion theorem). Suppose that a function f(t) satisfies 
conditions (1)—-(3) and has growth index 09, and Fp) is its Laplace transform. 
Then at all points t at which f is continuous, the value f(t) can be expressed 
in terms of F by the inversion formula 


a+ioo 


f()=— / ec F(p) dp, (9.11) 


where the integral is over any line of the form Rep =o with o > 09, and the 
principal value of the improper integral is used, i.e. 


a+too ot+tiR 
/ e?' F(p) dp= lim / e?* F(p) dp. 
R-00 
a—ioo o-iR 


The proof of Theorem 9.6 is omitted. Since this theorem will be used in 
the proof of Theorem 9.29, we give an informal justification of formula (9.11) 
in Appendix, without a rigorous proof. 

In the examples above we calculated Laplace transforms directly from the 
definition (9.7). But in many cases is it much more convenient to make use of 
general properties of the transformation, and we turn to some of these next. 


Problems 


1. Determine whether the function f(t) satisfies the conditions (1)—(3) stated 
at the beginning of Section 9.1. If yes, indicate the growth index o9. Assume 
that f(t) =Oast <0. 


a) fit) =te"™ b) f(t) =e sint; c) f(t) =e' tant; 


d) f(t) =In(t + 1); e). fi) =P cost fi Fee". 


2. Using the Heaviside function, write down the piecewise definition of the 
function f(t) in one line. 


46-1, OA 7F<3, 0, be fe 1, 
a fHHCtte, 2a r<a, b) f@) = <4 2t4+1, 1<t<3, 
0, t> 4, % t > 3; 
sint, 2n<t< 30 t??, O<t<1 
t — ? — ? d t)= ? — ? 
c) £@) i. otherwise; ) 0) tt t>1. 


3. The following Comparison Test for improper integrals is valid (compare 
with the Comparison Test for series): Suppose that f(t) and g(t) are continuous 
functions on an interval [a, oo), and |g(t)| < |f(t)|. Then 
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if Tee |f(t)| dt converges, then so does f° |g(t)| dt; 
if fe |g(t)| dt diverges, then so does {.~ | f(t)| dt. 


Prove that the following integrals converge (do not evaluate the integrals): 


co ,,10 ou: fore) 
a) | oe dx; b) f sees dz; 3 | e-® de. 
22 2 
0 © 0 zt 0 


4, Using definition (9.7), find the Laplace transform of the function f(t) and 
indicate the half-plane of convergence of the integral. Assume that f(t) = 0 
when t < 0. 


at, = Tx 3<t<5, 
a) Ae b) FO = f otherwise; 
t, O<t<2, yee Uste 
0) no={e Ss a) £0) i nee 
sin 0 7 
e) no={' ea ; f) f(t) =? 


9.2 Properties of the Laplace Transformation 


In what follows f(t), g(t), ...denote functions satisfying conditions (1)-(3), 
and F'(p), G(p), ... denote their respective Laplace transforms. 


Property 9.7 (Linearity). If f(t) S F(p) and g(t) S G(p), then for any 
complex numbers a and £8, 


af(t) + Bg(t) 4 aF(p) + BG(p). (9.12) 


Proof. This follows immediately from the definition (9.7) and the linearity of 
the integral. The Laplace transform of af(t) + 8g(t) equals 


8 


(af(t)+Bg(t))e” dt = a fre" ar+8 f g(e™ dt = aF (p)+SG(p). 
0 0 


i=) 
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Note however that, since Fp) and G(p) will generally be defined on dif- 
ferent half-planes Rep > 0; and Rep > a2, their sum will only be defined on 
the intersection of these, i.e. Rep > 09, where o9 = max(1, 02). 


Example 9.8 Find the Laplace transforms of the functions sinwt, cos wt, 


sinh wt, and coshwt. 


Solution These functions can be expressed in terms of the exponential 
function using the formulas (4.28) and (4.33): 


el =: eo e'2 + e7 
sin z = —————,,__ cosz = ————_ 
21 : 2 , 
ree Sate (9.13) 
sinh z = ————, coshz = ———— 
2 2 
We saw in the last section (see (9.10)) that 
iwt L —iwt L 1 
ee and e = : 
p-—w ptiw 


from which, using the linearity of the transformation, 


die tees ce ica! Ww 
sinwt = —e -€ : - : = : 
2i 2i Qip—iw Zptiw pr+w? 


tt 


(9.14) 


The reader can independently provide analogous arguments for the other for- 
mulas: 


WwW 
3D? coshwt & = 2° 
pow pow 


coswt & , sinhwt a 


eae eel 
p? + w? 


Property 9.9 (Behavior of F(p) as p > oo). The transform F(p) of any 
function f(t) satisfying (1)-(3), approaches 0 as Rep — +00. 


Proof. Let oo be the growth index of f, and take some 01 > 90; also let a 
denote Rep. Then |f(t)| < Me", and for o > 01 we have 


P= | f see at) < fis@llert| ae sa fertene* at 
0 fe) 0 
R 


_ M 


—(a-o1)t 
0 O—OdO, 


I 


lim e 
0 — 0, R-00 


Mf ee-o dt = — 
0 


Here we see that F'(p) > 0 as o — on, as desired. 


Theorem 9.10. If f(t)“ F(p), then for any \ > 0 


f= xF (=) (9.15) 
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Proof. We introduce a new variable 7 = At. Then ¢ = 5, dt = tdr. Substi- 
tuting these into the integral, we get 


[ees —pt qe — - ) ppl _i ie ) (EIT _lip P 
[40%e fee Os Ie r=iF(2) 


because of course the variable of integration, whether t or 7, makes no differ- 
ence in the definition (9.7). 


In many applications f(t) is a signal emitted over time t, so f(t—7) would 
represent the same signal sent with a time delay 7; hence the name of the 
following theorem. 


Theorem 9.11 (Time delay theorem). If f(t) 4 F(p), then for any 7 > 0 
f(tt—7) =h(t-—1)f(t-7) 4 e?"F(p); (9.16) 
here h is the Heaviside function defined in (9.2). 


Proof. The first equality holds because f(t) = 0 as t < 0, and therefore 
f(t—7) =Oast <r. Hence, 


| f(t—r)e** dt = / flt— re? dt. 


We introduce a new variable ¢ =t—7. Then t = ¢+7, dt = d¢, and as t goes 
from T to oo, the new variable ¢ goes from 0 to oo. So computing the Laplace 
transform of f(t — 7) and changing the variable to ¢, we get 


/ f(QenPEHT) ae =e?” } f(Oe-™ de =e? F(p), 
0 0 


as desired. 


The reader should be careful with using formula (9.16), because F'(p) is 


the Laplace transform of f(t), but it is not the transform of f(t — rT). 
Example 9.12 Using the relation e#! S poe see formula (9.10)—find the 


Laplace transform of the function h(t — 2)e°*. 


Solution Because we wish to apply the previous theorem, we write 
h(t — 2) f(t — 7) = h(t — 2)e**; 


hence 7 = 2. To find f(t), we introduce a new variable x = t — 2. Then 
t=ax+2, and 
f(z) = ed(@t2) = ee, 
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Of course, we can use the notation ¢ for for the argument of f again and write 


f(t) = e®e**—not just e*4! Therefore, F(p) = fy, By formula (9.16) we get 


6 —2(p—3) 
h(t — 2)e8* & e227 —_ = © 


Example 9.13 Find the Laplace transform of the i 

rectangular impulse f(t) of height 1 and width J, as 

shown in Fig. 96. T T+1 vi 
Fig. 96 


Solution We could easily find the transform directly from the definition by 
computing the integral: 


T+ TH 
F(p) = fie dt = ——e 
T e = 
—pT 
a Lie - ga) =n a (l- et"), 
Pp Pp 


But other methods are possible. Let h(t) be the Heaviside function, defined 
in (9.2).The functions h(t—T) and h(t—T'—1) are obtained from it by shifting 
to the right by T and T +1 units, respectively. Hence the given impulse f(t) 
can be written in the form 


f(t) =h(t-T)-h-T-1). 
Then we may apply the time delay theorem (Theorem 9.11) to get the trans- 
forms of h(t — T) and h(t — T — 1): 


1 1 1 
hi, MD Ser |, tear apa. 
Pp Pp Pp 


Using the linearity of the Laplace transformation, we have 


1 1 ee 
ie ale - eon he = me —¢ Pl), 


The following example shows how to find the Laplace transform of a peri- 
odic signal if one knows the transform of a single cycle, or impulse. 
f(t) 
Example 9.14 Find the Laplace transform 
of a series of rectangular impulses, having am- 
plitude 1, width /, and period T (Fig. 97). olf f P4+lerwa+i3r ¢ 
Fig. 97 
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Solution Let us denote by f,(t) the nth impulse, n = 0,1,2,..., which 
starts at time nT’ and extends through / time units. From the preceding ex- 


ample we have that 
L e pnt 


Fn(t) = 


where we have replaced T by nT. These f,, when summed, yield the given 
periodic signal, denoted f: 


(1 _ ey 


-_ SS fn(t) 
n=0 


By the linearity of the Laplace transformation we get 


F(p)= >“ eer) 
n=0 
ait Ligon — a hae Lee 
=a dA ( ) ~ p(l—e-PT)’ 


using the formula for the sum of a geometric series with ratio g = e~?7. 
A slightly different method would have been to start with the transform 
Fo(p) of fo(t), and then find the f,,(¢) using the time delay formula: 


fa(t) = fo(t — nT) 5 e-?"? Fo(p), 


so that 


ern Fo(p ) 


ee 


According to Theorem 9.11, shifting f(t) results in multiplying its Laplace 
transform by the exponent e~”7. The following theorem states that multiplica- 
tion of the original function by an exponential leads to a shift of its transform. 


Theorem 9.15 (Shift theorem). If f(t) 4 F(p), then for any complex number 
r, 
eG) = Be A, (9.17) 


Proof. Directly from the definition (9.7), 


e™' f(t) £ fore e Pt dt = [10% —(A+p)t dt= F(p+A), 
0 
and we proved (9.17) for \ and p with Re(A +p) > oo, where oo is the growth 


index of f. Using analytic continuation, we extend this relation to all A, p 
whenever + p is in the domain of analyticity of F’. 
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Example 9.16 Find the Laplace transforms of the functions e™ sinwt and 
e” coswt. 


Solution First take f(t) = sinwt; according to (9.14), in this case 
w 
F(p) = =—;. 
(p) ae 
By the previous theorem, the Laplace transform of e~*' f(t) will be F(p+ 4). 
So if we take \ = —a, we get 


WwW 


at a: L _ 
e“ sinwt = F(p—a)= pout hot (9.18) 
Analogously, using the Laplace transform of coswt, we get 
at L p—a 
e coswt (p—a)? tur (9.19) 


Theorem 9.17 (Laplace transform of the derivative). Suppose that f(t) is a 
continuous function for t > 0, and that f(t) and f'(t) satisfy the conditions 
(1)-(3). Let F(p) denote the Laplace transform of f. Then 


f'() 5 pF(p) — f (0). (9.20) 


Furthermore, if f°) (t) is continuous for t > 0, and functions f'"-)(t), 
f(t) satisfy the conditions (1)-(3), then 


fOW 5 p°F@)— FO) —v"P FO) —---- FPO), (9.21) 
where f‘*)(0) is understood as the right limit of f(t) as t > Ot. 


Proof. Let oo be the growth index of f, let o = Rep, and choose some o; 
in between them, ie. 09 < 0, < o. Applying the definition of the Laplace 
transformation to f’, and then integrating by parts, we get 


fy [Fe Pt dt = jim, f(t) emt vee [70 oP ae, (9.22) 
0 


where we have used (e~”*)’ = —pe~?*; integration by parts is possible due to 
the conditions on f. Using the growth condition (9.1), 


|f(R)eP?| < Me™? |e? ®| = Me“) F 5 0 


as R — oo. Therefore the limit in (9.22) equals —f(0), and since the last 
integral is F'(p), we obtain (9.20). 
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Now we simply repeat the application of formula (9.20): let F, be the 
transform of f’. By (9.20), Fi(p) = pF'(p) — f(0). Then 


f"®=(F OY 4 pFilp) - f’) 
= p(pF(p) — f(0)) — f’(0) = p*F(p) — pf (0) — f"(0). 


Similarly, 


f"() = (F"OY 4 vp’ F(p) — pf) — f'(0) - f"(0) 
= p*F(p) — p* f (0) — pf’ (0) — (0), 


etc. Since this can repeated any number of times, formula (9.21) is established. 


Note that if f(0) = f’(0) =--- = f@-)(0) = 0, then this formula reduces 
to 
f(t) Sp" F(p); 


i.e. in the presence of the zero initial conditions, differentiating it n times 
corresponds to multiplication of the transform by p”. 


Theorem 9.18 (Laplace transform of the integral). If f satisfies the con- 
ditions (1)-(3) given at the start of Section 9.1 and f(t) “ F(p), then the 
t 


function $(t) = [ f(r) dr also satisfies these conditions, and 
0 


[fo dr £ FW). (9.23) 


Proof. We will show that ¢ satisfies the conditions (1)-(3). Since f(t) = 0 
when t < 0, the same is true for ¢, and in fact also ¢(0) = 0 even if f(0) 4 0. 
Moreover ¢ is continuous and piecewise differentiable on the entire real line. 
Since f satisfies the growth condition (9.1) for some M and o, 


t t 

M M 
|d(t)| < fu@ dt < M fer dt = pa (i -1)< Mie", Mi = a 
0 0 


Thus ¢ also satisfies the growth condition. 
Let ®(p) be the Laplace transform of ¢(t). From the equalities ¢'(t) = f(t), 
(0) = 0, and (9.20) we get 


f(t) =¢'(t) S p®(p) — o(0) = p®(p). 


Since the Laplace transform of a function is unique, we must have p®(p) = 
F(p), from which equation (9.23) follows immediately. 
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Theorem 9.19 (Derivative of the transform). If f(t) S F(p), then 
—tf(t) S F'(p). (9.24) 


Proof. We will assume the following property of the integral: The derivative 
of 


Fp) = | flber™ at 
0 


can be calculated by differentiating under the integral sign, i.e. 


Fw) = [5 (te a) a= f—tf(be PE dt 
0 0) 


We do not provide a justification for this property. Under that assumption, 
equation (9.24) follows immediately from the definition of the Laplace trans- 
form of —tf(t). 


Applying this theorem n times, we get 


(1) f(2) = FO). (9.25) 


Example 9.20 Find the Laplace transforms of the functions ¢”, t™e®, 
tsinwt, and tcoswt. 


Solution Since from Example 9.4 we know that 1 4 1/p, then by (9.24) 
we get 


dl 1 1 
ae =-+3, or t4 5. 
dp p Pp Pp 
Applying the theorem repeatedly, we obtain 
dl 2 2 
Pests 5=-—y 0 Oo PSS, 
dp p Pp Pp 
d 2 2-3 2-3 
e=-t.?F = Ee ee, 
dp p pt 4 
and in general 
n £ n! _ 


To find the Laplace transform of the function t”e*, we use the previous 
result together with the Shift Theorem 9.15, as in Example 9.16. Substituting 
p+2=p-—a for p in equation (9.26), we get 


tL nl 
tr e% baer (p a a)n+i 5 


n=1,2,... (9.27) 
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The transforms of tsinwt and tcoswt can be found easily by combining 
our earlier results for sinwt and coswt with Theorem 9.19. Relations (9.14), 
(9.2), and (9.24) imply 


tsinwt £ a eld 
= 1n W — 
dp p?+w? = (p? +w?)?” 
2 2 
ee 2 or =p 
—tcoswt = ; 
OO dp Pu (pw)? 


Therefore ; 5 
2pw —wWw 
us tcoswt & e 


: L 
ine e a eee 
Sed (p2 + w2)2’ (p? + wy? 


(9.28) 


Theorem 9.21 (Integral of transform). Suppose that both functions f(t) and 


f(t)/t satisfy the conditions (1)-(3) in Section 9.1, and that f(t) % F(p). 
Then 


#@) ef 
—e & [Fe ds. (9.29) 


Proof. Denote by ®(p) the Laplace transform of f(t)/t, i.e. 
®(p) = [Ren dt. 
0 


Let us find the derivative ®’(p), which as in the proof of Theorem 9.19 we 
compute by differentiating under the integral sign: 


w= [L (Me) a 


0 
_ [ote dt = - [ se" dt =—Fip): 
0 0 


So, F(p) = —®'(p). Therefore, by the Fundamental theorem, 
R R 
[Fl) as =~ [06) as = -(@(R) ~ 8p) = 80) - OR). 
Pp Pp 


Now by Property 9.9, ®(R) > 0 as R > oo, so we get 
oo R 
F(s) ds = lim | F(s) ds = ®(p) — lim ®(R) = G(p), 
R- 00 R- 00 


P Pp 


which is equivalent to the desired equation (9.29). 
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in wt 
Example 9.22 Find the Laplace transform of the function f(t) = —— , 


Solution Note that t = 0 is a removable singularity of this function, since 


. sinwt 
lim — 


ne 


Therefore, f(t) satisfies the conditions (1)—(3). Combining our previously cal- 
culated transform sinwt & at with the preceding theorem we have 


og R 
sin wt 1 s 7 
ae 4 ds= lim w—tan7} = tan7! (9.30) 
t s* + w? R00 W WI, 2 Ww 
Pp 


The formula obtained in this example allows us to calculate some interest- 
ing integrals, since it means that 
co 
sin wt 
i ee dt = tan) 2. 
t 2 Ww 


0 


For example, setting p = 0 gives us 


Co 


i t 
|= dt = ©. 
t 2 


0 


We should mention that before this calculation, we really should have verified 
that the improper integral converges; but here we omit the proof of this. Notice 
however that the proof of the convergence is provided by another method for 
calculating this integral given in Section 7.3, problem 8. 


In order to state the next property, we need to define a new operation on 
functions. If the functions f and g are defined and piecewise continuous on 
(—oo, 00), then for each value of t we can consider the integral 


which depends on t. If in addition f and g equal 0 on the interval (—co, 0), 
then f(7)g(t—T) =0as7 < Oand t—7 < 0. Therefore, in fact the integration 
is over the interval [0,t]. The convolution of f with g is the function of t defined 
by this integral, and is denoted f * g: 


feg(t)= [teste —T) dr. (9.31) 
0 


Note that if t < 0, then f * g(t) =0. 
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Property 9.23. The convolution operation is commutative, i.e. 
fx g(t) =g* f(t). (9.32) 


Proof. We introduce a new variable ¢ = t— 7. Then tT = t—(¢, dr = —d€. 
When 7 runs from 0 to t, the variable ¢ changes from t to 0. Making these 
substitutions in the integral in (9.31) yields 


feo) = i f(n)gt—7) dr =— i ft—Qg(d) ae 
0 t 


= i. a(t) f(t — 7) dr = gx f(t), 


0 


what was required. 


Property 9.24. Suppose that functions f and g satisfy the conditions (1)-(8 
in Section 9.1, and their growth indices are oo and so respectively. Then the 
convolution f x g(t) also satisfies these conditions, and its growth index is no 
greater than max(do0, So). 


Proof. As noted above, f * g(t) = 0 when t < 0. The piecewise differentiability 
of f *g follows from the corresponding property of f and g, though we omit 
the proof. 

It remains to verify the growth condition (9.1). Consider any o which is 
greater than both o9 and sg, and choose o; such that 0 > 01 > so. By the 
growth condition (9.1), there exist positive numbers M; and M2 such that 


|f(t)| < Mye™* and |g(t)| < Moe. 


Then from formula (9.31), 


If xg) = [iost-9) dr) < fro Ig(t—7)| dr 
0 0 


t 


< M,M> fee dr= M, Moe per a 


t 
— MiM2 oat 


0 O—OdO, 


= M1 Moe%* 1 ele-o1)t 
O—OdO, 


(ecm = 1) 


M, M2 M, M2 
a ett elo—oi)t — Me", where M = ——~. 
o-O) o— O01 


Thus the convolution f *g satisfies the growth condition (9.1) for any 0 > 
max(0, so); and therefore its growth index is no greater than max(¢o, So). 
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Now we are ready to prove the following theorem about the relation of the 
Laplace transform to the convolution operation. 


Theorem 9.25 (Product of Laplace transforms). Suppose that f(t) 4 F(p) 
and g(t) & G(p). Then 
fragt) S FG), (9.33) 


i.e. the transform of the convolution is the product of the transforms. 


Proof. Substituting the formula (9.31) into the definition of the Laplace trans- 
form, we get 


f«g(t) | fre g(t—7) dr |e” dt= | foc (t—r)e~”™ dr dt. 


Thus we obtain a double integral over the un- 
bounded domain D, shown in Fig. 98. We wish 
now to change the order of integration. This is 
justifiable here because of the integral’s absolute 
convergence when Rep > max(g0, 80), which holds 
because of Property 9.24; but we do not provide a 
Fig. 98 detailed proof. 


For fixed 7 > 0, the variable ¢ changes from 7 to oo. So on exchanging the 
order of integration, we get 


| fre g(t —r)e™ dr dt = | fro g(t —r)e7”* dt dr 


= [oo [oe-nem dt dr. 


Next we change the variable of integration in the inner integral, from ¢ to 
¢ =t-—T, so that t = ¢+4+7, dt = dé, and adjust the limits for the new 
variable, obtaining 


Co co Co 


[ot-7 Te”! dt = Jao eg Per®) d¢ =e?" [acer d¢ =e ?™G(p). 
0 


Tr 


so 


Finally we resume the computation of the transform of f * g: 


co Co 


fag) S / f(r)e?"G(p) dr = Gp) ii f(r)e”" dr =G(”) FO), 
0 


0 


as desired. 
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This formula (9.33) is often used to determine the original function corre- 
sponding to a given transform, when the latter can be broken up into factors 
of known transforms. 


Example 9.26 Find the original function corresponding to the transform 


F(p) = 


Ww 


(p? +4 w?)? . 


Solution The transform Fp) can be written as 


F(p) 


Ww Ww 
 pt+w2 p2 + w?’ 


and we have seen that ai 


sinwt & % 5 
pet+w 


Therefore, using the trig identity 


sina-sin8 = 5 (cos(a 2B) — cos(a + £)) (9.34) 


with the previous theorem, we have 


t t 
1 
F(p) > [sinwr -sinw(t— 7) dr = 5 [cosweer —t) —coswt) dr 
0 


0 


t t 


1 
— — Tcoswt 


> sinwt — <teoswt 
= —— sInwWwt — ~TCOSWt. 
: 2 2 


1 
= — sinw(2r - t) 
A 2) 


WW) 


0 


This result is easy to verify using the linearity of the Laplace transformation 
with the earlier results from Examples 9.8 and 9.20: 


: sin wt ees £ oe ae 
Ww 2 Qw p2+w 2 (p? +w?)? 
_ pt tw2 =p tw? _ ig? 
~ Op? +w2)2 (p2 tw)?” 


The application of Theorem 9.25 to solving differential equations will be 
given in Section 9.3.4. 

The properties of the Laplace transformation provided above enable us to 
find the transforms for a number of other functions—see the examples at the 
end of this section. 

For convenience, we assemble here in a single table all the Laplace trans- 
forms of elementary functions (lines 1-15), as well as basic properties of the 
transformation (lines 16-26). The last column refers to the text formula where 
the result was first presented; formulas 13 and 14 were not derived in the text, 
but can be found using the same method as in 11 and 12, i.e. as in Exam- 
ple 9.20. 


Properties of the Laplace Transformation 
f(t) F(p) text 
1 
i = (9.9) 
yy 1 
2. “ee? (9.10) 
Pp aa, 
3. sinwt : , (9.14) 
Pp p” 
4. coswt peo? (9.2) 
5. sinhwt pane (9.2) 
6. coshwt z- w (9.2) 
7. ot sinwt 9.18 
e® sin w fo P+ 2 (9.18) 
8. e* coswt = 9.19 
e* cosw o— ue (9.19) 
n! 
9M n=12.. oa (9.26) 
! 
10. tet, n =1,2,... = 2 
; pu) 
ll. tsinwt Pte (9.28) 
2 
pew 
12. tcoswt Pie (9.28) 
: 2pw 
13. tsinhwt Pw 
2 
pi+w 
14. aa Paw 
15. = 7 _ tan7! - (9.30) 
16. af(t) + Bg(t) oF (p) + BG(p) (9.12) 
P 
17. f(t) 5F (5) (9.15) 
18. h(t—r)f(t—7T) e ?7F(p) (9.16) 
19. e—* f(t) F(p+A) (9.17) 
20. f'(t) pF (p) — f(0) (9.20) 
n-1 
21. f(t) p°F(p) — Sop FF (0) (9.21) 
k=0 
Ftp) 
22. [io dr me (9.23) 
Pp 
0 
23. —tf(t) F'(p) (9.24) 
t 
24. HO [Fo ds (9.29) 
Pp 
25.  f * g(t) F(p)G(p) (9.33) 
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Problems 


1. Find the Laplace transform of the function f(t) 
graphed in Fig. 99. 


2. Find the Laplace transform of the functions f(t) defined in Section 9.1, 
problem 2. 


3. Find the Laplace transform of the functions given by the diagrams. 


4. Find the Laplace transform of an infinite series of repetitive signals: 
1) with a period of 3, of which the first signal is shown in Fig. 100 a and b; 
2) with a period of 2, of which the first signal is shown in Fig. 100 d. 
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5. Let f(t) be an infinite series of repetitive signals with a period of T, of 
which the first signal is a given function fo(t), 0<t< T. Prove that 


6 i 


FOS a where Fo(p) = f fotpe dt. 


0 


6. Find the Laplace transform of the function f(t) and indicate the half-plane 
of convergence of the integral in (9.7). 


e7? —] _ 1-coswt 


a) ft) =; b) f(t) = —" 


7. Find the original function corresponding to the Laplace transform 


1 
(yee 
(”) = Gay apy 132 


and verify your answer by calculating the transform of the function you find. 


8. Find the original function for the Laplace transform, then verify it by 
calculating the transform of the function you obtained. 


1 p 


Sa aes Pe ey PR b) F@)= Gaya 


9. Find the original function for this Laplace transform in two ways: using 
the convolution Theorem 9.25, and using formula 11 in the table. 


Pp 
Fp) = Gay tee 


9.3. Applications to Differential Equations 
9.3.1 Linear ODEs 


One of the most important applications of the Laplace transformation is to 
the solution of linear differential equations with constant coefficients, that is 
equations of the form 


any™ + ag +++-+aoy = f(t), (9.35) 


where the a, are constants, called the coefficients of the equation, f(t) is a 
given function, and y = y(t) is the unknown function which we hope to find. 
A Cauchy problem is to find the solution to such an equation which satisfies 
given initial conditions 


y(0)=yo, (0) = 4, YP PO) =o, (9.36) 


where the yo, yg, ---; yr) are arbitrary given values. 
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We will assume in this section that the right side of the differential equa- 
tion, f(t), satisfies the conditions (1)—(3) in Section 9.1. It can be proved 
that under these assumptions, a solution y(t) to the Cauchy problem exists 
uniquely, and also satisfies these conditions. Here we will explain the basic 
steps of the method of solution using the Laplace transformation, as sketched 
in the introduction to this chapter. 


1. Find the Laplace transform F'(p) of f(t); we will use Y(p) to denote the 
transform of the function y(t) which we seek. 


2. Using the linearity of the Laplace transformation, and the formula (9.21) 
to transform each derivative y“), we transform the differential equa- 
tion (9.35) to one involving F'(p) and Y(p) instead of f(t) and y(t): 


n n- n- n-1 
into ap ype pt ey ag) 
n- n- n—- n—-2 
tin ap lY ap typ py, eg) (9.37) 


+-+++ai(pY — yo) +aoY = F(p). 


This new equation is simpler than that original equation (9.35), because 
the original was a differential equation, while the new one is a linear alge- 
braic equation for Y. 


3. Solve the new algebraic equation for Y. We will keep the terms containing 
Y of the left, while bringing all other terms to the right of the equation: 


Y (anp” + Qn—1p" | ++++ + a0) 
= F(p) + an(p"-1y9 + p™2y, to Hy) (9.38) 


+ Gn—1(p" 2 yo +p? By +e ty?) 4 + argo. 


We denote the parenthetical expression on the left by 
A(p) = anp” + dn—1p"—* + +++ + a9; 


this is called the characteristic polynomial of the linear differential equa- 
tion. The right side of (9.38), except for the term F'(p), is denoted by B(p); 
clearly this is another polynomial in p, of order n — 1. With this notation, 
equation (9.38) can put in the form 


A(p)¥ = F(p) + Bi), 
from which we get the solution 


veya a (9.39) 


A(p)  A(p) 


Note that with null initial conditions, meaning that yo = y 


yr) = 0, we have B(p) = 0. 


| 
| 
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4. The final step is to find the function y(t) those transform is Y(p); that 


function is the solution to the original Cauchy problem. In Section 9.3.4 


we will say more about the functions those transforms are ge and a 


Example 9.27 Find the solution to the differential equation 
y” — 3y’ + 2y = sin 2t, 
satisfying the initial conditions y(0) = 0, y’(0) = 1. 


Solution According to formula 3 in the Laplace transform table, 


2 
sin 2t & a ie 
pe+a4 


Using properties 21 and 20 of the table, we can transform the differential 
equation to 


2 
2Y —p-0-1 ¥ Lay = 
(p p:-0—1)—3(pY — 0) pad’ 
from which we get 
2 pe +6 
2 
— 2)Y = ~— 41= 
(p° — 3p + 2) pai ga 


pe +6 
(p? + 4)(p? — 3p + 2)" 


This transform is a rational function in which the degree of the numerator is 
less than that of the denominator. 

It remains for us to find the original function y(t) corresponding to this 
transform. We defer this step till the next section, where we look in detail at 
methods of recovering an original function from its transform. 


ee a 


9.3.2 Finding the original function from its transform 


We will look at two ways of doing this, i.e. inverting the Laplace transfor- 
mation. The first method is to expand the rational function Y(p) into a sum 
of simpler ones using the technique of partial fractions. After this, it may be 
possible to recognize each term as the transform of a simple function from 
the Laplace transform table. We assume the reader has learned the technique 
of partial fractions in an earlier calculus course, so we will just give a brief 
outline. 

Initially the denominator of Y(p) will be factored into terms of the form 
(ap +b)" or (ap? +bp+c)*. Each factor of the form (ap + b)* corresponds, in 
the expansion of Y(p), to the sum 


ie eee a hee ey 
ap+b  (ap+b)? (ap + b)F’ 
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each factor of the form (ap? + bp + c)* corresponds to the sum 


Bip+C, | Bop + Cy Bro + Ce 
ap? +bp+c ' (ap? +bp+c)? ' (ap? + bp + c)¥’ 


The coefficients A;, B;, C; are defined uniquely; they can be found by setting 
the original Y(p) equal to the expression for the expanded sum. We will 
illustrate this in more detail in the next example, which finishes the one we 
started in the last section. 


Example 9.28 Find the function y(t) those transform is 


p?+6 
(p? + 4)(p? — 3p + 2)’ 


Y(p) = 


Solution — First let us factor the denominator: the polynomial p? — 3p + 2 
has two real roots, p; = 1 and pz = 2; the polynomial p? +4 has no real roots. 
So the denominator can be written 


(p? + 4)(p* — 3p + 2) = (p? + 4)(p — 1)(p — 2). 


The factors (p — 1) and (p — 2) are of the first type, with & = 1; so each 
corresponds to a single term of the form A/(p— pm). The factor (p? +4) is of 
the second type with k = 1, and corresponds to (Bp + C)/(p? +4). So setting 
the original Y(p) equal to its expansion, we get 


p? +6 p? +6 Ay A» Bp+C 
pe+4- 


(P+ De? — 3p +2) (@+4@-1)p—-2) p-1 p—2 


Multiplying through by the denominator and canceling all common factors, 
we get 


p? +6 = Aj(p—2)(p? +4) + Ao(p—1)(p? +4) + (Bp+C)(p—1)(p—2). (9.40) 


From this equation we can find the values of A,, Ao, B, and C, either by 
plugging in a few concrete values for p, like the roots of the denominator; or 
by expanding the right side and collecting like terms, whose coefficients we 
set equal to those on the left side. In practice it is best to use a combination 
of these tricks. 

So for example we set p = 1 to get 


1? + 6 =-A;(1 — 2)(1? + 4) + An- 0+ (B-1+0)-0, 


1 When factoring the denominator into factors of the form (ap+b)* or (ap? +bp+c)*, it 
should be borne in mind that the zeros of these factors must be different. For example, the 
expansion of the denominator (p? — 4)(p? — 3p + 2) (slightly different from the expression 
in the next example) should be (p + 2)(p — 1)(p — 2)? but not (p — 2)(p + 2)(p — 1)(p — 2). 
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giving 7 = —5Aj), or Ay = —£. Then we set p = 2 to get 
2? + 6 = Ap(2? + 4), 


or Az = 3. We see that by substituting a root of the denominator into (9.40), 
we immediately get one of the coefficients. Also we may plug other numbers 
into (9.40) and obtain equations for the remaining coefficients. For example 
setting p = 0 we get 


6 = —8A, — 442 +2C = s( “) dee 1p 5+ 2C; 


56 1 
6-—+5=2C, C=-—. 
5 + ; 10 
We could find B in a similar way substituting into (9.40) any other value of 
p, but it is actually easier now to switch to the other trick. Let us find the 
coefficient of p? on both sides of equation (9.40); on the left it is 0; on the 
right it is 
Aj + 4,+B= t-+B= +B. 


Hence 0 = -% + B,and B= x. 
So we have obtained the expansion of Y (p) into partial fractions: 
p? +6 che 2 oi Sl Dp 1 1 
20 p?+4 10 p?+4° 


(p? +4)(p?—3p+2)° 5 p-1' 4 p—2 

At last we are ready to give the solution to the Cauchy problem from 

Example 9.27. From formulas 2, 4, and 3 of the Laplace transform table, we 
see that 


2 1 1 
sin 2t + or SS sin 26, 
pe+4 pe+4 2 
po & Xe Se ao 
Fear am 2a = e, p—2 Crs 


Since the Laplace transformation is linear, the same property holds for its 
inverse. Therefore, the solution is 
7 5 

t e2t 


3 1 
y(t) = ze i | 50 cos 2t 50 sin 2t. (9.41) 


The second method for recovering the original function for a known trans- 
form, is to use the theory of residues. 


Theorem 9.29 (Decomposition theorem). Suppose that y(t) 4 Y(p), and 
that Y(p) is a rational function with poles at p1, po, ..., pe. Then 


y(t) = “resp, (Y (p)e”"), (9.42) 


k 
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i.e. the function y(t) is equal to the sum of the residues of the function Y (p)e?* 
at all its poles. 


Proof. Let oo be the growth index of y(t), and take any ao > oo. By Theo- 
rem 9.3, the function Y(p) is analytic on Rep > oo; therefore all its poles lie 
in the half plane Rep < ao <o. 


YA Because Y is a rational function, there are only 

finitely many of these poles, so for any suffi- 

I(R) ciently large R, all the poles will lie inside the 

I(R) region within the circle |p| = R and to the left of 
the line Rep = o (Fig. 101). We will denote by 

7 *  T(R) the arc of the circle that bounds this re- 
gion, and by J(R) the line segment that bounds 
it; then I(R) is the set of points z such that 


Fig. 101 Rez=oand —v R?— oc? < Imz < V R? — o?. 


According to the residue Theorem 7.15, for any sufficiently large R, 


So resp (¥ (w)e”) = 5 J. io iid 


a 
k 
Le alle Je” dp; 


eR) T(R) 


while the left side of this equation does not depend on R at all. Taking the 
limit as R — oo, we get 


1 1 
pt) pt pt 
) reSp, (Y (p)e”") Sai jim Y (p)e” dp + Sai jim Y(p)e”’ dp. 
k I(R) T(R) 


We claim that the second limit is equal to 0, 


lim Y(p)e”’ dp = 0. (9.43) 
R-0o 
T(R) 


To show this, we make a change of variable z = —ip in the integral; then p = iz 
dp = idz. In multiplying by —7, the p-plane is rotated 5 radians clockwise; so 
the vertical line Rep = o becomes the horizontal line Im z = —a, and the left 
half-plane Rep < o becomes the upper half-plane Imp > —c. At the same 
time, the arc [(R) becomes (A), lying in that upper half-plane as in Fig. 59. 
The changes in the integral give us 


/ Y (p)e”* dp =i ip Y (iz)el* dz. 


r(R) y(R) 
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We would like now to apply Jordan’s Lemma 7.33, but first we must verify 
the condition that Y(iz) — 0 as z > oo. We showed something weaker in 
Property 9.9: that Y(p) > 0 as Rep — oo. However, in this context, when 
Y(p) is assumed to be a rational function, that is good enough: for the only 
way a rational function could satisfy Property 9.9 is if the denominator is 
of strictly higher degree than the numerator; and in that case Y(p) > 0 as 
p — oo in any direction. Therefore also Y(iz) > 0 as z + oo, and we may 
apply Jordan’s lemma, which verifies the claim (9.43). 


So, 
1 1 aot+ioo 
DEY ca eG pt aoe Ee, pt 
Ltn (¥ (Phe j= Sai im Y(p)e” dp bai i Y(p)e™ dp. 
I(R) o—ico 


And the formula on the right is exactly the inverse Laplace transform given in 
Theorem 9.6—see the inversion formula (9.11); hence it is equal to y(t), and 
equation (9.43) is proved. 


Example 9.30 Find the inverse of the transform 


p+6 
(p? + 4)(p? — 3p + 2)’ 


Y(p) = 
using residues. 


Solution Factoring the denominator completely over the complex numbers, 
we get 

(p? + 6)er 
(p — 1)(p — 2)(p — 2%)(p + 24) 
This function has four singularities, at 1, 2, 2i, and —2z, all of which are 
simple poles. Therefore the residues at these points can be found using any of 
the formulas in Theorem 7.17. For comparison we will use formula (7.17) for 
po = 1, and formula (7.15) for the others; the formula (7.16) of that theorem 
is not as convenient in this problem. So for the first pole we write 


Y(p)e"! = 


eit. (ges o)er* a WO) eae = Poe’ - 
cs ae (p—1)(p—2)(p? +4) p-1? PPMONS (p — 2)(p? + 4)’ 
resi(¥ (pert) = @U FRE = fet 


G@=1G+a). “5° 


At the other poles, using formula (7.15), we get 


2 pt 
pt) _ 7: a pt _ ys (p + 6)e 
resa{Y (pe?) = lim(p — 2)¥ (p)e = GE Gr aa) 
(4+ 6)e7 _ 5% 


O=ners 2° 
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and 
2 pt 
; pt, _ 4: _ of eth (p + 6)e 

reszi(¥ (p)e”") = jim (p 2i)Y (p)e”* = Jim, Pop pee 

= (—4 + 6)e?# . oe Gale 

~ (48420072) 48-) #440 

res_9;(Y(p)e”’) = lim (p+2i)Y(p)e”* = lim (p? + 6)er 

—2i p—2% p 24 (p? 3p 2)(p 2i) 
= (-4+ 6)e"™* et (3 te“ 


Applying the previous theorem, we sum the residues to get the function y(t): 


7 5 (3+i)e% (3-i)e-% 
t = t 2t : 
A COR gar a — ai 


Note that last two terms are conjugates of one another, so their sum is a real 
number which we may rewrite as 


3 2it a 2it 3 —2it a —2it __ 3 2it —2it a 2it —2it 
iO" a? aot Gg Oe Ta 
3 i 
= — cos 2t — — sin 2t. 


20 20 
So our new solution agrees with (9.41) obtained in the previous example. 


The solution y(t), which we have calculated as the solution to the differen- 
tial equation in Example 9.27, is only guaranteed to be valid when t > 0, since 
we have defined the Laplace transform only for functions that are identically 0 
when t < 0. However, it is easy to verify that the function defined by equality 
(9.41) is the solution to the Cauchy problem in Example 9.27 on the whole 
real line. 


9.3.3 Differential equations with piecewise defined right 
hand sides 


In this section, we consider linear differential equation of the form (9.35) with 
piecewise defined functions f(t). Such equations arise in various applications, 
for example, when f(t) is a short-term signal or a short external influence on 
the system. In these cases the method outlined is especially effective. 

We will need to restore original functions (that is find the inverse) of the 
Laplace transforms of the form 
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For this we will apply formula 18 in the table from right to left in two steps: 
1. Find the original function f(t) of F(p). 
2. Substitute (¢—7) for t and multiply f(t—7) by h(t—7), where h is the 
Heaviside function. 


Example 9.31 Find the inverse of the transform 


e oP 


1) ET 


Solution 1. First we find the original function f(t) of 


1 


PO) = GIy’ 


We apply partial fractions and suggest the reader to find f(t) using residues. 
We have 


1 _A,B Cp+D_ 
p(p?+1) pp? p?tl’ 
1 = Ap(p? +1) + B(p? +1) + (Cp+ D)p? 


=(A+C)p?+(B+D)p? + Ap+ B. 


For p = 0 we get B = 1. To find A, C, and D, we find coefficients of p?, p?, 
and p on both sides of the last equation: we have 0 = A+ C,0= B+ D, and 
0 = A, respectively. Therefore, C = 0 and D = —1. So, 


1 1 1 


~ p(p2+1) pe? pel 


F(p) 


Note that we could have found this representation more easily by 


1 1+p—-p | 1+? py 1 1 


wip tl). pipe Pl): pep 1) pte opt pte: 


According to formulas 9 and 3 of the table we obtain f(t): 


1 _ 
p2 p2z+1 


t—sint = f(t). 


2. Now we substitute (¢ — a) for t and multiply f(t — a) by A(t — a): 
e oP 


> sin a)| = . . 
Pere Oe) sna at) (9.44) 


Y(p) = 
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Let’s apply this technique to solving differential equations with piecewise 
defined right-hand sides. Note that the scheme for solving such equations is 
exactly the same as before. 


Example 9.32 Find the solution to the differential equation 


y" +y= g(t), where g(t) = ' aes 

satisfying the initial conditions y(0) = 1, y’(0) =2. 

Solution To find the Laplace transform of g(t), we write g(t) as 
g(t) =t—h(t—a)t. 


By formula 9 of the table, t S a For the term h(t—7)t we apply formula 18 
with 7 = 7 and f(t—7) =t. Hence f(t) =t+7 (we use the same arguments 
as in Example 9.12). Therefore, 


1 1 
t—h(t—n)t + aa +). 


Using properties 21 and 20 of the table we transform the given differential 
equation to 


1 1 
peY —p—-24+Y= aa +7), 


or 


1 1 7 
2 Y via 
(p +1) - ppl me. (= +5). 


4 P 2 1 se 1 rf T 

a e€ : 
pe peal, pepe) pp? +1) pip? +1) 

It remains to find the inverse Laplace transform. We have 


1 1 1 1 1 p 


P(pe+l) pe p+? pti) op oP +I 
the first equality was obtained in the previous example. Applying formulas 
1, 3, 4, 18 of the table and relation (9.44), we get the desired solution of the 
given differential equation: 


y(t) = cost + 2sint+t—sint—h(t—7)|[(t-— 7) —sin(t— 7) +a—7cos(t—7))]. 


Notice that y;,(t) = cost + 2sint is the solution of the homogeneous equation 
y” +y = 0 with initial conditions y(0) = 1, y’(0) = 2, and the rest of the 
expression for y(t) is the solution of the initial value problem y” + y = g(t) 
with y(0) = y/(0) = 0. So, if our differential equation describes a vibration 
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system, the resulting oscillation of the system is the sum of oscillations caused 
by the initial conditions (namely, by the initial displacement y(0) = 1 and the 
initial velocity y’(0) = 2), and oscillations caused by the external force g(t). 

We may simplify the answer using the identities sin(t — 7) = —sint and 
cos(t — 7) = — cost: 


y(t) = cost +sint +t — A(t — 7)(t + sint + mcost) 


_ jJeost+sint+t, O0<t<z7, 
~ |) (1-7) cost, t>n. 


Note that y(t) is continuous and differentiable on the entire interval (0,00) 
including t = 7. 


9.3.4 Application of the convolution operation to solving 
differential equations 


According to the equality (9.39), the Laplace transform Y(p) of a solution of 
a linear differential equation (9.35) with initial conditions (9.36) consists of 
two parts: 


Bip) , F() 
Y(p) = ag = Yn(p) + Yna(p); 
() = Foy + ay = Ya) + Yonle) 
here we introduce the notations Y;,(p) = ae and Ynr(p) = ae. Recall 


that A(p) is the characteristic polynomial of the given differential equation, 
F(p) ~ f(t), and B(p) is a polynomial generated by initial conditions. Finding 
the inverses of Y;,(p) and Ynpz(p), we get 


y(t) =yn(t) + yna(t), where yn(t) Ya(p), ynn(t) 4 Ynn(p). 


Therefore, the solution y(t) also consists of two parts. If our equation is ho- 
mogeneous, that is f(t) = 0, then F(p) = 0, and Yna(p), Ynn(t) also equal 
zero; therefore y(t) = yp(t). Hence, the function y,(t) is the solution of the 
homogeneous equation with initial conditions (9.36). On the other hand, if 
the initial conditions are zero, then B(p) = 0 and y(t) = ynn(t). Therefore, 
Ynn(t) is the solution of the non-homogeneous equation (9.35) with zero initial 
conditions. 

We see from (9.38) that Y,(p) = oe is a ratio of polynomials B(p) and 
A(p). So, we know two methods of finding its inverse yp,(t). Concerning the 
inverse of Y,;(p), we show that Theorem 9.25 on a product of Laplace trans- 
forms allows us to write the function yn;,(t) as a convolution integral. 

Let g(t) be the inverse of Ag that is 


1 


‘é 
g(t) = A@) 
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Since f(t) S F(p) and 
Yna(p) = F(p) - ae 


by Theorem 9.25 we have ynp(t) = f * g(t). So 


y(t) = yn(t) + ynn(t) = ynlt y+ fren g(t — T) dr. (9.45) 


This method of solving differential equations is applied in cases where it 
is difficult to calculate the transform Fp) of f(t) on the right side of the 
differential equation (9.35). Formula (9.45) is also convenient when you want 
to solve several differential equations with the same initial conditions and the 
same left-hand sides, but different right-hand sides. Then it suffices to find y, 
and g only ones; solutions of the equations with other f(t) can be found by 
the use of formula (9.45). 


Example 9.33 Express the solution of the initial value problem 
y+ 4y'+4y = f(é), y()=—-1, y/(0) =3, 


in terms of a convolution integral. 


Solution We apply the Laplace transformation to both parts of the differ- 
ential equation and get 


p’Y —p-(-1)-3+4(pY + 1) = F(p), 
Y(p? + 4p +4) +p+1=F(p), 


= pal F(p) 
pe+4p+4  p2+4p+4 
= Y¥, + Ynn.- 


To find y;,(t) (the inverse of Y;,(p)), we may use any method. Let us apply 
residues. The function 


pt+l ac ptl 


ePt = ePt 
p?+4p+4 (p + 2)? 


Ver = 


has a pole of the second order at p = —2. By Theorem 9.29 and formula (7.18), 


d 1 
yn(t) = res_o(Ya(p)e”) = lim, &] - (p+ 2)? P 7 ert 


p>—2 dt (p + 2) 
= — lim (e' + (p+ 1te™) = -e-* + te™. 
po—2 


Alternatively, we can find the partial fractions decomposition of Y;, without 


calculating the coefficients A, B,... as follows: 
pt+l Lo Pret. pra. 1 7 1 1 
pet+4p+4 0 (p+2)? ~~ (p+2)? © (p+2)? ~~ (pt2) © (p +2)?” 
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Then we apply formulas 2, 10 of the table with a = —2 and n = 1 and get the 
same result y;,(t) = —e~7 + te~*. 
To find ynn(t) (the inverse of Ynn(p)), we need the inverse of 


1 1 
Gis = 
Senate ey (p+ 2)? 


We may apply residues again, but it’s easier to use formula 10 of the table: 
Gia te 


Therefore, Ynz(t) = f * g(t). Finally we have, from (9.45), 


y(t) = yn(t) + ynn(t) = —e77! + te77* + / f(r)(t—r)e~2"-7) dr. (9.46) 
0 


Problem 9.34 Find the solution to the differential equation 
en2t 

y" + dy! + 4y = Bo, 

with the initial conditions y(0)=—-1, y’(0) =3. 


Solution The use of the convolution integral in this case is due in part to 
the absence anywhere, in our table of Laplace transforms, of the expression on 
the right-hand side. This initial value problem is a special case of the problem 
considered in the previous example with 


f(t) 


~ PT 
So, we may plug this function into formula (9.46). We get 


t 


t 
—27 
[roe _ re 2(t-7) dt = if (t-— pene) dt 
Te 
0 


1 
oe In(7? +1) 


i 
y(t) = —e"** + te"? + (« tan7!¢— ; In(t? + 1) 
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9.3.5 Systems of differential equations 


Analogously we may apply the operational calculus to the solution of systems 
of linear differential equations with constant coefficients. For example, suppose 
we must solve a system of two differential equations, with initial conditions, for 
two unknown functions x(t) and y(t). We would first transform the equations 
to an algebraic system in unknowns X(p) and Y(p); that linear system could 
then be solved, to find X and Y; then we would try to recover the functions 
x(t) and y(t) from X(p) and Y(p). 


Example 9.35 Solve the system of differential equations 


with 2«(0)=1 and y(0)=2. 


zg =—x+3y41 
y=aty 


Solution Using formulas 20 and 1 from the table, the original system trans- 
forms to 


1 i 
pX —1=—-X+3Y+4+- (p+ 1)X —-3Y =—+1 
Pp or Pp 


pY -2=X4+Y -X+(p—1)Y =2. 


This system of linear equations in X and Y can be solved using any of the 
standard methods learned in a linear algebra course: substitution, elimination, 
row reduction, Cramer’s rule, matrix inverses, etc. Let us apply the substi- 
tution method. Perhaps it is even slightly easier to apply Cramer’s rule—see 
the solution to problem 12 f. 

Here the simplest is probably to solve for X in the second equation: 


and then substitute that result for X in the first equation, which we then solve 
for Y: 


(p+ 1)(@-1)¥ -2)-3Y = 


+1 


_ +345 _ p+ 3pt1 
pA p(p? — 4) 
Substituting this into the formula for X gives the rest of the solution: 


tooo ann (Spi) 


_ 2p? +p? — 2p-1 2p(p?— 4) _ p?+6p-1 
p(p? — 4) p(p? — 4) p(p? — 4) © 
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Now we must find the inverse transforms of X(p) and Y (p). To remind the 
reader of both ways of restoring original functions, we will do this using two 
different methods: partial fractions to find x(t), and residues to find y(t). 

Expanding X(p) using partial fractions we get 

pe +6p—1 a, B e C 
p(p—2)(p+2)  p  p-2° p+2 
A(p — 2)(p + 2) + Bp(p + 2) + Cp(p — 2) 
P(p — 2)(p + 2) 


(each factor in the denominator has the form (ap + b)* with k = 1). Setting 
the numerators equal, 


p+ 6p —1= A(p— 2)(p + 2) + Bp(p + 2) + Cp(p — 2), 


and substituting values of p gives 
when p=0 then -—1=-4A and A= + 
when p=2 then 15=8B and B= ®; 


when p=-2 then -9=C and C=-%. 
Therefore 
ee ee 1 9 1 
“hop” B  pH!2. Spe 
Using formulas 1 and 2 from the table, we get the inverse transform 


1 15 9 
ie a eee ee 

DOG ge = Be 

For Y we will use formula (9.42), with the function 
2p? 1)er" 2p? 1)er" 
¥ (pert = @P eee je _ (2p + 3p + Je . 
p(p? — 4) p(p — 2)(p + 2) 

This has simple poles at 0, 2 and —2; using formula (7.15) we find the residues 
to be 


X(p) 


_ p(2p? + 3p + 1)eP* 
resol Be) = ip) 


_ (2p? + 3p + le” 1 
= lim = ; 
p>0 (p— 2)(p+ 2) 
_ (2p7 + 3p + 1)e”* 15 
Y pt =] ( an 2t, 
reso(Y (p)e?") = lim pp +2) ge 3 
2p? 1)e?* 
res_2(Y (p)e"*) =| ( ip? + 3p+ Je Be ees 
p>-2 p(p— 2) 8 


So we get 
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1. Using two methods, that of partial fractions and that of residues, find the 
inverse of the rational function 


F(p) = 


2p+1 
(p + 1)(p? + 4p + 5)’ 


2. Find the inverse of the Laplace transform in two ways: using partial frac- 
tions, and using residues. 


= pt+a ; ee 
a) F(p) = (p — 2)(p? + 2p + 2)’ ") NP) acer ay) 

7 p+10 _ 2p+1 ; 
RD ae eae te D FO) = Gy ay@—D* 
e) Flp) = 2p+3 


(p— 1)(p? +4)" 
3. Find the solution to the initial value problem 
y" +y'—2y=e', y(0)=-1, y/(0)=0. 


A. Find the solution of the differential equation satisfying the given initial 
conditions. 


a) v +y'—22y=e', y(0)=—1, y/(0) =0; 
b) yy” +y=6e", (0) =3, y/(0) =1; 

c) y” — 3y! + 2y = 12e*, (0) = 2, y'(0) = 6; 
d) y” — 2y! — 8y = 2%, y(0) =1, ¥/(0) = 1; 

e) y” —9y =sint—cost, y(0) = —3, y/(0) = 2. 


5. Find the inverse of the Laplace transform. Use any method. 


2 ee _ tera. 
a) F(p) = (p2 + 4)(p? — 3p +2)’ b) F(p) = (p — 2)(p? +2p+ 2)’ 
_ 2e—3P ; _ (9p + 10)e7?™ ; 
c) FP) = pt) d) 6S ae am PET | 
») Fly) = et De ») Rip) = 2B 8)" 


(p + 2)(p— 1)?’ (p—D@? +4)" 


6. Find the solution to the initial value problem for a first order differential 
equation 
y—2y= f(t), y(0) =5, 


where f(t) is a function defined in problem 2 of Section 9.1. 
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7. Find the solution to the initial value problem 
y +3y= f(t), y(0) =0, 
where f(t) is a function defined in Section 9.2, problem 3. 
8. Solve the initial value problem 


y" — 3y'+2y= f(t), y(0)=0, y'(0)=1, where 


1, 0<t<3, sint, O0<t<q7, 
ym={' — 010-45 ie 


9. (i) Express the solution of the initial value problem in terms of a convolu- 
tion integral. (ii) Solve the problem for the given function f(t). 


a) y"- a +¥=F0, yO)=-1 YO=2% Gi) FO=_>q 
et 
b) @) y" —6y + 9¥ =F), 40) =2, 0) =—-1, Gi) SO) = Baqi 


c) (i) y" +97 = f(t), y(0)=1, yO) =0, (ii) fF) = sin 3t; 
d) (i) y” — 4y’ + By = f(t), y(0) =0, y/(0) =0, (ii) F(t) =e”. 


10. Solve the initial value problem 


3t 


a er y(0) =1. 


y' — 3y 
11. Using convolution, prove that the solution to the initial value problem 
y t+ay= f(t), y(O)=yo, where a is a given constant, 
t 
has the form y(t) =e~™ ( +f f(r)e*" ar), 
0 


12. Find the solution of the system of differential equations satisfying the 
given initial conditions. 


wv =x+3y4+2, 2(0) =-1, b) wv =a+Ay, x(0) = 1, 
a 
y=x-yt+l, y(0)=2. y' =2c—y+9, y(0) =0. 
vw =x+2y4+1, «(0) =0, d) av’ = 2a + 5y, x(0) = 1, 
c 

y' =4r—y, y(0) =1. y =x—2y+2, y(0)=1. 


é wv =-244+5y41, 2«(0) =0, f) uv =3r+y, x(0) = 2, 
y=rtdyt+l, y(0)=2 y' = —5a—3y+2, y(0)= 


Taylor & Francis 
Taylor & Francis Group 


http://taylorandfrancis.com 
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ee 
Section 1.2 


3. (a) Hint. Represent 21, z2 in trigonometric form: 
2 =1i(cos¢, +isingd,), 22 =1r2(cos ¢2 + isin ¢2); 
41-220 > (ry COS On — 12 COS o2) + i(ry sin On —f172 sin 2). 


Then apply (1.1) and the addition formula (1.9) for cosine. The identity we 
prove is equivalent to the law of cosines (also known as the cosine rule) which 
generalizes the Pythagorean theorem. 

(b) Use the same representation for z1, z2 as in (a). To interpret the identity 
geometrically, sketch a parallelogram with sides 21, z2, and its diagonals. 


7. Solution. Recall that the algebraic, or Cartesian, form of a complex number 
isz=x+1y. 


1. First we put the number z = 3 — 1 in trigonometric, or polar, form; for 
this we need the modulus r and argument ¢ of z: 


We see that z lies in the fourth quadrant, so ¢ = —§ + 27k, k € Z. We 
may take any of these values for ¢, so take k = 0: 


v8~1=2(s(-f) +n (-9). 


2. We find 27 using de Moivre’s formula (1.17): 


(v3-#)' = 97 (cos (-2) + isin (-%)) 


= 97 (— cos = +isin®) = (-4 +] = 64(-V3 + i). 
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V3 


1 
9. Solution. 1. Find the modulus and argument of the number z = 5 


which stands under the root symbol: 


2 
Since z lies in the third quadrant, ¢ = ae + 27k, for k € Z. 
2. Applying formula (1.17) for the n-th root, we get 


= —2" 4. 9Onk —22 4k 
SE = (co aa + isin aad 


wT OT _ ToT 
= cos ( = + 5k) F ésin ( 5 tok): for k=0,1,2,3. 


Substituting each of these values of k, we get the desired roots: 


wy = 008% isin =F 4 i%B, 
Sr... Sw #3 <1 

W2 = Cos 6 + 2sin 6 = 9 aa 
4n  . Art 1 V3 

Ws C08 UR ae 5 ae 


No further distinct roots are produced by new values of k. 


10. a) Hint. Since —1 = cos(a + 27k) + isin(a + 27k), we have 


1, v3 ¢ ag 
=>- 41— = — as) pe 
a eS ae cake re 
other values of k repeat these roots. 
b) Hint. The modulus and argument of —} + i¥3 are 1 and 2% respec- 
tively. Hence, 


1 
[3+ 2G = cos (7+ 2) rsin(7 aK), where kEZ. 
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When k = 0,1, 2,3, we get 


V3 1 9 26/3 v3 1 1 3 


Wi 5 hes ce aeare We Sa gS WA ig os 


2 2 


other values of k repeat these roots. 


11. Solution. 


1. 


First we rewrite z = 2 — 27, which is to be raised to the power 4, in 
trigonometric form: 


r= |z| = V2? + (-2)? = V8 = 2v2; 
1 


é 2 nd 1 
cos ¢ = —==-=, sind=-—. 
sV2 4/2 v2 
Since z lies in the fourth quadrant, we may take ¢ = —4, so that 


2 — 21 = 2v2 (cos ( ) + isin ( *)). 


. Now we may use de Moivre’s formula to raise this number to the power 4: 


4 4 
(2 — 24)4 = (2,/2)4 (cos ( 7) + isin ( 7) = 64(-1+ 10) = —64. 
To find (1 — 27), it is easier to just expand algebraically: 


(1 — 24)? =1-— 444+ (21)? =1-44 -4=-3 — 44. 


. Expressing the sums in algebraic form gives: 


(2—24)* +72+4¢=-644+72+4¢ = 8+ 4, 
(1 — 24)? + 5i = -3 — 43+ 54 = -3 +7. 


. Now we put the fraction is algebraic form. We do this by multiplying the 


numerator and denominator by the conjugate of the denominator: 


8+4i (8+ 4i)( 
S+i (—-3+4)¢ 


3 i) 24 — 127 -—81+4 —20 — 201 ; 
— = => 2-2. 
3-1) (—3)? +1 10 


. We will take the cube root by applying de Moivre’s formula. First we must 


put the number z = —2 — 27 in trigonometric form: 


r = y/(—2)? + (-2)? = V8 = 2v2; 


1 
cos @ = — =-—, sng=- 
V2 


S|" 


y 
2/2 
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Since z is in the third quadrant, we may take ¢ = —3t (or, just as easily, 


6 =): 
-2- 21 = 2V3 (cos (—5) + isin (-=2)). 


By de Moivre’s formula (1.17), 
3m 3m 
—32 + Ink —3" 4 Onk 
2 — 201 = 1/22 (cos +isin a) , k=0,1,2. 


As 2/2 = V2, for k = 0,1,2 we get 


5 
Wi J/2 (cos +isin =) : 
12 
- 13 
We /2 (cos —— YF =| 


Finally, plotting these values in the complex plane 
yields Fig. 102. The points wo, w 1, and wz are the 
vertices of an equilateral triangle centered at the 
origin. 


Fig. 102 


13. Solution. By the fundamental theorem of algebra (Theorem 7.40), this 
equation has six roots, among which some may be repeated. We make the 
change of variable t = z°, t?+28t+27 = 0, changing the equation to quadratic 
form, and then 
i= —28 + 282 —4-1-27 = —28 + 26 = 1,27. 
2-1 2 


Now we find the values of z. When t = —27, 


z° = —27 = 27(cosa + isinz) 


in trigonometric form. Using de Moivre’s formula (1.17), we get 


= VB = 72H (cos I + isin EA), R019. 


So 
WT eH 3. 373 
when k=0, 231=3 COs 5 + 7sin 5) *3 + 4 53 
whenk=1, 2 =3(cosa+isinz) = 


when k = 2, was aS att) a ae 
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Similarly, when t = —1 = cosa + 7sin7, we get 
cos = + isi i v3 1 1 ,v3 
z= 3—+27SIn - = + 2 3; 2= 3; 4=7>-t— 
a 3 ay ae ae ai 


Thus all roots of the equation turn out to be distinct. 


14. Solution. This equation has four roots. On making the change of variable 
t = z*, the equation changes to quadratic form t? — 2t + 4 = 0, and 


2+ —2)2-—4.-1-4 2+/-12 24+ 12/3 
t= ( ov = 5 — OVS _ 1 iv. 


Now we find the values of z. When 


t=1+iv3 = 2 (cost + isin 2) 


we get by de Moivre’s formula (1.17) 


"4 Onk = 4 Ok 
pe 1+ iV3 = V2 (cos SEA + isin ST) 


Then 


3 1 
when k = 0, 21 = V2 (cos + isin F) -va( F435); 


1 
when & = 1, c= V3 (cos 4 isin) = alga ) 


Similarly, when 
t=1~ iV =2 (cos (-") + isin (-2)) 


we get 
as a. as J3 P 
za = V2 (cos (7) + isin (-7)) -va( 3-34); 


1 
za = V2 (cos Fisin  ) = va ( VA ced ) 


15. a) Hint. Setting t = z°, the equation becomes t? — 9t + 8 = 0, so that 
t=1, 8. Solving t = z? for each of these values gives 


1 1 
z=1, ee 5 = a. pays. | Stay 3: 
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16.a) The inequality |z—1i| <2 
represents the open disk centered 
at 7 with radius 2; while the in- 
equality Imz > 2 represents the 
open half-plane above y = 2. The 
desired set is the intersection of 
these sets—see Fig. 103. 


c) The inequality |jz—1+i| <1 
represents the open disk centered 
at 1 —7 and with radius 1; the in- 
equality |Argz + 7| < § repre- 
sents the sector between the rays 
at angles —% and —%% to the z- 
axis. The desired set is shown in 
Fig. 104. 


e) The inequality |jz—1+i| <2 
represents the open disk centered 
at 1 —7 and with radius 2; the in- 
equality | Arg z| < } represents the 
sector between the rays at angles 
+3 to the x-axis; and Imz > —1 is 
the half-plane above y = —1. The 
intersection of these three sets is 
shown in Fig. 105. 
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Section 2.1 


1. Hint. The strip is an open connected set, that is a domain. Its boundary is 
connected since the lines Im z = 0 and Imz = 1 meet at the boundary point 
at oo. 


2. a) Solution. The inequality |z — 
2i| < 2 says that the distance from z to 
29 = 27 is less than 2; this set of points 
is the interior of the circle centered at 
2i with radius 2. 

The condition 1 < Imz < 8 says that 
the y-coordinate of the point z is be- 
tween 1 and 3; the set of such z is the 
strip lying between the horizontal lines 
y=landy=3. 

The desired set is the intersection 
of the disk and the strip, shown in 
Fig. 106; note that the boundary of the 
shaded region is not included in the set. 
The set is a simply connected domain. 
b) The set is not a domain. 


4. Answer. All sets are closed simply connected domains. 


ee 
Section 3.1 


1. Hint. To prove that a differentiable function at a point zo has a derivative 
and A = f’(zo), use definitions (3.1) and (3.2). 

To prove that if a function w = f(z) has a derivative at the point zp then 
it is differentiable at z) and A = f’(z9), take 


a(Az) = a — f' (2). (9.47) 


2. Solution. We first express the given function w = f(z) in the form f(z) = 
u(x, y) + ivu(az, y). Writing z = x + ty, and using the equalities 7 = « — iy and 
Im z = y, we separate the real and imaginary parts of the entire expression: 


f(z) = (a + ty) (@ — ty — 3y) = 2? +? — 8ay — 18y’. 
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According to Theorem 3.2, the function f is differentiable at a point z = (2, y) 
if and only if the Cauchy-Riemann conditions (3.4) are satisfied at that point. 
Taking the partial derivatives, 


Ou Ov 0 


= 22-3 = —6 
Ae vt 9Yy, ay Ys 


uL Ov 
=2 3 =0 
Oy ] x, Ox ? 


we see that the Cauchy-Riemann conditions lead to the system of equations 


2x — 3y = —6y 2x + 3y = 0 
2y — 3a = 0 Vaso) 


This system has the unique solution x = 0, y = 0. Thus the function is 
differentiable only at the point z = 0. Because the limit in the definition (3.1) 
of the derivative does not depend on the direction along which Az approaches 
0, we may assume that Az = Az and Ay = 0. Then 


Ou Ov 
/ eee Ln 
f (Zo) 7 Ox u Ox 5 
ZO ZO 
and we get 
te} 0 
Fee ee i] =(r-3y)) +0=0. 
Ix}9,0) — 9X1(0,0) (0,0) 


Note that the given function f is not analytic anywhere, even at z = 0, because 
that would require the point to have a neighborhood in which the function is 
differentiable. 

3.a) Solution. From w = zImz = (a+ iy)y = xy +iy? we get u(z,y) = ry, 
v(x,y)=y", 


Uz =Y, Ve =0, Uy = 2%, Vy = 2y. 


Now applying the Cauchy-Riemann conditions (3.4), we get 


Ug = Vy y = 2y y=0 
or ; 
Uy = —Uz; x=0, x=0, 
so that the function is differentiable only at the origin. At that point we have, 
since w’ is independent of direction, 


te} 
ie 5 Ae Saya 


Ox 
d) Answer. The function is differentiable only at the origin; w’(0) = 1. 
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Section 3.2 


1. Solution. 
1. First we check that the given function is in fact the real part of an analytic 
: Bowed _ Cu Pu 
function, substituting u into the Laplace equation — > + — = 0: 
Ox? Oy? 
Ou ore Pu ¥ gi 
=e L, wz >= —e “sing; 
Ox Ox? 
0 Oo? 
oY = —eY sine +1, ead sin x; 
Oy dy? 
Oui Ou 
— 5, +25 =-e Ysnx+e Ysinz = 0. 
Ox? Oy? 


So the function u satisfies the Laplace equation everywhere in the plane. 


2. Applying the Cauchy-Riemann conditions, we get 
Ov Ou Ov Ou 


—- — =e Yoosx: — = =e Ysinx—1. 


ay on "Ox Oy 


3. Integrating the second equation with respect to x, and treating y as a 
constant, we get 


u(z,y) = fe sinx — 1) dx = ew [ sind — p -dx 
=-e “cosa—x+C(y), 
where C(y) is some function of y. 


4. Substituting this expression for u(x, y) into the equation 


we get 
e Ycosx+C"(y) =e" cosa, 


hence C’(y) = 0 and C(y) is some constant C,. 
5. Writing f(z) in the form f(z) = u(ax,y) + iv(a,y), we find C, from the 
condition f(0) = 1: 
f(z) =e “sing +y+i(-e %cosx—24+C;4); 
1= f(0) =0+7(-14+04+C)); 
1+2 


1=-i+iC)i, so Cy= =1-i. 
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6. Finally we get 
f(z) =e “sina +y+i(-e 4% cosa —a2+1-%). 


After studying the exponential and trigonometric functions of a complex 
variable, we can write this expression in terms of z, replacing x by z and 
y by 0, as in Example 3.10: 


f(z) =e' sinz +0 +4(—e° cos z — 2 +1—4) 
=sinz—icosz—iz+i+1 
= -ie* —iz+1+i; 
the last equality follows from (4.28). 


Constructing an analytic function from its imaginary part can be carried 
out analogously—see Example 3.10. 


2.b) Solution. First we check that the function u = x? — 3xy? + 1 satisfies 
the Laplace equation. Then, from the Cauchy-Riemann conditions we get 


Vy = Ug = 3a7 — 3y?, vg = —Uy = Gary. 
Integrating the second equation with respect to x, we get 
v = 3x*y + Cly), 


where C' is a function that depends only on y. Combining this with the first 
equation gives 


Vy = 3x7 + C'(y) = 3x7 — 38y? => C'(y) = —3y?, 
so that C(y) = —y? + D, where D is a constant. This means that 
f(z) =utiv =a? —3ay? +14 i(8a?y — y® + D) = 2° +14iD. 


Finally, applying the condition f(0) = 1 gives 1 = 0? +1+iD, iD = 0, so 
that f(z) = 23 +1. 


3. a) Solution. First we check that the function v = e* cosy satisfies the 
Laplace equation. Then, from the Cauchy-Riemann conditions we get 


Uz = Vy =—e"siny, Uy = —vyz = —e* cosy. 
Integrating the first equation with respect to x we have 
u=—e*siny+ Cy), 


where C' is a function that depends only on y. Combining this with the second 
equation gives us 


Uy = —e” cosy + C'(y) = —e* cosy => C"(y) = 0, 
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so that C(y) = D, where D is a constant. This means that 
f(z) =ut+iv =-—e’* siny + D + ie” cosy = ie* + D. 


Applying the condition f(0) = 1+ gives 1+i=ie® + D =i+D, D=1, so 
that f(z) =ie* +1. 


 ______ | 
Section 4.1 


1. Solution. Triangle ABC can be transformed into triangle A’B’C’ through 
a combination of expansion, rotation, and translation. Therefore the transfor- 
mation is a linear one, w = az + b. 


1. Since the similarity ratio is 2, we start with the expansion w, = 2z. This 
takes the point A = (—1,0) to Ay = (—2,0). 


2. Next we rotate the resulting triangle counterclockwise about the origin 
through the angle 7/2. This transformation can be written 


wo = wie"? = iwy. 
This takes A; to Ag = (0,—2). 
3. Last, we translate the resulting triangle by the vector 
A2A’ = (3,2) =34 2i. 
This transformation can be written w = wo +34 2i. 


The composition of these three transformations yields the desired function: 


w=w.+34+ 21 =1w, +34 27 = 2iz4+34 21. 


A. Solution. First we determine the image of the boundary of the disk, i.e. 
the circle |z + 2i| = 2. Because Mobius transformations preserve circles (The- 
orem 4.4), this circle is mapped to another circle—which will be a line if its 
radius is oo. In fact the point z = 0 lies on the circle |z + 22| = 2, and this 
point is sent to w = oo. Therefore the image has a radius R = oo, and hence 
is a line. To graph the line, it suffices to find two points on it: 


I 


1 
when z1 =—4i weget w= =a 
—Ai 


: 1 
when z2 = 2—2i we get aa Ve 
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So the image of the circle |z + 27| = 2 is the line through these two points, 
which is the horizontal line y = 4. Therefore the image of the disk |z+2i| < 2 
is one of the half-planes bounded by this line, either the upper or the lower. 

To find out which is the case, we need only check to which half-plane an 
arbitrary point in the interior of the disk is mapped. Using the center of the 
disk zo = —27, we see that 


xX 
Oo 
©! 
S 
Nis 


Because this point lies above the line y = 4, we see that the disk |z + 2i| < 2 
is mapped to the half-plane Im z > i: 

The image of the boundary |z + 27| = 2 may be found in other ways, as 
seen in the next example. 


5. Solution. Again, we first determine the image of the circle |z +7] = 3. Since 
z = 0 does not lie on this circle, none of its points are sent to w = oo. This 
means that the image is a circle of finite radius. To find the center and radius 
we write z= a+ iy and w = u+ iv, then expand |z + 2| = 3 into 


je+a(yt+1)|=3, or 2? +(yt+1)P?=9, 2? +y?+2y-—8=0. 


The equality w = 1/z means that z = 1/w, so that 


ae 1 u— iv 
Y bon ee 5 = : = ; 
4 utiv u%+v? 
from which we get 
U q v 
x= —>—— an = ———. 
u? + v? 4 as 


Now we substitute these expressions into the equation of the circle: 


1 2u 
uz=+vu2  ur2+v2 


8=0, 


8(u? +7) + 2u—1=0, w+ 2 


Completing v? + $ to a square gives 


wtur+ 24 iY _ 1)" w+ pce ae 
4'\8 ee eS ae 8) 64 


Thus the circle |z + i] = 3 is mapped to the circle with center wo = (0, —3) 
and radius R = 3. The point z = 0, lying in the interior of the disk |z+¢| < 3, 
goes to the Boint w = oo. That means that under w = 4 the disk |z +4] < ie 
is mapped to the exterior of the disk with center wo = ee and radius R = 
3 
See 
re ; 8 


2 


This set can defined by the inequality 
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7. Hint. Let T be the circle |z| = 1, and let I’ be the image of I under the 
Mobius transformation f of the form (4.12). By Theorem 4.4, I’ is a circle. 
The points zo and 1/Zp are symmetric about [. By Theorem 4.6, their images 
f (zo) =0 and f(1/Z9) = oo are symmetric about I”. It is possible if and only 
if I’ is a circle of radius R < oo centered at the origin (why?). Since | f(1)| = 1, 
the radius R = 1. 

Another solution is based on the direct verification of the equality | f(e’’)| = 
1 for all real t. 


8. Solution. In Example 4.8 we saw that a Mobius transformation mapping 
the unit disk to itself must have the form (4.12): 
= id z — 20 

OS Zz’ 


W 


where Zp is the point that goes to w = 0. In our case, the first condition 
means that z = — 3. It remains only to determine ¢, which we will get from 
the second condition, after first calculating w’ (zo): 


ul(e) = et = 72) — (“H)(@~ 4) _ ip 1% 


GaP (=o 
Using 220 = |zo|, when z = 2) = —4 we get 
_ oid re |zo|? _ id 1 


Gla? © 1-|2P’ 


Hence 


This means that the dilation coefficient at the point -4 is equal to 4; and 


from the second condition given in the problem we get ¢ = 7. The desired 
transformation is the function 


inf 2+ — pin/4 z+3 
1-(- 


W=eE 


Nie. {[NIs 


(where we have used 7 = —i). 


9. Solution. From formula (4.12), any Mobius transformation of the disk to 
itself is of the form 


w= f(z)= ee 28 
1— az 


where a is the point which is mapped to the origin. In our case a = $, so 


a ig 2% —1 
ee 23° 
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Taking the derivative, 


— -i¢ 
_——_ =e y 
(5)? 

The condition Argw'($) = 3 becomes % = Arg (e’?- 4) = . Thus the 
transformation is 


ape 
~~ 
XR 
eae 
ll 
Rs 
ass 
— 
iS) 
| |e 
R 
Ce 
bo 
sR 
a. 
Nle 
er 
| 
a 
.—s 
w 
ww] & 


oath 2—2z oP eof? 


A . : ae et 1\|_ 4 
and the dilation coefficient at z = 5 is ie (3)| = 3- 


jz 2z—1 2z-—1 
e’2 = 


10. Solution. In Example 4.7 we saw that a conformal mapping from the upper 
half-plane to the unit disk must have the form (4.11): 


~ ge 20 


W =) 
z& — £o 


where 2 is the point that goes to w = 0. In our case, from the first condition, 
that point is 27. To determine ¢ we use the second condition, so we must first 
find w' (zo): 


ta es mer ee ee 255 
w' (z) = ei? (2 a =n 20) = et? = a? 
; —% ; 1 
er ee ec a 
(20) (2 — 2)? 20 — 20 
Therefore, 
er? e? ie? AD, on lien Be 1 p30 
! 21) = in (i pid nies. i(S$+¢) 
OU am a Ae Fe ON ae aS 


(where we have used —1 = e’™ and i = e’2). Then 


1 3 
jw'(2)| = 5 and Argw'(2i) = > + ¢. 
This means that the dilation coefficient at the point 27 is + and from the 
second condition given in the problem we get 

37 


a tema or o=-5. 


Therefore the desired transformation is 
_yzz— 21 2-21 
2 


z+2i “sh 2k 


W=e 


12. Solution. We may just find the function which is inverse to those in Ex- 
ample 4.7, solving the equation (4.11) for z and interchanging z and w. Let 
us find another solution which is independent of Example 4.7. 
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Let wo, Imwo > 0, be the image of 0 under the mapping f(z), that is 
f(0) = wo. Then f(oo) = Wo. For a Mobius transformation 


az+b 


= 9.48 
i= (9.48) 
these equalities imply that 6 = dwo, a = cw. Hence, 
CWoz+dwo Woz + Awo d 
P(2) cz+d z+A Cc 


Since one point of the unit circle, say e’*, goes to infinity, e’* + A = 0. 
Therefore, , 

Woz — e'~wo 
Again our mapping depends on three real parameters, namely on two compo- 
nents of wo and a. 


13. Solution. When we traverse the upper semicircle |z| = 1 counterclockwise, 
the point w = f(z) moves from 0 to oo along the real axis Imw = 0. Hence, 
f(1) = 0, f(—1) = ow. We plug these values in (9.49) and get e’* = —1, 
wo = th, where h is any positive number, say 1. Therefore, 
(Se, ASG (9.50) 
= f(z) = —ih —— : : 
- z+1’ 
Another solution is to use (9.48) directly, taking into account that f(z) is 
real and positive on the upper semicircle. 


—— SSS 
Section 4.2 


1. Answer. 


(a) #02) = 7 (cos $5" + isin 257), pay =-5- 8, 


(b) f@)= <r (cos $ + isin *) elias 


2. Hint. Show that for every real x < —1, the limit of f(z) as z > x is the 
same when z approaches x over the upper and the lower half-planes. Also 
consider the case x € (—1,1). 


3. Answer. The numbers 1 and (—1)(—1) under the first and the second roots 
are on different sheets of the Riemann surface: their arguments are 0 and 27, 
respectively. Therefore, the different branches of the function ./z are selected. 
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Section 4.3 
2. Answer. (a) z =i(m+2mk); (b) z = 142k, (c) z= 14+1(—$+2rk), k € Z. 


3. Solution. We break the solution into four steps. 
1. Using a linear function w = az +b we can map the given strip to the 
strip —oo < # < +00, 0< y <7. The first strip has a width of 2, so to map 


A it onto a strip of width 7, we apply 


J2 a similarity transform with coefficient 


Tw. ] 
ot for this we can take 


Then the point A = (—3, 4 


= | ——x~,i : 
Fig. 107 : 2/2’ 2/2 
Then we must rotate the resulting strip clockwise through an angle of 7, so 


that it becomes parallel to the z-axis. This transformation can be written in 
the form 


This takes the point A; to Az = (0, 4). 
Finally we apply a translation along the vector A2O: 


am TZ ax am 
w3 = w = € ; 
ee aD 2 
Instead of taking A, to be (—3, 4), we could have chosen any point on the line 


y=«x+1 (e.g. (0,1)). Using the equality e~’? = wa - wa the transformation 
we have constructed may be written in the form 
m(1 — 2) im 
wW3= — 3 2 - 
2. Next, we map the strip just obtained to the upper half-plane Im z > 0. 
In Section 4.3.1 we saw that the exponential function w = e* maps the strip 
0 < Imz < a onto the upper half-plane. So the mapping we need is w4 = e™?. 
3. Now we map the upper half-plane to the unit disk with the help of the 
Mobius transformation 


Imz > 0. 


ib ~ — 20 
w= el? 


Z— Zo 
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Since no additional conditions were given in the problem, we may choose the 
two parameters ¢ and zo (with Im zp > 0) arbitrarily. Taking, for example, 
o¢ =0 and z =72, we would get 


wa — 1 
wa ti 


4. The desired mapping is the composition of the three constructed above: 


m(1—i) in 4 
wa-i ews — 4 exp ( 2 2-#)-i 


wati ews ti exp (2-22 - ) se 


4.b) Solution. We proceed in four steps. 


1. Map the oblique strip onto a horizontal one bounded below by the z-axis: 


Since iz is on the upper boundary of the original strip, and wi(i7) = 
V3q +123, this maps the strip onto 0 < Imz < 4. 


2. Double the height of the strip, so it becomes 0 < Imz < am: wz = 2u}. 
3. Map the new strip onto the upper half-plane: w3 = e”?. 


4. Map the upper half-plane onto the unit disk. Any such Mobius transfor- 
mation must have the form of formula (4.11): 


-4W3— a 
ws =e? =) 
W3—a4 


where ¢ is real and a is a point in the upper half-plane which maps to 0. 
We may choose the two parameters ¢ and z (with Im zp > 0) arbitrarily, 
for example, ¢ = 0 and zp =1. 


Composing these functions gives 
we = 2w, = (1—iV3)z,  w3 = eI -tV9)2, 


e(l-iv3)z oar 


v= CN ee ry 


10. Answer. 0 < Argz <7. 
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eC 
Section 4.4 


2. Solution. According to the definition of the general power function given in 
Section 4.4.1, 


The values of the logarithm are found via formula (4.21): 


log (—v3 + i) =In|-v3 +i +i (Arg (—v3 +i) + 20k) 


= (-v3) +1=2: ee me sing = 5, 


|-v3+i 5 


where ¢ = Arg (-v3 + B), Since ¢ lies in the second quadrant, ¢ = or This 
gives us 


(-v3+ i)” Sa (-6 (m2 5 (= 2 2nk) 


= exp(5a + 127k — i6 In 2) 
= [exp(5z + 127k)|(cos(6In2) — sin(6In2)), for k €Z. 


Our result is that the power (-v3 - i) ‘i has an infinite set of values. All 
these values lie on a single ray, at the angle 6 = —61n 2 to the positive x-axis. 
The moduli of these values form two geometric progressions, both starting at 
e°” (when k = 0), with ratios e!?” (when k is positive) and e~!2" (when k is 
negative). 


3. Solution. Since 1+7 = v2 (5 5 + iJs) = V2(cos = 7 +isin 7), then 


Vv v2 


(1 + 4)! = exp (é(In V2 + i(% + 27k))) 
= [exp (—$ — 2rk)](cos($In2)+isin($In2)), for k€Z. 


4. a) Hint. See problem 3 in Section 4.2. 
b) — Solution. 


(ain |zi|+i91) , 6(@ln |z2|+i¢2) — pa(In(|z1|-1221)+¢(¢1+¢2)) — = ( 


a Oe a 
21° 2g =€ z122)*. 


8. Solution. By formula (4.30), 
cos '(—5i) = ilog (—5i + /(—5i)? — 1) = = ilog (—5i + /—26) 
= ilog (—5i deg 26) = ilog (i (-5 4: v26)) 
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We write + before 26 because usually the root of a positive number is 
understood as its principal value, but the root in formula (4.30) is to be 
understood as two-valued. We will consider separately each of the signs of the 
root. First with +, making use of the equality (26 — 5) (26 + 5) = 1, we 
get 


i (5+ v26)| = v26-5 = (V26+5) ; Arg (i (—5 + V26) J ==. 


Then by the formula (4.21) for the log, 


Analogously, when the sign is —, 

i (-5 - v26)| = /26+5; Arg (-i (5+ v26) ) =-53 

jlog (-i (5 7 v26)) =i (26 + 5) - (-5 as 2k) 
=in(V26+5)+(l+2k) for kez. 


We have written +27k instead of —27k, since k runs through the set of inte- 
gers. Finally we get 


cos1(—Bé) = + (= 4 Onk +éln (v26+5)) , kez. 


Note that we could have obtained the second value from the first by applying a 
general remark made in Section 4.4.3, according to which a change in the sign 


of the root leads to a change in the sign of the expression log (2 +V 224+ 1). 


—2V34 32 
9. Solution. By formula (4.31), when z = as we have 
es eas OSs 32 Gy 2v/3 : 
OE ike OE Bei 
23 1 — -1-iv3. 
2/34+6i -1+iv3 4 ” 
-1-i/3| 1 1 —1-iV3 Qn 
| A i| eG Pe a 
since sing = —3, cos 6 = —}. This gives us 
-2V73+3i 1 1 Qn 
tan! = 
an 3 5 (m5 +i( 3 +2nk) 
= ge ie ee ie Rew 
3 21 2 3 
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10. d) Solution. All solutions of the equation tan z = a are given by the 
formula z = tan~! a. By (4.31), 


= 1. i-a 2/3 + 3% 
=—lo , where a= a 
a 


Elementary computations give 


i-a 1f1 v3 
= + 2 : 
ita 2. '\. 2 2 


1 


Combining this with the formula for tan7 


2/3 4+ 31 1 : In2 
z=tan! = ae (1 +i(F +2nk)) = 7k +i keZ. 


, we get 


2% 2 


———SEEEESSSeeS= 
Section 5.1 


1. Solution. We first write the curve in the form of a parametric equation, 
z=2(t)=a(t)+iy(t), a<t<f. 


Because this curve consists of two parts, the segments AB and BC, which will 
have different equations, we consider each one separately. 

The part AB can be given as y = «+1 for —1 < x < 0. Identifying x with 
the paramter t, we may write z(t) =t+i(t+1), -1<t<0. 

The other part BC can be given as y = —x+ 1 for 0 < x < 1. Identifying 
x with the paramter t, we may write z(t) =t+7#(-t+1), O<t<1. 

Now we compute the integral along T’ using the formula (5.5): 


[ie dz = frome dt. 
Tr a 


We will apply this to each part of the curve separately, and then take the sum 
of the two integrals. 
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For the segment AB, z'(t) = 1+ 7%, so that 


0 
[? dz = ic —iy)? dz= fe —i(t + 1))?2/(t) dt 
AB AB -1 
0) 
= fe — 2it(t +1) — (t+ 1)?)(1 +1) dt 
0 


= fee 1+ i(—2¢? — 4t — 1)) dt 


-1 


203 2t3 
— t+i i en 
3 +2 ( 3 ) 


For the segment BC, z'(t) = 1 — i, so that 


je? dz= fe —iyy dz= fo- i(—t + 1))?z'(t) dt 
BC BC 0 


I 
— 
bo 
ne 
Ny 
a 
~. 
— 
i) 
rnd 
ie) 
eS 
ob 
— 
a 
~ 
Q 
+ 


| 
w|& 
w 
nw 
aS 
wl 
w 
bo 
+ 
bo 
a 
NS 


So the integral over [ is 


fi@ac= [te act f $e) d= bg hinds ee. 
Pp AB BC 


2. Solution. We may parametrize the upper unit semicircle traversed in the 
clockwise direction, with z(t) = e’’, where t changes from 7 to 0. Then 


z(t) =ie*, f(z(t)) = (#) _ e~Pit. 


? 
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4. b) Solution. The parabola y = x? on the interval 0 < x < 2 can be 


parametrized by z(t) = t+ it?, where t € [0,2]. Then 


2()=14+42t, f(z) =(¢ +i) Ret + #7) = G47 H= 7 +2; 
2; 


2 
f(z) dz= [(# + i#?)(1 + 220) dt = | (t? — 2t* + 130°) dt 
oes ! 


2 
8 64 152 
= (Soe 957 
5 a ig 


te 2t =. 34 
=. +74 


3 5 4 


0 


5.a) Solution. For any complex numbers 21, z2 we have |z1 + z2| > |z1|—|ze| 
—see problem 1 in Section 1.2. Hence, |z? +1] > |z?| -— 1 = 3 as |z| = 2. 
Therefore, 


1 1 
= —.—_ < = =): 
lf(z)| |2? 1 = 3 as |2| 


The length of the circle |z| = 2 equals 47. Now the desired estimate follows 


from (5.9) with M = 3 and ¢ = 4n. 


—————— — 
Section 5.2 


2.a) Solution. We break the integral up into the three pieces AO, OB, and 
BC. 


AO: We parametrize this segment by z(t) =t, —1<¢t< 0. Then z’(t) = 1; 


0 40 
f(e(®) =t: [ro de= fPid=F 


AO 


a 


OB: We use the parametrization z = it, O<t<1. Then 2’(t) =73; 
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BC: The part BC can be given as y= 1-2 for 0 < x < 1. Identifying x with 
the parameter t, we have z(t) =t+2(1—t). Then 2/(t) = 1-3; 


f(z@)) =z) =(¢+4¢-1)P = 2t-1+72(7 —2); 


[ro dz= fe- 1+42(¢? —t))(1—14) dt 
0 


BC 


= (1-1) G t+2i(F 5) 


Summing the three pieces, we get 


1 


= 0-8-9 (- 3) =-5-§ 


AOBC 


The integrals along different paths from A to C may differ, because the func- 
tion f(z) = 2? is not analytic in any domain (prove it). 


4. b) Solution. Let us first estimate the denominator of the fraction as 


|z| > 2: 
1 2 
Saya tees a 
> [ai( EP =) 
1 2 


1 


Hence, the denominator is not zero as |z| > 2; therefore, the function f(z) = 
is analytic on D = {z: |z| > 2}. By Corollary 5.11, 


zdz zdz 
—— ——— fe R> 2. 
/ w+tz—2 ‘| aAtz—2 Semen eae 


|z|=2 |z|=R 


1: . 3 
Saree 


4 _ 1,4 
|z* + 2 —2| = |z°| 3 


See 
zitz—2 


Using the estimate for the denominator, we have 
Zz 2|z| 2 
z+z-2 \z4| R38 


for jz) = R> 2. 


The length of the circle |z| = R equals 27R. Applying (5.9) with M = ro and 
= 27R, we get 


zdz 2 4 

i Hi gao < BB ioe cea as R—- oo. 
|z|=R 

We see that the original integral over the circle |z| = 2 is a fixed number, the 

modulus of which is less than any positive number. Therefore, the integral 

must be zero. 
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Section 5.3 


1. Solution. There are two ways to test f for analyticity. The first is to write it 
in the form f(z) = u(x, y) +iv(a, y), that is with the real and imaginary parts 
separated; then to compute the partial derivatives of u and v and see if the 
Cauchy-Riemann conditions (3.4) are satisfied for all x and y. The second, and 
easier, method uses the properties of analytic functions (see Section 3.1.3). 

The function sin z is analytic in C, as shown in Section 4.4.2. The function 
5z is obviously also analytic. Therefore the composition sin 5z is analytic in 
C. It then follows that the function f(z) = zsin 5z will be analytic in C, being 
the product of analytic functions. 

Now note that the required antiderivative F(z) is given by the formula 


F(z) = [esinse dé, 


where the integral is over any path from 5 to z. Indeed, according to Corol- 
lary 5.14, the function F defined here will be an antiderivative of f, and 
the equality F(4) = 0 is obvious. This integral can be computed using for- 
mula (5.19), one of the forms of the fundamental theorem of calculus. More- 
over, as noted in Remark 5.15, we may use all the usual formulas and tech- 


niques for integrating. In this case we will integrate by parts: 


b b 


b 
pude=w — fv du 


a 


In our problem 


1 
u=¢€, dv=sin5¢d¢, du=dc¢, v= —- cos5¢. 
Then 
z ¢ Zz z 1 
€sin5¢ d¢ = —. cos5¢} — = cos 5¢ d¢ 
aree 1 1 
a —£ cos 56 7 + 9g 81 5¢ 7 a —F cos5z + 0+ gp 852 — 35° 
2 2 
So, 
z : 1 
F(z)= 5 cos bz 5 sin 5z 55° 
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2.c) Solution. Both functions z?+2 and e* are analytic in the entire complex 
plane, and so their composition is also. Hence the function f(z) = ze +2 ig 
analytic in C, being the product of analytic functions. The antiderivative may 


be obtained via . 
z) = | Get? aC, 
20 


where zp is any point in the plane. To satisfy the condition F(iV/2) = 0, we 
take zo = iv/2. Using the substitution u = ¢? + 2, we have du = 2¢d¢; u=0 
at €=iV2; u=27+2 at C =z. Hence, 


z 2 
i iti 1 
a ee a= 5 | e“ du = ral 
0 
i/2 


2.d) Answer. f(z) = $zsin2z + ; cos 2z — F. 


Section 5.4 


1. Solution. The equation z? + 7? = 0 has two roots, tia. Therefore the 
integrand has singularities at these two points, of which —iz lies within T, a 


circle centered at —iz of radius 2, and the other _A 
singularity im lies outside T (Fig. 108). We fac- ony 
tor 

2 +n? = (z+in)(z—in), 0 


and rewrite the integral in the form 


je — 


Z+UT 
i 


The function Fig. 108 
cos 2z 
12S] 
zZ—i 


is analytic in the closed disk bounded by I. Therefore we can apply the Cauchy 
integral formula (5.21) with z = —im and ¢ replaced by z: 


(22) 
Zz 22) —2 } 
p=) i ea fe = 2nif(—-in) = ani cont a) 
z+int —T1 — 711 
Tr 


1 : : 
= — cos 27i = = es + ee =-- (e-7" + 7) . 
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2. Solution. We will denote f(z) = z° — 224+ 3. This function is analytic 
everwhere in C, in particular on the closed disk |z| <5, and the point z = 7 
lies within this disk. Therefore we can apply Cauchy’s integral formula (5.25) 
for derivatives, with z =i and n = 3: 


2° —22443 _ f(z) _ 2rt WI 
eae ye 


z—1) 
= —G (60% — 481) = 27i(—10 — 87) = 4n(4 — 51), 
where we have used 


f' (2) S524 —82%, f(z) = 2027 = 242", f'"(z) = 602" — 482. 


3.a) Solution. We may rewrite the integrand as 


COS Z 


BOSE: ere 
ze—nt zg 

Let cos Z 
zj= . 

f(z) = S82 


Then f is analytic on the closed domain bounded by I’, so we may apply the 
Cauchy integral formula (5.21) to get 


=i. 
Z-7 27 


/ f@) dz = 2nif (mr) = 27i- e 
r 


3. e) Solution. Let f(z) = zsinz. Then f is analytic everywhere in C, in 
particular on the closed domain bounded by I’, so we may apply the Cauchy 
integral formula for derivatives (5.25): 


ee 
/ L(2) ga f'(—4) = 2m (sin z + z cos z) = —27i. 
Gp Tat ee 

T ~~ 2 
4. Hint. For n = 1 the formula (5.25) is already proved (in fact we may 
consider the Cauchy integral formula (5.21) as a special case of (5.25) with 
n=0, 0! =1, f(z) = f(z), and start induction with n = 0). Now assume 
that (5.25) is valid for some n > 1; we must show it holds also for n+ 1, that 
is 


lim : 
Az0 Az Qrt 


FO(2t Az) — fz) (nt)! io Gls plea 


Solutions, Hints, and Answers to Selected Problems 333 


Since (5.25) is valid for n, the expression under the limit is equal to 


n! 
Tt 
T 
(C= 2 ((-2- Ad nt 


where A(z,Az,¢) = Az(€ —2z— Az)Pti(C— 2z)ptt (C—z)n 


According to the algebraic identity 


a® — oF = (a — b)(a*-1 + a*—-2b + a* 362... + BP?) (9.51) 
we have 


Cle ae agaag ir: 
= Ax((C— 2)" + (C— 2)" (GC —2- Az) +--+ + (C-2—-Az)”). 


Cancel Az and write A(z, Az,¢) as one fraction. Show that the numerator of 
this fraction is 


(Cae) (C2) (Ca aA) (C2) (Co Az) a(t l(Cae- Ag. 
This expression can be written as a sum of n+ 1 differences: 


Ca PP (Coane alee eye a8 Ae) oe ae 
Fast |(C aCe Ag)?— (CH 2oAe) 


Use (9.51) to prove that each of these differences has the same factor Az, and 
therefore the numerator of A(z, Az, ¢) is equal to Az multiplied by a bounded 
function. 

Estimate the denominator of A(z, Az,¢) from below in the same way as 
in the proof of Theorem 5.18. Conclude that 


n! 


m — | A(z,Az,0)f(0) 6 =0. 


1 ; 
Az—>0 271 
r 


5. Hint. The case n = 0 is obvious. Suppose that n > 0. 

(a) Prove that for every zo € C the polynomial can be written in the form 
P(z) = (z-— 20)Q(z) +r, where Q(z) is a polynomial of degree n — 1, and r is 
a complex number. 

(b) Prove that if P(zo) = 0, then r = 0, that is P(z) = (z — 20) Q(z). 

(c) Use this representation and Theorem 5.25 to prove the desired asser- 
tion. 
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ee 
Section 6.2 


2. Answer. Rez < 0. 
3. Answer. a) The real axis Im z = 0; b) Yes. 


Section 6.3 


2.c) Answer. R=1/e. 


5. Hint. Prove the proposition by contradiction. Assume that there are a 

positive number M and a point z such that |zi| > R and |cnz?| < M, 

n = 1,2,.... Use the same arguments as in the proof of Theorem 6.10 to 
Co 

show that the series 5> c,z” converges on |z| < |z;|. Hence, the radius of 
n=0 

convergence is greater than R. We have arrived to contradiction with the 

assumption that the radius of convergence is R. 

6. a), b) Hint. Prove that the series converges at every z with |z| < 

min(R,, Ro). 


6. c) Hint. We have to prove that if |z| > au then the series 5~ on yn 
2 n=0 Yn 
diverges. 
(Ri +6). 
(R2 — 6)’ 
(ii) by the previous problem 5, the sequence {|a,,|(21+06)”"} is unbounded. 
Moreover, limp 50 |bn|(R2 — 6)” = 0 (why?), and 


(i) Prove that there is 6 > 0 such that |z| > 


Jan|(Ri +5)” 
|bn|(R2 — 6)” 


an on 


bn 


oO 
(iii) Conclude that the series )> — 2” diverges. 
n=0 Yn 


————EE EE 
Section 6.4 


1. Solution. 1. First we expand the function 


Solutions, Hints, and Answers to Selected Problems 335 


in a Taylor series about the same point. For this, we use the known series 
expansion for the function e* at zo = 0 (formula (6.27)): 


' 22 yn oo. yn 
e=1+2z4¢4 2 Poe ‘al de Se for zEC. (9.52) 
n=0 


Substituting 2? in for z, and subtracting 1, we get 


2 ; x4 yan OF yan 
e —-l=z tote tote =yo—. 
2! n! n! 

n=1 


This resulting series, like the original, converges everywhere in C. We divide 
both sides by z: 


tere yoo. (9.53) 


n=1 


This series also converges everywhere in C, including at the point zo = 0, and 
consequently defines a function which is analytic in C. By Property 6.17, it 
can be differentiated termwise. 

2. We differentiate equation (9.53) with respect to z: 


2 t oo 
e* —1 320 (2n — 1)z?"-? (2n — 1)22"-? 
=] | see foeee = S ——__———., 


z 2! 


sO 


By Property 6.17, the series we have obtained has the same disk of convergence 
as the one in equation (9.53), namely all of C. 


2. Solution. 1. We make a change of variable, w = z— z = z — 3, so that 


z=w+s3. Then 
zZ—-6 w—3 


(z+2)(2-5) (w+5)(w— 2)’ 


2. Next we break up the resulting fraction into a sum of simpler ones: 


w—3 _ A, BB _ Aw 2)+ Blwt+5) 
(wt+5)(w—2) wt5'w-2 (w+5)\(w—2) ’ 
so that w—3= A(w—2)+ B(w +5). 


Substituting w = 2 and w = —5, we get B= —% and A= 5, respectively. In 


this way, é : ‘ ; i 
w— 


(wt5)(w—2) 7 wtd 7 w—-2 
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3. We wish to use the formula (6.30) 


1 co 
=i Paty cd aise mM piray —1\*2* 
eae z+z +(-1)"z 24 D2") lela dy 054) 


to expand our two fractions into power series. In order to apply the formula, 
we shift some factors in the denominators: 


8 1 8 1 1 1 1 1 


. = . d : = . : 
(Geo ho Te 2 2). 7 Re 
Then with z = © in (9.54) we get 
8 1 8 ww? w" = (1/8 
7 wtd al 5 Be ("in ) Doge 
which converges when |z| = |¥| <1, or |w| <5. With z = —3 we get 
Ty 2d 1 ww w” = 1 
= 1 = : 
7 w—2 5 (145 22 an ) 2 ae” 
which converges when |z| = | — $| < 1, or |w| < 2. 
Combining the two expansions, we have 
w—3 —(-1)"8 , ~~ 1 es 
(w + 5)(w — 2) = 2 Tg” + oY 


7 5n+1 gn+1 : 
n=0 
and this series converges when |w| <5 and |w| < 2, i.e. on the disk |w| < 2. 
4. Returning to the original variable z, we substitute w = z — 3 to obtain 
the desired expansion: 
Co 


ae eee ee ee 
fe) = re = (SA tar) ( A Mele 


n=0 


Note that the disk of convergence of this Taylor series can also be deter- 
mined just from the fact that the radius of convergence R is equal to the 
distance from zo to the closest singularity of the function f(z). Our function 
has two singularities, at z} = —2 and z2 = 5; the closest to zo = 3 is zg, so 
R=5-3=2. 


3.a) Solution. Using the known Taylor series expansion of sin, we get 
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Notice that the function 


is not defined at z) = 0, and is analytic in all other points. But the power 
series “automatically” defines F(z) at zp in such a way that F(z) and its 
derivative f are analytic in the entire complex plane. Therefore the radius of 
convergence for the series obtained is oo. 


3.d) Solution. Using partial fractions we may rewrite f(z) as 


z 1 1 1 dl 
2 24+2° 


Now we use the geometric series to expand each term in powers of (z — 1). 


Co 


1 1 ag 
g-0  13G=1) 1=C=) BG " 
1 1 1 1 1 z-1\" 
—— act + = 1)” . 
z+2  34+(z-1) 3 14+ 3 DU ( 3 ) 


Putting these two parts together we get 


n=0 n=0 
i fs n 
=i (SB 1) 1", 
n=0 
Since f is analytic everywhere except z = +2, the closest singularity to the 


center of the expansion is at z = 2, and the radius of convergence is therefore 
|2—1|=1. 


4. Hint. Use Cauchy inequality for derivatives (5.28) to prove that f(™(0) =0 
forn=k+1,k4+2,... Then apply (6.20) with zp = 0. 


( 
Section 6.5 

2. a) Hint. Use the Taylor series for sin about z) = 0; answer: n; b) 2n. 

5. Hint. a) Consider D = {|z| < 1} and f(z) = z. 


b) Apply Theorem 6.29 to the function g(z) = Tel which is analytic in D. 
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Section 6.7 


1. Solution. 1. Make the change of variable w = z — 3, or z =w+3. Then 


z—-2 — wtl _ 
Cle) wean 2 


2. Break the new fraction up into the sum of simpler ones: 


wtl A, B _ AWw+4)+ Bw 
(wt4w iw wt4 (wt+4w ’ 


so that w+1= A(w+4)+ Bw. 


Then when w is 0 and —4, we get A = + and B= 3 respectively. So, 


ict, at 
Be Bw a we 
3. The function g(z) has singularities at w = 0 and w = —4. Therefore it 


is analytic on the annuli 
Vi={w:0<|w) <4} and Ve={w:4< |u| < oo}. 
We will find the Laurent expansion on each of them. For this we will have to 


expand the fractio 
xpan r eed 


into a series in powers of w, using the geometric 
series formula (9.54 
In the case of Vi, we shift a factor of 4 in the denominator: 


A. 3 1 
4 wt+4 4-4 14% 
3 ww? nw” = (1S: 
=2 (1 (ore er ey a ee w”, 


n=0 


Ww 


setting z = ¥ in (9.54). Series (9.54) converges when |z| < 1; so, the obtained 
series converges when |w| < 4. Thus, for w € Vj, 


1, Me (Shs le 
gw) =F-5+ Ga 


n=0 


When |w| > 4 this series diverges, so we rewrite 


1 
q in a slightly different 
way, shifting a factor of w: 


a Sr 
4 w+4  4w 14+ 4° 
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Now if |w| > 4 then |4| < 1, so we substitute z= 4 in (9.54): 


1 4 4? 4” 
ae ae 1 -++4+ (—-1)” bo.. 
4 wt+4 4w ww w” 
4 .4n-i 
_ 3 3 | 3 sant 13 
4w ow? w wrt 
3 0S SAAN Be oe oe erie ae 
~ Aw | DI ) etl roe as oe. geen"? 
n=1 k=—2 


where we have changed the index of summation to k = —n — 1, so that 
n= —k-—1 and (-1)" = (-1)-*"! = (-1)**!. Now we have, when w € Va, 


—oCo 


1 3 
a 1k ae k+l k 
g(w) = tpt Di a aera pe 1) qeraY 
= k=—2 


4. To return to the original variable z, we substitute w = z—3. The desired 
expansions of the function f(z) are then 


fa=5 — =. i (e- 3)", 0<|z-3) <4: 
1 — > (=1)'43 
1 irra as S- ( ao (z—3)*, 4<|z-3) < om. 
k=-2 


Had we been asked to find the Laurent expansion only on the punctured 
neighborhood of a singularity (for example z) = 3), then we would have needed 
to carry out this procedure only for the smaller of the annuli (in this case Vj). 


2.d) Solution. Using partial fractions, we rewrite f(z) as 


z+1 -1 2 
(zg-1)(z-3) 2-1 2-3 


There will be two Laurent series expansions, one for 0 < |z — 3] < 2, and one 
for |z—3] > 2. For the first annulus we use the geometric series to expand the 
first fraction on the right in powers of (z — 3): 


1 1 1 1 ire z—-3\" 
— — ‘i => 1)” 
z-1 24+(2-3) 2 1443 3 ) ( 2 ) 


This series converges when |z—3]| < 2. Therefore on the annulus 0 < |z—3] < 2, 
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For the other annulus |z — 3| > 2, we rework the geometric series so that 
it converges there: 


os: | 1 
z-1l (z-3)+2 2z 3914+ 4 
1 < 2\" _ <— 1 
= ul) = P20 , 
rary a ) (5) 2 ) (z —3)rtt 


Therefore when |z — 3] > 2, 


2 = tae 1 3 < oe 1 
fz) = gt ae @aamts ga5 12 (z—3)n+1° 


n=0 


3. Hint. Use the same idea as in the proof of the first part of Theorem 6.36. 


Ct 
Section 7.1 


1. Solution. 1. Making the change of variable w = z+ 2, so that z = w — 2, 
we get 


f(z) = (z js Dy eel er?) = weer 2)/w = weet 2/¥ = ewze2/”, 


2. Using the known expansion of the function e* from formula (6.27), and 
replacing z with —2, we get 


: 1 DO Se ne: > ont ee 

2-2/0 _ 25 : iN y sc ee SS = sees 

or ices 4 7! ( =) 7 » niwn-2 ys (K+ 2)lw* 
n= n= k=-2 


+90 kok+2 
nent) 5 : ae eee ee 
= ew eee CE") ) 


where we have changed the index of summation to k =n — 2, orn =k+2. 
Since the power series for e* converges for all z in C, the series we have 
obtained converges whenever |z| = | — 2| < 00, ie. for all w 4 0. 
3. To return the original variable, we substitute w = z+2 to get the desired 
expansion of f(z): 


+20 (_)kgkt+2¢ 
f(z) = e(z + 2)? — 2e(z + 2) + 2¢ 4 > em 
k=1 


zt2y-*, 24-2. 


The regular part of the expansion is the sum 


e(z +2)? — 2e(z + 2) + 2e, 
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while the principal part is the series 
zi saad 


The DE (z+2)-*. 


Because the principal part has infinitely many coefficients distinct from zero, 
the point z) = —2 is an essential singularity. 


2. a) Solution. We can either make the change of variable w = z — 2, or 
directly represent the fraction as 


so that : 
f(z) = ee=. 
The Taylor series expansion of e* is valid for all z € C, so we may replace z 


by 7 to get a Laurent series valid when z F 2: 


Lif Se) Se “e2” 1 
fe)=e 5 (5) ee nl @—-2y a ml (z—2)r° 
0 n=0 n=1 


Here the regular part equals e, and the principal part makes up the rest of the 
series. Because the principal part has infinitely many terms, the singularity 
at zo = 2 is essential. 


2.d) Solution. Using partial fractions we rewrite f(z) as 


2z 1 1 


Fz) = (z +i)(z -1) ~ 2-4 ! zeta 


Now we rewrite the second fraction on the right as a geometric series: 


1 1 1 1 (lee n(z-t\” 
Se ea 
zti M+(z-i) W@W 14+54 2 2i 


n=0 


This gives us 


f(i= : +S> any (z-i)" 0<|2-a) <2 
- aan reer : 
n=0 
The first fraction on the right is the principal part, and the series on the right 
is the regular part. Because the principal part has only finitely many terms, 
the singularity at z9 = 7 is a pole, in this case of first order. 


3. Solution. We expand the numerator and denominator in Taylor series in 
powers of z. For this we use the power series for cos from (6.29): 


ys 4 2n as 2n 


cosz =1 at ueia DP eat Gar z€C. (9.55) 


n=0 
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From this we get the equality 


2 A 2n 1 2 
costa 2 FH g(a ee ae (S4F-...), 
nN): 


and this series converges in the entire complex plane. 
To expand the denominator e* — 1 — z3, we use the expansion of e* in 
formula (9.52), replacing z with z°, and subtract 1+ 2°: 


3)2 3)3 1 3 
Ais nga ake oD 2) teonet(S4F4...). 


2! 3! 2 3! 


This series, like that in (9.52), converges for all z € C. Therefore 


cosz—1+4 2? 2(b+9--.) 1 
f(z) = ae = mi (Lesa) = sa hl), 
where rane 
Du PAY = 
a re see 


The function h is the ratio of functions f,; and f2, both of which are analytic 
in C, and f2(0) = $ 40. Therefore h(z) is also analytic in some neighborhood 
of the point 29 = 0, and h(0) =140. As f(z) = 4h(z), by Corollary 7.5 the 
point z) = 0 is a pole of order N = 4. 


4.a) Solution. Using the Taylor series for the exponential and cosine func- 
tions, we have 


Qe _ (22)? | 22)? |, 22)” 
e* =1+4+2z4 5 + ae te ear ee 
aA 2 oA \; yan 
si ae SRLS oan 
Therefore 
2 3 n 
e —] 22 + 22) @2) +... 4 Ge) faces 
f(z) = 32 zw ; ne : 
cosz— 1+ 4 ar eee tT) Gny 7 
| ey a ee a | 
ier Waa nent = ghz), 
i 4! tate (=) (QQnji T° - 


where hf is a function which is analytic near z) = 0, and nonzero there. There- 
fore, the function f has a pole of order 3 at zp = 0. 
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5. Hint. Show that 


ow) =1(2) _ (1+ w?)(L+3w)? 


w (1 — w)w3 


Then show that G(w) has a pole of order 3 at wo = 0. 


6. Solution. Finite singular points are z,; = 0, and also the points at which 

27+9 = 0, namely z2 = 3i and z3 = —3i. Therefore the singularity at infinity is 

also isolated because its neighborhood |z| > 3 contains no other singularities. 
Consider the point z; = 0. Define a sequence {z/,}, n =1,2,... by 


1 
2, = — «OF = =7TM. 
n 


Then f(zj,) =0 for all n. Define another sequence {z/’}, n = 1,2,... by 


ji 2 1 T 
i= or = + 27n, 
nr 7 +4rn ge 2 


so that sin ch = 1 for all n. It is easy to see that as n — ov, both z/, > 0 and 


zy, + 0 as n— oo. At the same time, the limits 


. ; 1 1 
Jim, f(z.) =0 and jim. fe) = jim, (292 +9) ~ g2? 


take different values. Therefore the function f(z) does not have a limit as 
z— 0, and so z; = 0 is an essential singularity. 
To investigate the points z2 and z3, we factor the denominator. Since 


27 +9 = (z— 3i)(z + 33), 


we have a 
sin = 
IQ) = Coat BP 
For z2 = 32, we will rewrite this as 
h(z) sin 4 
—— So h h = —— 
Tea age Ne PS ae 


Because the function hf is analytic in a neighborhood of 37, and 


Bias cl 
sin = 
3% 0 


h(3i) = 


by Corollary 7.5 the point z2 = 3% is a pole of second order. Analogously, we 
can show that the point z3 = —37 is also a pole of second order. 

There remains to consider the point z4 = co. There are two possible meth- 
ods here: either switch to the variable w = + and examine the singularity 
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wo = 0 of the function G(w) = f(4+) (see Example 7.12), or directly calculate 
the limit of f(z) as z > co (or show it does not exist). In this case the second 
method is easier, since the limit is easy to calculate. For, as z > ov, + > 0 
and so sin + - 0; and clearly (z* + 9)? — 00. So we have 

li afi SUE 

ae oe Ee Gage 

Since f(z) has a finite limit as z — oo, then z4 = oo is a removable singularity 
(that the limit is 0 is unimportant, what matters is only that it is finite). If 
we set f(co) =0, then f will be analytic at z4 = oo. 


7.b) Hint and answer. The function 


fi(z) = cos os 


has an essential singularity at z = 1, and is analytic elsewhere in C. The 
function 


1 
f(z) _ (2? + 1)(z? +4) 
has simple poles at z = +7,+27, and is analytic elsewhere. Therefore their 


product f(z) = fi(z)fo(z) has those five singularities and is analytic else- 
where. 


(Mie 
Section 7.2 


1. Solution. This function has three singularities, z} = —1, z2 = 22, and 
z3 = —2i. From Corollary 7.5 it is easy to see that z, is a pole of second order, 
and zg and 23 are poles of first order. 

At z2 = 2% we use the formula (7.15): 


; (z — 2i)z4 
if=1 =32 =] : 
resai f Hae DF) oii (z — 2t)(z + 2i)(z + 1)? 
- (2i)4 7 16 — 4 _ A(-4 + 33) 
~ (264-21)(26+1)?  44(-3 +44) 4-38 (a 
Analogously, 
. (z + 2i)24 
_if= 1 
tesa SM ee + we FIP 
(—2i)4 16 4 —4(4 + 3) 


~ (-2i — 24)(-21+.1)2 —4i(-3 — 47) 4 4. 3 25 
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To calculate the residue at the point z; = —1, we use the formula (7.18) with 
n= 2: 


resa f = lim ((2 — a)? f(2))': 


very. (_@+UPet \'_ ft)! 
(e- Cyy'yeay = (GE) =(45) 
_ 473(z244)— 24-22 223(22 +8) 


(22 +42 ~ (22 44)2’ 
_ 223(27 +8) —-2-9 18 
eo 2 (eae 


2. Answer. res; f = 1. Hint. The Laurent expansion of f was obtained in 
Section 7.1, problem 2 d). 


3. a) Answer and hint. reso f = 2e —see Section 7.1, problem 2 a). 


3. d) Answer and hint. res_2 f = -* —see Section 7.1, problem 1. 


3. e), f) Hint. Apply Theorem 7.17, formula (7.16). 


A. Solution. Let us check that the singularity zo = oo is isolated, which means 
that there is some neighborhood of 00 —the exterior of some circle |z| = R—in 
which there are no other singularities beside zo = oo. The function f has only 
one finite singularity, at z, = 0. Therefore the exterior of any circle |z| = R, 
for example, |z| = 1, has no singularities beside zy) = co. 

We can find the desired value res, f in either of two ways. 


1. Using formula (7.25). Here 


) _1 (: Jere (1+ 2w)e-” — h(w) 


1 
+2 
w w2 \w we w 


gw) = r( 


w2 


where h(w) = (1+ 2w)e~”. Since the function h is analytic in the neigh- 
borhood of wo = 0, and h(0) 4 0, according to Corollary 7.5 the point 
wo is a pole of order three. We can now find the value of reso g using the 
formula (7.19) with n = 3: 


h'"(0). 
2)? 
h'(w) = 2e~” — (1+ 2w)e~” = (1— 2w)e~”; 
h'(w) = —2e-” — (1— 2w)e"” = (-3 4 2w)e”; 
(340) 3 


Teso g = y => 2° 


TeSo g = 


3 
Then according to formula (7.25), res. f = —reso g = 5 
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2. Using formula (7.22). To find the coefficient c_; we make the change of 
variable w = 4, and substitute z = 4 into f(z): 


euiay (=) - (- +2) e, 


Now we find the coefficient of w! in the Laurent expansion of G(w) in 
powers of w; this will also be the coefficient c_, of z~! in the Laurent 
expansion of f(z) in powers of z. To obtain the expansion of G, we will 
use formula (6.27), replacing z with —w: 


1 aoe 2 
Cw) = (2 +2) (1+ -w) + ) 
1 
S255 1 Qw+— +w? oS — + 1 ee ee 
w 2 w 2 


where the remaining terms contain powers of w greater than or equal to 


two. So the coefficient of w! is c_; = —3. 


Then by formula (7.22), res f = —c_1 = 3. 
Of course, both methods give the same result! 


5. a) Solution. Introducing w = 4 we have 
1 1 . 1 we we 
(=) = (< +3) sinw = (= +3) (u-F4o-...) 


The coefficient of w! is c_; = 3, and by formula (7.22), res,, f = —c_1 = —3. 


ee 
Section 7.3 


1. Solution. The path of integration is the 
circle centered at z = 7 with radius 2. We 
denote this by T —see Fig. 109. 

Denote the integrand by f(z): 


ACERS CE SY. 

This function has three singularities, z; = 
—1, z = 2i, and z3 = —22, plotted in 
Fig. 109; of these, z, and z2 lie within the 
contour, and 23 is outside it. 


Fig. 109 
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The residues of the function f at these two interior points were found in 
problem 1, Section 7.2: 


4(—4 + 33 18 
lL 3B I res_} f = -— 


TeS9; f = 25 . 
Using the Residue Theorem 7.15 and formula (7.13) 


n 


[fe dz = 2niS” ress, f, 
rT 


k=1 


we find the desired value of the integral: 


Pa ((A(—443i) 18 An . 


|z—t|=2 


2.c) Solution. The integrand 


2) = 
P() (z? — 9)(z — 1) 
has simple poles at z = +3,7. Of these, —3 lies outside of the path, while 3 
and 7 lie in the interior. Therefore we can sum the residues at these latter two 
points to calculate the integral: 


. 1 i. 
eed a = oa ag 

81 27(3+4) 81+ 278, 
ress f= Im(e— 3) f(2)= ge = 2.9 20 


1 81+27% —27 + 791 
f(z) dz xi( it 50 ) 7—7 
jz-1|=3 


2.d) Solution. The integrand 


8 


f@) = Taaap 


has two second order poles at 1 and —1. Both of these singularities lie in 
the interior of the path of integration. We can either find these residues di- 
rectly, or only calculate one residue at infinity and apply Theorem 7.24. Using 
Property 7.25, we get 


1 1 1 w 8 1 
a= rel (=) ~ we (w-2 — 1)? - w8(1 — w?)? ° 


The Laurent expansion of g(w) at 0 contains only even powers of w. Hence, 
the coefficient of w! is equal to 0. Thus, the integral equals 0. 
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2.e) Solution. The integrand 


z 


f(2) = 22(z — in) 

has a simple pole at iz and a second order pole at 0. Both of these singularities 
lie in the interior of the path of integration. We can only calculate one residue 
at infinity, but in this case it’s easier to find the residues at 0 and iz directly. 


: i ei™ 1 
TeSin f — jim (2 a im) f(z) _ (in)? = me 

DP eae A Ope ; 22—-in-—i1 im—1 1 1 
ci ae it a3 FE F(z) = sae (z—in)?  (-in)2— sr? ¥ 7 


3. Solution. We make a change of variable, setting z = e’*. Then 
dz = ei dt = zi dt, 


and so 


As t goes from 0 to 27, the point z = e” describes the circle |z| = 1. Writing 
the integral in terms of the new variable z we get 


27 
1 i 

dt = d 
lean / 2(5— Vaz (2—4)) 
0 |z|=1 

f 2 
= dz. 
=/212 +1012 44/21 


|z|=1 


This integral can be evaluated with the help of residues. First we find the 
singularities of the function 
2 


a —J212? + 10iz + V21’ 


by setting the denominator to zero: 


V212? + 10iz + V21 = 0. 
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Solving the quadratic equation gives us 


—107+ (108)? a 4(—/21) 21 54 24 


ee 2(—/21) ~ an 
3i Ti 
so that z] = —= and z2 = ——. 
V21 V21 


Of these two points, only z, lies inside the circle |z| = 1, since |z2| = Si > 
1. Since f(z) can be written as 


f(z) 


~ 36 7i_\’ 
-—vV21 (z +) (- +) 
both singularities are simple poles. 
Now we find the residue at z; using formula (9.57): 


34 
; 2 (2 — Si) 
res, f= lim - - 
29 oe —V/21 (2 4) (2 i) 
i 2 2 1 
= 1m ; = z — ae 
z+ Se _,/91 (2- 5) 7i—3t 21 


Finally, from the Residue Theorem 7.15, we get 


1 
f(z) dz = 2ri- res,, f = ants. =T. 
i 


|2|=1 
So the original integral evaluates to 7. 


4.b) Solution. As we saw in Section 7.3.2, when z = e“, 


5 ( *) dz 
cost==(z+-], dt=—. 
2 z 


IZ 


Therefore the integral is equivalent to 


1 1 1 2 
i 3 7 -—dz= / : Sap dz. 
s(@+s)+5 tz a 3274+10z24+3 
|z|=1 


|z|=1 
Using the quadratic formula to get the roots of the denominator, 


—10+ 100 — 36 —10+8 1 


21,2 = => = 3. 


6 6 3° 
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These points are simple poles of the integrand, and 3 is within the unit 


circle, while —3 is without. Therefore, denoting the integrand by f(z), 


1 2 1 i. 2 i 
; = li i li : =. = —: 
res_1 f Sera) less 248 7 140 st 


1 / 2 4 oni 1 T 
z= Oni- — =~. 
i 322 +10z24+3 di 2 


|z|=1 


5. Solution. As in Theorem 7.30, we will consider the closed contour consisting 
of the segment [—R, R] on the real axis, and the half circle y(R) of radius R 
in the upper half-plane (Fig. 110). 


We introduce the function 
| 
(22 + 6z + 13)(z2 + 16)’ 


f(z) = 


obtained by replacing the real vari- 
able x with the complex one z. We 
will show that 


Roo 


lim / f(z) dz=0, (9.56) fh 
(R) 


Fig. 110 


i.e. that the second condition of Theorem 7.30 is satisfied. In fact, 


f(2) ars > 
PC- eis). 2 Gees 2424) 
1 2 
=—zh(z), where h(z) = - 


(pet a) ee) 


Since h(z) > 1 as z > ov, for all sufficiently large values of z we will have 
|h(z)| < 2. Therefore 
_ |h(z)l 2 
lf(z)| _ |z|? < |z|2° 


Applying (5.9) with M = 2/|z|? and @ = 7 R, for sufficiently large R we obtain 
the estimate 


Taking the limit as R - oo, we get (9.56). 

Now we can apply Theorem 7.30, which says that the desired real integral 
is equal to the sum of the residues of the function f at its singularities in the 
upper half-plane, multipled by 277. In our case the singularities will be points 
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at. which the denominator becomes zero: either where z? + 6z + 13 = 0, ie. 
zo = —3+2i, or 27 +16 =0, ie. 23.4 = +47. Of these, only z1 = —3 + 27 
and z3 = 4% lie in the upper half-plane. Since 


ZA 
(z+3— 2t)(z+3 +4 2%)(z — 44) (z + 44)’ 


f(z) = 


by Corollary 7.5 each singularity is a first order pole. The residues at z; and 
zg can easily be found using either formula (7.17), or formula (7.15): 


res,, f = jim (2 — zo) f(z). (9.57) 


For comparison we will do it in both ways. 
First we apply formula (7.17). We put f(z) in the form 


24 hi(z) 


fe) = Gea 2434+ +I) 243-2 


where J 
z—4 


h = : 
1) = C34. 416) 
Because hy; is analytic at the point z; = —3 + 2i and hi(—3 + 2%) 4 0, by 
formula (7.17) we have 


TES_ 342% f= hi(- 3+ 21) 
4 3+ 21)? -—4 — 1-12 — 11-16 
4i((—3 + 24)2 +16) 124(7 44) 12-134 
Next we use formula (9.57): 
— 2i)(27 4 
TeS_3493 f = lim e ae Oe ) 


24-3421 (z + 3 — 2i)(z +3 + 27)(z? + 16) 
22-4 
m ; 
2-4-3+2i (z + 3 + 2i)(z? + 16) 
(-3+2%)?-4 — 11-16: 
4i((—3 + 24)2 +16) 12-137 


Note that the numerical computation is essentially the same for both meth- 
ods; the choice is a matter of taste. Our taste is for formula (9.57), so we use 
it to calculate the residue at z3 = 42: 


(z — 4i)(z? — 4) 


res4; f = lim 
z 


4i (2? + 6z + 13)(z — 4t)(z + 41) 
= lim ee 
z4i (2? + 62 + 13)(z + 42) 
(43)? —4 a 1+ 8% 


~ ((4i)? £24 + 13)8i -Gi(—1 +. 84) «6 - 134 
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So finally 
/ —_- dx = 2ri( . f +resai f) 
(x? + 6x + 13)(x? + 16) E = AT TES_ 342% res4j 


11-—16¢ 148 1 T 
257 = it te ie 
(Te +) sa ee 


6. Hint. Consider the closed contour I consisting of the segment [—R, R] on 
the real axis, and the half circle y(R) of radius R in the upper half-plane 
(Fig. 110). Prove that 


[ro dz = in, |r dx = 0. 
-R 


T 


7.c) Solution. The function 


z+a4 
f(z) = 2 2 
(22 + 9) 
has second order poles at z = +37. Since this is a rational function whose 


denominator has degree 2 higher than the numerator, we may use Remark 7.32 
to justify applying Theorem 7.30, and calculate the improper real integral by 
using the residues of f in the upper half-plane. 


Li. ot ag _ d 244 
res3i f = 5, lim 77 ((z — 3t)" f(z)) = Jim, delet an? 
sim 22238)? =? $4)-Ae+3i) _ -36+10 13 
 z3i (z + 3i)4 (67) 108” 
Vg 13 
[ie dz = 2ri tina > BA 


7.d) Hint. Apply Jordan’s lemma as in Example 7.34. 
8. Hint. 1. Note that 


lee) co . 
tz 
sin x e€ 
dx =Im | — dz. 
x x 
) 0 


2. For positive numbers R and ¢, 0 < € < R, consider the closed contour 
IT consisting of the segments 7, = [—R, —e], y2 = |e, R] on the real axis, and 
the half circles y(¢), y(R) of radii ¢, R respectively in the upper half-plane. 
Prove that 


[Ga=o, lim i] a lim, [de =~ 
z R-00 z e>0 z 
Pp (FR) 


y(e) 
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To prove the last equality, note that ae = ++.a(z), where a(z) is analytic in 
C. Since the contour y(¢) is traversed clockwise, f[ +dz=—in 


y(e) 
Conclude that 


[o.e) 
sin © sin x sin x T 
dx = dx > dx = as €>0, Row. 
x x L 2 
0 


71 2 


Another method for calculating this integral is given in Example 9.22. 


| 
Section 7.4 
1. Hint. Use the same arguments as in the proof of Lemma 7.41. 


2. Hint. Use the result of problem 1 with g = 0. As U, choose any neighborhood 
of zo such that | f(z) — wol| < pu. 


3. Hint. Let D’ be the image of D under the mapping f(z). 

To prove that D’ is connected, fix any two points w 1, wa € D’. Let z, and 
zq be some preimages of w; and wg, respectively. Since D is connected, there 
is a continuous curve z(t) in D connecting 21; and z2. Then f(z(t)) will be a 
continuous curve in D’ connecting w; and w2. Hence, D’ is connected. 

To prove that D’ is open, use the result of problem 1. 


(Mie 
Section 8.1 


1. (a) f e ) = logz, where the branch of the logarithm is such that —} < 
arg z < 22; the principal branch is appropriate as well. 

(b) flz = log(z + 1) — log(z — 1) + iz, where the branch of the logarithm 
the same as in (a). 


jaa f VERS ae -d(, B=0 


(iii) Integrate over the path a of two intervals and a small semi- 
circle centered at 0 (Fig. 74), and get hi = Ain = = Ana. Then integrate 
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over the path consisting of the interval (1, |x|) and a big semicircle T of radius 
|x| (Fig. 74). 

The imaginary part of the integral over (1,|2|) is zero. When |a| — oo, the 
ratio /¢ + a?//¢ — 1 approaches 1 uniformly. Since f, z dG = in, we have 
hg = An. Therefore, A = hog/z. From the equalities hj = Ara = hga, we get 
a= hy/hg.) 


6. (i) f(z) = (v2 Z 
Arg(z— 1) + Arg(z +1). 


Section 8.2 


A. (i) f(z) = #2 Log(z+ Vz? +1), where arg(z? +1) = arg(z—i) + Arg(z+4), 
and —3" < arg(z—i) < 3; (ii) V(iy) oH O<y<l. 


~ af 1—y? 


ee 
Section 8.3 


2. (i) Equipotentials: r = Cie7*?/N | streamlines: r = CyeN¢/", where z = 
re’? and C1, C2 are positive constants. 

(ii) The streamlines spiral into the origin clockwise if N and « have the 
same sign, and counterclockwise if the signs are opposite. 


4. Hint. Use the same operations with curves as in the proof of Theorem 5.8. 


6. Hint. There is a solution based on conformal mappings. But here we sketch 
a very elementary direct method which requires only routine, if rather cum- 
bersome, computations. 

(i) Assuming for a moment that the image of 7; under the mapping ¢(z) 
is an arc of a circle passing through +a, find R and H from the triangle with 
vertices 1H, 0, and a —Fig. 91. 

(ii) Parametrize y, by the equality z = ih + re’?’, —m < y < 7, and prove 
that 


Qh? — r? 2 r? ir+ he? 
Dh Dh ih bre’ © 


ip 


w = o(ih+re'”) =4 
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(iii) Prove that 


ir + he’? 


—_______e’ 
th + re’? 


ie. 
=1 for all y, and Im (Fs -) > 0. 
th+ re? 


Notice that ¢(4a) = +a and o(ih +r) = th. 
7. Hint. (i) Prove that $(z1) = $(z2), 21 # 22 if and only if z1z2 = a”. Use 
the same method as in the proof of (4.35). 

(ii) The relations 21 € G., z2 € G; are equivalent to the inequalities 
|z1 — ih| > r and |z2 — ih| < r respectively. Square the inequalities and 
consider the expression |z — ih|? — r?. For z = x + iy, we have 


|z —éh|? —r? = 2? + (y—h)? —r? 
= @¢ +y? —2Qhy +h? —r? = |2? — 2hImz— a? 


(see the triangle O(ih)a in Fig. 90). Therefore, z1 € G. or zo € Gj if and 
only if |z|? — 2h Im z —a? is positive or negative correspondingly. Suppose that 


(21) = O(22), 21 # 2g. Then zg = a, Im z2 = “ie Im z;, and we have 
4 2 
|za|* — 2h Im 22 — a? = 3 P + 2h P Im 2 — a? 
1 1 
2 


—|aP 


Hence the expression |z|? — 2h Im z—a? for z = z, and for z = zg has opposite 
signs. Therefore, z1, 22 are in different sets G., Gj. 


8. Let A- be the exterior of A. Since A is the image of 7, for every z ¢ 1 we 
have ¢(z) € Ae. On the other hand, let w be any point in A,. The equation 
¢(z) = w is equivalent to the quadratic equation z? — 2zw + a? = 0 for z, 
which has two different solutions 21, 22. Since $(21) = ¢(z2) = w, the points 
z, and z lie on opposite sides of y;—see problem 7. Therefore, each point 
w € A, has a unique preimage in A, and in Aj, as desired. 


Section 8.4 


1. f(z) =V2z/h, E=—-iV/h. 
2. Hint. The complex potential w = f(z) maps D onto the strip 0 < Inw < V 
in such a way that the lower and upper plates of the condenser go to the lower 
and upper boundaries of the strip, respectively. The function 
2-1 
i 

z+l1 


W=- 
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(see problem 13 in Section 4.1, formula (9.50) with h = 1) maps D onto 
the upper half-plane, moreover the upper semi-circle (where the potential 
equals V) goes to the positive real semi-axis. Next apply the mapping w = 
iV — ¥ Log wi. 

Answer. f(z) = iV — ¥ Log (i maa 
3. Hint: revise the arguments in (8.29)—(8.31). 


4. f(z) =T -i2=2(z- ia), u(z,y) =T1+ B=™|Y- a). 

6. Hint. The complex potential f(z) maps D onto the strip —T < Rew < T, 
where D is the complement of two rays as in Example 8.16. Map this strip 
onto the strip —7 < Imw, < 7 by the function w; = i=w. In the same way 


as in Example 8.16, we get 


h/. 
2= 7a) = 2 (etrelt 4 >): —-T < Rew <T. 


The diagram for the isotherms and streamlines is the same as shown in Fig. 95: 
the solid lines are isotherms, and the dotted lines are heat streamlines. 


Ee 
Section 9.1 

1. Answers. a) oo = 3; c) conditions (2) and (3) are not satisfied; d) oo = 0; 
f) condition (3) is not satisfied. 


2. a) Hint and answer. We apply (9.3) for the intervals [0,3) and [3,4); ac- 
cording to our convention, we write 1 instead of h(t): 


f(t) = [1 — A(t — 3)](3t — 1) + [h(t — 3) — h(t — 4)](t + 2) 
= 3t—1+ h(t —3)(3 — 2t) — h(t — 4)(t +2). 


10 10 
x x 
3. a) Hint. Write the integrand in the form ——e~*, and prove that —- < M 
e € 


for some constant M/. 


1+e -™? 
4.c) A . F(p) = ——_. 
e) Answer. F(p) Pal 


Section 9.2 


1. Solution. Let fi(t), fo(t), fs(t) be the “pieces” of f(t) on the intervals 
(0,1), [1,2), and [0,3) respectively. Then fi (¢) is a “piece” of the function 
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f(t) =t, fo(t) isa “piece” of f(t) = 1, and f3(t) is a “piece” of f(t) = 3 —-t. 

Applying (9.3) we have 
( 


f(t) = (1 — A(t — D]et [A(e— 1) — A(t — 2)] 1+ [A(t — 2) — A(t —3)](3-2) 
=t—A(t—1)(¢— 1) —A(t—2)(t — 2) + A(t — 3)(t — 3). 


Now we apply the time delay theorem (Theorem 9.11) and the linearity of the 
Laplace transform. For all four terms we use (9.16) with f(t—7) =t—rT. So, 
f(t) =t, and according to formula (9.27) with n = 1, F(p) = ae We get 


{OS <8? =e" 4 ee) 
Pp 
We could also have obtained this result by directly applying the definition 
of the Laplace transform to the original function f(t). In that case we would 
have to break the integral into three separate pieces. This is rather more 
cumbersome than the method used above. 


a) Solution. We write f(t) in the form 
f(t) = 3t —14 h(t — 3)(3 — 2t) — A(t — 4)(t + 2) 


— see the answer to problem 2 in Section 9.1. According to formulas 1 and 9 


of the table, 
oe = ca a 
Pp Pp 
To find the Laplace transform of other terms we apply Theorem 9.11 and the 
linearity of the Laplace transform. 
Consider the term h(t — 3)(3 — 2t) and use formula (9.16). Here f(t—7) = 
A(t — 3)(8 — 2t) and r = 3. As in Example 9.12, to find f(t) we introduce a 
new variable x =¢t— 3. Then t = 2+3, and 


f(x) =3-2(@+3) = —-2x -3. 


We may re-denote the variable and write f(t) = —2t — 3. Hence, F(p) = 
— 4, — 3) and therefore 
pep 
h(t — 3)(3 — 2t) # (G+ =). 
Analogously we consider the last term h(t — 4)(t 


+2). es x=t—A4, 
t=a+4, and f(z) =2+6. Hence, F(p )=art +5, an 


hea 3) = a(S + a 


Combining all these results, we obtain the Laplace transform of the original 
function; we denote this transform by F'(p): 


> Wf 2 3 1 6 
F(p) = mal + ) oo ). 
(P) pp pO Pp p> p 
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3. a) Answer. 


f(t) =A(t—1)(t — 1) — 2h(t — 2)(t — 2) + A(t — 3)(t — 3); 


1 
Piss s— t+ = Se? — 2c? + €*P). 


3.e) Answer. 


f(t) = [L—At— DJ — 2) + [AW 2) — A(t -3)] (2); 
BG) == 4: 
Pp Pp 


P e-2P —e-3P se 3P 
+ 


e 
p p 


6. a) Hint and answer. Apply (9.29) with F(s) = 4, — 4. 


2t | 
e Ey Pp 


R 2: 
t pe 2’ ep > 
6.b) Hint and answer. Apply (9.29) with F(s) = +— rere 
1- tel, p+? 
CNM eee EW” a eG. 


t 2 pe” 


Note that here we cannot set p = 0 unlike Example 9.22. This was to be 
expected because the integral {5° 4-984 dt diverges. 


7. Solution. We break F(p) up into factors for which the original functions 
are known: 


1 l : 
F(p) = ((p + 2)? + 32)2 = (p + 2)? + 3? ; (p+ 2)? + 32° 


From formula 7 of the table, with a = —2 and w = 8, we see that 


3 1 1 
hence = 


—2t-; 
. 3t. 
(p+ 2)2 +3? (a) ee a 


et sin3t S& 


According to the convolution Theorem 9.25 (formula 25 in the table), the 
product of the transforms corresponds to the convolution of the original func- 
tions. Therefore 
1 1 
F(p) = : 
() (p+2)?+3? (p+2)? +3? 
t 


1 1 
= fgem sin 37 - —e~2—7) gin 3(t — 7) dr. 
3 3 
0 


Solutions, Hints, and Answers to Selected Problems 359 


We first move the constant factor ge 7 out from the integral sign, and then 
use of the formula 


sinasin 8 = 5 (cos(a B) — cos(a + £)). 


We get 
‘ t 
F(p) > co [ow 37 - sin(3t — 37) dr 
0 
i t 
= aac [costor — 3t) — cos 3t) dr 
0 
1 i t t 
= ao (; sin(6r — 3t) f T cos 3t ) 
1 1 1 1 1 
— ino (; sin 3t 4 r sin 3t Leos: a ae (; sin 3t tcos3t) ‘ 
So 


1 1 
F(p) > f(t) = Ta € sin 3t tcos3t) . 


This result is easy to check by finding the Laplace transform of f. In fact, 
using formulas 7 and 12 from the table, 


esinae = aes and tcos3t % aoe 
(p+ 2)? + 3? (ees) 


Then applying formula 19 of the table to the latter, we see that 


(p + 2)? — 3? 


—2t L 
t cos 3t F 
e€ cos 3 (p +2)? +322 


Lastly, using the linearity of the Laplace transform, we have 


1 1 
f(t) = ss ee iat a! cos 3t 


18-3 
a a 3 1 (p+2)?-9 
18-3(p+2)2+9 18((p+2)24+9)? 
we oe een ee doe) ae) 18 
~ 18 ((p+ 2)? +9)? ~ 18 ((p +2)? +9)? 
1 1 


((p+2)2+9)2  (p2+4p+ 13)2’ 


which agrees with the original transform F'(p). 
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8.b) Answer. 


t 1 
f(t) = 5 cos 2t + 1 sin 2t. 


9. Solution. First the hard way, using the convolution formula 25 in the table. 
We rewrite the transform as 
Pp 1 4 P 
(p2 + 16)2 =A, p? + 4? pe + 42° 


Letting 


4 Pp 
F(p) = =—3 d G(p) = ——~ 
(p) pera (p) Pak 


we see that the given transform is iF G. Moreover, we can get the original 
functions f and g from formulas 3 and 4 in the table: 


f(t) =sin4t and g(t) =cos4t. 


By the convolution formula, the original function for F'G is f * g: 
t 
fxg= [sw Ar cos(4t — 47) dr. 
0 


Using the trig identity 


sina cos 3 = 5 (sin(a + 8) +sin(a — £)), 


we get 


y t t 


1 
f*eg= [iocinat + sin(87 — 4t)) dr =Tsin4t] — 3 cos(8r — 4t) 


0 
0 0 


1 1 
= tsin 4t — g cos dt + g cos tt = tsin 4t. 


Therefore the desired original function is 
1 1 ¢ t 
Now we find the original function using formula 11 from the table. We 
rewrite the given transform as 


p _ 1 2p-4 
(P+ 162 8 (+R 


and see that we can apply the formula with w = 4 to get 


1 
—-tsin4t 
3 sin 


for the desired function. 


Solutions, Hints, and Answers to Selected Problems 361 


Section 9.3 


1. Solution. A. Method of partial fraction decomposition. 

(i) First we break F'\(p) down into a sum of partial fractions. Since the 
equation p? + 4p +5 =0 has no real roots, the partial fraction decomposition 
takes the form 

2p+1 A Mp 
(p+1)(p?+4p+5) pl! p?+4p+5 


(It would be possible to factor p? + 4p +5 into (p—pi)(p—p2) using complex 
p, and pz, but that is less convenient.) Combining the fractions on the right 
over a common denominator, and then setting the numerators of the left and 
right sides of the equation equal, we get 


2p +1= A(p? +4p+5)+(Mp+N)(p+1). 
From this we see that 
when p=-—1 then —1=A-2 and A=~—5; 
when p=O then 1=5A+WN and N=; 
and 0-p?=(A+M)p*, so 0=A+M and M=3. 


Thus 
2p+1 it eS 


(p+ 1)(p? + 4p + 5) 2p+1 p?+4p45 


(ii) For each of these fractions we find the corresponding inverse transform, 
using the table. From formula 2, with a = —1, we see that 


1 
——_ det, 
ptl 
In the other fraction we complete the square to get 


p?+4p+5=p*4+4p4+44+1=(p+2)? +1, 


and so 
B+ _ 3(B+2-2)4+5 — Z(pt243 
p?+4p+5 (p+ 2)?4+1 (p+2)?+1 
1 pt2 oe 1 
~ 2(p+2)2+1 ° 2(p+2)2 +1 


From formulas 8 and 7 from the table we see that 


+2 1 
: 2 et cost and 


ee 
Sp ERS ee eT ae ee sin t. 
(p+2)?+1 (p+2)2+1 
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(iii) Using the linearity of the Laplace transform, we now obtain the orig- 
inal function f(t) those transform is F(p). Since 


ie i. pes 5 1 


F(p) = ! ! 
@) =~ aos 2(+2P 41 | 242) 41 


we have l 1 5 
fi) = Be + ae cost + ie sin t. 


B. Method using residues. 

(i) We find the zeros of the denominator of F'(p), which will be the poles 
of the function. Solving the equation p? + 4p + 5 = 0, we get 
—44 2% —4—21 

iM “= 2+, pps SS = 2-4. 
To determine the orders of the poles we factor the denominator into linear 
terms: 


Pi= 


p?+4p+5 = (p+2—i)\(p+2+4); 


7 2pt+1 
F(p) = (p+1)\(p+2—i)(p+2+i%) 


From this it follows that F has three singularities, 


P= —1, p2= —2+ 1, and P3 = —2— i, 


and each is a simple pole. 
(ii) We find the residues of the function F'(p)e?" at each of the poles, using 
formula (7.15) (we could also use formula (7.17)): 


+ 1)(2p + 1)e”" 

-1(F(p)e”’) = 1 is 

res_1(F(p)e"") = Jim, (ptiI(p+2—-)pt2+4 

= lim (2p + Ler sy sate 
pe-i(pt2—-Qp+2+H G-AI+H 2 ' 
+2 —i)(2p + 1)e”t 

ae i(F pt) — ] ui 

res_24i(F(p)e”’) Rarer (p+1)(p+2—i)(p+2+%) 

(34 2ie-2H (1 — Biel-BHE 


(-1 + 1)2i 4 
2p + 1)e”" 
| Pe (2p 
res_9_;(F'(p)e ) re (p -+ 1)(p + 2— i) 
(-3-2i)e-?2-9! (1 + Biel“? 


(—1 — i)(—21) 4 
(iii) By Theorem 9.29, 
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In our case, 


_ _O=BijeO9!E | (14 Biel“? 
My=—5e "4 4 4 


This is equivalent to the function we found using the first method. Indeed, 


ci 1 F . 
fij= eG aoe — Bie + (1+ 52)e—*) 

Email apy Pca a it weit ,—it 
=e ic (e* +e Bi(e — e~*)) 
af: at ty 1 —2t sey ae 
= 3° ry (2cost — 57- 2isint) 

1 1 5 
= mage + so cost + el sint. 


2.e) Solution. We use partial fractions to rewrite the transform in the form 


2p+3 A. « Beta 


@=D@ +4) p= pea 


We get 
2p+3=A(p* +4) + (p— 1)(Bp+C), 


and when p = 1 we see that A = 1. 

Since there is no p* term on the left, we see that A + B = 0, and so B = ~—1. 
When p = 0, we have 3 = 4—C, so that C = 1. 

Thus 


2p+3 1 ,-pt+i_ 1,1 p 
pet+4  p—-1 pt+4 p?4+4' 


(ple 4 7 p= 1 


Applying formulas 2, 3, and 4 from the table, the latter two with w = 2, we 
get the original function 


1 
f@=e'+ 5 sin 2t — cos 2t. 


Now we use the method of residues, denoting the given transform by F'(p) 
and setting G(p) = e?'F(p). Calculating the residues, we see that G has 
singularities at p = 1 and +27, which are all simple poles. 


2p+3 ef -5 

—ij — = li a. : 

res; G = lim (p 1)G(p) Bae op +4 5 
: et (44 + 3) at (1? 

res2i G = Jim (p — 28)G(p) = @-n4a) ~ ( . 
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The calculation for the residue at —27 is the same as the previous one, except 
all values are replaced by their conjugates, so 


TeS_9; G= —e7 tt € = x) : 


By the residue theorem for Laplace transforms, Theorem 9.29, we get 


f(t) = et e2tt € i) e7 2tt € _ i) 


; . Ai; ie ; 1 
=e (et — 9?) 5 (e%? 4 et) — et 4 5 sin 2t — cos 2t. 


3. Solution. (i) We will transform the original equation relating the functions 
y = y(t) and f(t) = e! to an equation relating their transforms Y = Y (p) and 
F = F(p). To do this we will use Theorem 9.17 about Laplace transform of 
derivatives, as well as the table of Laplace transforms. From formula 21 in the 
table, we get that 


y" & py — py(0) — y'(0) =p’ +p, 
from formula 20 we get 
y! & pY — (0) =pY +1, 
and formula 2 gives us 
ie es 
pat 


Therefore the transformed version of the original differential equation is 


1 
pY +pt+pY +1-2Y = 


1 

2 
+p—2)Y +p+1= —. 
oat or (p' +p ) Pp p—1 


(ii) This last equation is a linear algebraic equation in the unknown Y. 
Rearranging it in the form 


1 l—p?+p—p+l1  —p?+2 
Pp 1= = 
p-1 p-1 p-1 


(p? +p 2)Y a ’ 
we get 
. —p? +2 
(p—1)(p? + p— 2) 

(iii) Now we wish to recover the function y(t) from its Laplace transform 
Y(p). That will be the solution to the original differential equation. 

The equation p? + p — 2 = 0 has the roots 1 and —2, so p? + p— 2 factors 
into (p— 1)(p+ 2), and 


—p?+2 


Y= @-1"@+2) 
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To find the desired function y(t) we may employ any of our now familiar 
methods (see problem 1 in this section). For example, using partial fractions, 
we have 


—p*+2 A B (si 


(p—1°(p+2) p-1 (p-1P p+? 
_ A(p—1)(p+ 2) + Bip +2) + C(p— 1)? 
(p — 1)?(p + 2) 


from which we get 


—p? +2 = A(p—1)(p+ 2) + B(p+ 2) + C(p— 1)”. 


Therefore 
when p=1 then 1=3B and B=; 
when p=—2 then —2=9C and C=-32; 
and —p?=(A+C)p? so -1=A+C and A =-2. 


Thus 
fab 1 1 2 1 


9p—-1 3(p—-1)2?) 9p+2 
Using formula 2 from the table, and formula 10 with a = 1 and n = 1, we get 


7 2 1 
y(t) = e’ + —te! e 7 or y(t) = ge ar zte’. 


4.e) Solution. Taking the transform of the given differential equation we 
get 

1 P 
Dil: epee 


p’Y (p) — py(0) — y'(0) — 9Y (p) = 


and substituting the initial conditions gives 


ioe 
2 
Y —2-9Y(p) = : 
pY (p) + 8p 9Y (p) Pri 
Solving algebraically for Y, 
ee 
2—9)Y = 42— 
(p" — 9) Pair 3p, 
1—p 2— 3p 


(p? + 1)(p? — 9) + Po 


Now using partial fractions we have 


1l-p 2=3p Apr BR CN-. Dp 
(p? + 1)(p2-9) © p?-9- p? +1 * p—3¢ p+3’ 
1 1 6 19 
BAP Bae SE pa 
10’ 10’ 5” 10 
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Applying formulas 2—4 from the table, we obtain the desired solution: 


1 1 6 19 
y(t) = 7p cost ip Sint oo Tai 


5.a) Hint and answer. First, we find the inverse of 


(p” + 6) 
(p? + 4)(p? — 3p + 2) 


Fi(p) = 


It was done in Examples 9.28 and 9.30—see (9.41): 


Goats £8 iiss 
) = 2t 2t. 
fA) re + 1° + 50 cos 50 sin 


Secondary, we replace t by t — 7 and multiply the obtained function by 
h(t — 1). We get 


20 


7 5 3 1 

F(p) = h(t n)| ge" oo + 39 £08 2(t — 7) sin 2(t a) 
7 
5 


5 3 1 
et je + 39 cos 2t — 0 sin 2| . 


8.b) Sketch of solution. (i) Write f(t) in the form 
f(t) =sint — h(t — 7) sint. 
(ii) Find the Laplace transform of f(t): 


1 e™P 
i 


pe+1 : peti 


fos 


Note that the sign before h(t — 7) sint changes when we apply formula 18 of 
the table with f(t — 7) = sint, so that f(t) = sin(t+ 7) = —sint. 
(iii) Take the Laplace transform of the given equation and find Y: 


1 e ™P 
2 
Y -O-1 3(pY —0)+2Y = f 
1 1 e ™P 


Y= } T és 
p?—3p+2  (p*+1)(p?-3p+2)  (p? +1)(p? — 3p 4 2) 


(iv) Find the inverse Laplace transform of Y which is the desired solution 
y(t) of the initial value problem. We may consider the sum of first two fractions 
as one case. But we will need the inverse transform of the second fraction for 
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the third one. Therefore we consider all three fractions separately. Using any 
of two methods (partial fractions or residues), we get 


1 dt, ot 
ape CF Thies 
1 ©. is ee, 8 
t4 t 
(+ 1(p?—3pt2)° 2° (5° 10" 0” 
e 7™P yd 1 1 
h(t t-1 2(t—7) 
+e —sp+a) OM] 9e "+58 


10 cos(t — 7) 4 10 sin(t n)| 


Adding the obtained functions and simplifying the last two terms, we have 


3 6 3 1 
t)= t 2t : 
y(t) xe + ge + 10 cost 0 sint 
1 1 3 1 
+ h(t | Be cee 70 °°? - Gp sint| 


Z Ze + Se%4 S cost+ Fsint, O<t<n, 
—3(8+e e+ F(64+e°7*)e*, t> 7. 


9.b) (i) Sketch of solution. The transform of the given differential equation 
is 
p’Y —2p+1—6(pY — 2) +9Y = F(p). 


Solving for Y, we get 
2p — 13 F(p) 2p 18 Fp) 


— + => T . 
PHO Eo pi bp Pe. pH 8 (ps? 
The inverse transforms of the obtained rational functions are 
2p—13 4 3t 3t 
2 7te’’ = t 
1 a 3t 
a aaa: 
(p — 3)? ) 


Applying formula (9.45) we have 


t 
y(t) = 2e7* — Tte** + [roe — r)e3-7) dr, 
0 


(ii) If f(t) = 5, then 


37 
y(t) = 2e** — 7te** 4 io 7a r)ertt-7) dr. 
0 
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The integral equals 


d 
e wai it 
0 0 
3t t 
= te® tan! ¢— © In(7*7 +1)} =e*(ttan7't — 4 In(t? + 1). 
0 
So, 
y(t) = 2e* — 7te* + e*(ttan7' t — 4 n(t? + 1)). 
9. c) 


(i) Answer. y(t) = cos3t + if, f (7) sin 3(t — 7) dr. 
(ii) Hint. To evaluate the integral use the trig identity (9.34). 
9. d) 


Answer. (i) y(t) = is f(r)e2-7) sin(t—7) dr. (ii) y(t) 
10. Answer. y(t) = ec + $e* tan7* 


e?*(1—cost). 
t 
oe 
11. Sketch of solution. The transform of the given differential equation is 


pY —yo + aY = F(p), 


F 
so Y = 0 4 Fe) 
pta 


pta 
The inverse transform is 


t t 
y(t) = ye +/ f(r)e" 8-7) dr = yoe"@ + ee | f(r)e* dr. 
0 0 
12. a) 


Solution. We denote by X and Y the Laplace transforms of the 
unknown functions x = x(t) and y = y(t). Using the linearity of the transform, 


and formulas 20 and 1 from the table, we move to the transformed system 
fae (-1)=X+3¥ +2, 


or LPT 
py 2a X=V ks, 


We solve this system of algebraic equations in X and Y. For this, we solve 
for X in the second equation and substitute the result into the first: 


1 
VGA as 5, 


Then we simplify and solve for Y, 


1 2p* — 2p +1 2p? —2p+1 
2 
pt — AY = 42p-2= r= 
( ) p Pp p(p? — 4) 
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and then solve for X, 


7 i} — (pt+1)Qp?-2p+1) 1 

pr a p p(p? — 4) p 
_ (p+1)(2p* = 2p +1) — (1+ 2p)(p? — 4) _ —p? + 7pt5 
p(p? — 4) pp 4) 


The reader may find it easier to apply Cramer’s rule—see the next example. 
Now we must find the functions x and y corresponding to these transforms 
X and Y. There are two methods available, both of which require about the 
same amount of work. To remind the reader of both methods, we will find x 
using partial fractions, and y using residues. 
Breaking X down with partial fractions, we get 
—p?+7p+5 A B C 


plp—2)(p+2) p  p-2 p+2 
A(p — 2)(p + 2) + Bp(p + 2) + Cp(p — 2) 
p(p — 2)(p + 2) 


and 
—p* + 7p+5 = A(p— 2)(p +2) + Bo(p + 2) + Cr(p — 2). 
When p=0 then 5=-—4A and A=-3; 
when p=2 then —44+144+5=8-2-4 and B=, 
when p=-—2 then 4—14+5=C(-2)(—4) and C=-%. 


Therefore 
5 1 15 1 13 1 


4 p' 8 p-2 8 p+2 


From formulas 1 and 2 of the table, and using linearity, we find x(t): 


xX = 


5 15 13 
x(t) = n 3 oad 3 et, 


Now we find y(t) using the residue formula (9.42) 
y(t) = S- res,, (Y (p)e”). 
k 
The function 
(2p7-2p+1)eP* (2p? — 2p + 1)eP# 


OS Gey = =a aD) 


has singularities at the points 0, 2, and —2, each of which is a simple pole. 
We find the residues at these points with the formula 


resp, (Y(p)e?") = lim (p — pe)(¥ (p)e”" 


P—Pk 
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(formula (7.15); formula (7.17) could also be used). We have 


 p(2p?-2pt+ le" (2p? — 2p + 1)e”* 1 
reso(Y (p)e”") = lim = lim = ; 
DO) Tg GEN, = pe OED) : 
_ (2p? 2p+ le" _ 5 
eso(Y(p)e?") = 1 ( See 
reso(Y (p)e”") aE p(p +2) 8 
ea (ap = apa Ler 18. 
ere ne we _ Bea 
res_o(Y¥ (p)e”") p>-2 p(p—2) s° 
Consequently, 
1 5 2t 13 —2t 
ei Re pa 
y(t) =-5 + se + Me 


12. f) Sketch of solution. Transforming the given system of differential 
equations we get 

pX —2=3X +Y, (p—3)X —Y =2, 

pY -0=-5X -3Y +2, 5X +(p+3)¥ = 2. 


To remind the reader of Cramer’s rule, we apply it to this system. From the 
coefficients at X and Y we compose the determinant 


= 


_ |P ais a = 725 
a=| : pes = (p—3)\(p+3)+5=p? —4. 
Replacing the first and second columns of this determinant with the column 
from the right-hand sides of the equations, we obtain the determinants Ax 


and Ay respectively: 


a 2 .p?+3p+1 
Ax = =I+6+-=2 
Pals i e Pp Dp 
—3 2| 2 p-6 4p +3 
dy =| eres ipso 
D Pp p 


Now we find X and Y by Cramer’s formulas: 


Ax _ oP + 3p+l, 


A p(p? — 4) ’ 

Ay 4p +3 
Yae n9 

A p(p? — 4) 


Possibly this method requires less computations than the substitution method 
we applied in the previous example. 
Using partial fractions we may write X and Y as 


X=2 11 1 1 ie 1 
a 4 p 8 p+t2 8 p-2/)’ 


3 1 5 1 11 1 
YS=2 . . + . : 
4 p 8 p+2 8 p-2 
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Finally, using formulas 1, 2, and 3 from the table, we obtain the solution 


— Ll Lig , 1 2s 
a(t) = 5 ae + re? 
ae ae ee 

UW ge ae 


Taylor & Francis 
Taylor & Francis Group 
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Appendix 


Proof of the Cauchy-Goursat Theorem 
Our goal is to prove the following theorem. 


Theorem (Cauchy-Goursat theorem). Let f(z) be an analytic function on 
the simply-connected domain D. Then for any piecewise smooth closed path T 


lying within D, 
[#@ dz =0. 
Tr 


If T intersects itself, we can split it into parts forming closed Jordan curves. 
Thus, it’s sufficient to prove the theorem for such curves, and we may assume 
that I does not intersect itself. We split the proof into several stages. 


Lemma 1 (Nested squares). Suppose that Q1,Q2,... is a sequence of closed 
squares in the complex plane with sides parallel to the coordinate axis and such 
that Qi > Q2D... Then the intersection ()7—_, Qn is not empty, that is there 
is a point belonging to all these squares.” 


Proof. Let [an,bn] and [cn,dn] be the projections of Q, onto the x- and 
the y- coordinate axis, respectively. Let us prove first that the intersection 
lan, bn] of the intervals is not empty.? Obviously, a, < by for every k 
and n (in particular, a, < b,). Hence, the sequence {a;} is bounded from 
above. Since ay < az41, the sequence {a;} is non-decreasing. Hence, there is 
a finite limit a of az as k > oo, anda < by, for every n. Therefore, a, <a < by, 
that is a belongs to every interval [ay, by]. 

In the same way we can show that there is a c which belongs to every 
interval [c,, dn]. Hence, (a,c) € (\7, Qn, and the lemma is proved. 


Let G be a closed domain consisting of I and its interior G. Obviously, 
f(z) is analytic at every point of G. We split the complex plane into closed 
squares Ky, with side-length @; = + and with sides parallel to the coordinate 
axes. Denote by S1,, the intersection of a square Ky, with G containing at 


In fact a stronger assertion is valid: every nested sequence of nonempty closed sets has 
nonempty intersection. 

3This is the so-called Nested Intervals Theorem. But the proof is short, and we give it 
here. 
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least two points. Every 5, is a closed set, which is either a square or a subset 
of a square (perhaps not even connected). We will call $1; a set of generation 
one. Note that, because I’ and its interior are finite, there are only finitely 
many sets 5} ,,. 

Now we divide each square Ky, into four equal closed sub-squares K2 , 
with side-length @2 = i. The intersections of Kk, with G containing at least 
two points we denote by S2,,, and call them the sets of generation two. If 
Si,% is a complete square, it has four children, that is the sets of generation 
two contained in S;,. If S;,, is an incomplete square, the number of children 
may be less then four. Dividing the squares Kj, onto four equal parts and 
intersecting these smaller squares with G, we get sets $3, of generation three, 
and so on. Again, for each m there are only finitely many Sip,x. 

Given ¢ > 0, we say that a set Sm % is €-good, or just good, if there is a 
point 2m,~ in Sm, such that 


f(@) = f@m.x) 


ae 2m,k 


Piltad) <eé (A.1) 


for every z € Sink, 2 A %m,x- If a set is not good, it is called bad. If S,,, 
is bad, then for every point Zm,_ € Sm,k there is z € Sm,, such that the left 
hand side in (A.1) is greater than or equals to «. 


Lemma 2. For every €« > 0, there exists M > 0 such that all generations 
starting with the M-th one, consist only of €-good sets Sin. 


Proof. Suppose that Lemma 2 is incorrect, that is, for some € > 0 there are 
infinitely many generations containing bad sets. Hence, the amount of bad 
sets is also infinite. Since the number of sets 5}; is finite, there is a set among 
these sets which has infinitely many bad descendants (that is bad subsets 
Sim,k). We denote such a set 51, by B, (if there are several such sets S44, 
we choose any of them). Let Q, be the corresponding square Ky, containing 
S14. The set By, has at most four children S2,. Hence at least one of them 
has infinitely many bad descendants. We select one such set 52, and denote 
it and the corresponding square Ky, by Bz and Qg, respectively. Continuing 
in this way, we get an infinite sequence of nested closed sets B,,, having 
infinitely many bad descendants, and a sequence of nested closed squares Qm. 
By Lemma 1 there is a point z which belongs to all sets Qm. 

We prove that z also belongs to all sets B,,. Fix n. Since side-lengths of 
squares Q,, tend to 0 as m — oo, for every 6 > 0 there is a square Q,, with 
m > n, contained in the é-neighborhood of zo. Since By, C Qm and By, C Bn, 
the 6-neighborhood of zg contains points of B,. Thus, every neighborhood of 
z contains points of B,. Since B,, is closed, z € B, (otherwise z is a 
boundary point of B, not contained in B,, and we come to a contradiction). 

Since z € G, the function f(z) is differentiable at zo, that is there exists 


the limit 
jim £2) —f(0) 


ZZ Zz — 20 


= f' (2). (A.2) 
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Again, fix 6 > O and consider the square Q,, containing in the 6- 
neighborhood of zo. Since Q», is bad and z € B,, there is a point z in 
Bm such that z 4 zp and 


F(z) = (20) 


Zz — £0 


— f'(z)| =e. (A.3) 


Therefore, there is ¢ > 0 such that for every 6 > 0 the inequality (A.3) holds 
for some z with 0 < |z — 2o| < 6. This means that 


jam £62) —f(0) 


ZZ Zz — Zo 


= f' (20); 


which contradicts (A.2). This contradiction arises from the assumption that 
there are infinitely many generations containing bad sets. Hence, this assump- 
tion is wrong, and Lemma 2 is proved. 


Proof of the Cauchy-Goursat Theorem. Fix « > 0. According to Lemma 2, 
there is a generation consisting only of good sets S,,,, that is for every set 
Sink there is a point 2m,~ € Sm, Satisfying (A.1). To simplify notations, we 
denote these sets Sm, and points zm, by S, and zz, respectively, because 
the index m is fixed now. 
In Fig. 111 we see the boundary TI 
eee es of the domain G, oriented counter- 
a - 0 ee - clockwise, together with the union of 
(Pa th } i i] \ n smaller paths T, (1 < k < n), 
| = = a ee \ which are boundaries of the sets Sz. 
jh ty Teath Te t+ Tet Notice that the boundaries Py of in- 
M = = = = = { complete squares 5; may consists of 
yoy , ne ily Af if several closed contours. We will show 


Vee ee Oa ee ee jl that the integral along I is equal to 
a il. ye Nig _ / that along U;_, Ie, or equivalently 
Nel NV 2 
Fig. 111 > [4 az = [ f(2) dz. (AA) 
k=lp,, Tr 


Note that each of the interior edges is integrated over twice, once in each 
orientation; therefore the integrals over these edges are cancelled. Hence, the 
only remaining contribution to the sum on the left is the integrals over the 
outer edges, which combine to form I’. Thus, we get (A.4). 


Let 
fle) f@n) — f'(ze), 2 # 203 
pr(z) = i 
0, Z= 2%. 


(A.5) 


Since lim,_,2, Gx (z) = f’ (zn) — f’ (ze) = 0, the functions y,(z) are continuous 
in G. According to (A.1), 


lye(z)l<e, 2€ Se. (A.6) 
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By (A.5) we have the equality 
f(z) = flee) + f’ (ze) (2 — 24) + Ye (z)(z — 2x). 


Obviously, the functions 1 and z — z, have continuous derivatives. According 
to the “weak” version of the Cauchy-Goursat Theorem which was proved in 
Section 5.2 under the additional assumption about continuity of f’(z) (see 
Theorem 5.7), 


| ldz=0, | (z — zy) dz =0. 
Te Th 


These equalities are also valid when S; is not connected. In this case T', 
consists of several closed contours. Notice that these integrals can be evaluated 
directly, without Theorem 5.7. The first equality follows from Example 5.2, 
because for a closed contour a = b. One can obtain the second equality in the 
similar way. Therefore, 


f(e)dz = f(x) | de ts’) | 


Te Ty, Tr 


- | euew de: 


k 


(z — 2%) dz +f pr(z)(z — ZR) dz 


Te 


(A.7) 
Property 5.6 and (A.7) imply the inequality 


f(z) dz 
Ts 


< I lee (2)|- Lz — ze] le" at. 


Points z and zz are in S;, and S; belongs to a square K;, of side-length @ = @,,; 
hence, |z — z%| < V2¢. Using (A.6), for each k we have 


<evie | |2'(O| at 


Te 


(z) dz 


Tx 
The last integral represents the length of [',. Notice that [, consists of line 
segments which are parts of the boundary of the square Ky, and of the parts 
of the contour I which are inside Ky, and which also form a part of [,.The 
total length of the line segments does not exceed 4¢; the length of 1M Ky, we 
denote by L;,. Thus, 


(z) dz| < eV/20(40 + Ly) < eV2(40 + Ly), 


Tx 


since € < 4 < 1. Notice that @? is the area of the square K;,, and the sum of 
these areas does not exceed the total area of the squares Ky, intersecting G. 
This area is a fixed number independent of ¢ which we denote by A. The sum 
of Ly is the length of T which we denote by L. Therefore, (A.4) implies the 
estimate 


[s@ dz 25 [#@ dz| < eV2(4A +L). 
kip, 
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Since € > 0 can be arbitrarily small, the value of the original integral must be 
zero. 


Notice that these arguments work for multiply connected domains as well. 
In this case I is a union of several Jordan piece-wise smooth contours. There- 
fore, we have proved Theorem 5.8 as well. 


Inversion theorem for the Laplace transform 


Suppose that F(p) is the Laplace transform of some function and F(p) is 
analytic in a half-plane Rep > oo. We assume that F'(p) — 0 as |p| > oo 
in any half-plane Rep > o > oo. Let f(t) be the function defined by the 
equality (9.11). We will give an informal argument explaining why the Laplace 
transform of this function f(t) is the given function F(p). Note that we don’t 
prove the uniqueness of the function those Laplace transform is F'(p). 

Fix p; such that Rep; > ao, and choose o € (a9, Rep). Then 


love) foe) at+ioo 


ferro dt = Zu e Pit i, e?' F(p) dp| dt. 


27 
0 0 o—t00 
Now we change the order of integration in the last double integral. We will 
not justify the legality of this operation! For this reason, our argument is not 
rigorous. We get 


aot+tico oo ao+too lore) 
1 1 
— / femerFo) dt dp = —_ 7 F(p) jee dt dp. 
271 271 
a-—tco 0 a—t00° 0 


Since Rep, > 0, 


|e(P—P)t| = e(7-Repi)t_»Q as t— 00. 
Hence, 
pore dt = lim | e@-?)t dt = lim e(P—Pi)t} ! : 
ae yoo Pp — pi 0 p-Pi 
Therefore, 


Co 


a+too a—100 
1 F 1 F 
ferro dt = : | (p) dp = | (p) dp. 
2rt J p-pi 21 p-Ppi 


0 a—100 at+itoo 
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Notice that in the last integral we are going 
A through the vertical interval from top to bot- 
( R) _— tom. _ 
¥( R) Let [pz be a closed contour consisting of the 
vertical interval with endpoints 


o0+il(R) and o—il(R), 


_ 
R where I(R) = VR? — o?, and the are 
y(R) = {p: |p] = R, Rep 2 o}; 
—1(R)-- 
see Fig. 112. Let Mr be the maximal value of 
Fig. 112 |F(p)| for p € y(R). By assumption, Mr > 0 
as R — oo. 
Hence, 
F M 
(») dp| < _R _i¢@R+) as Roo. 
P—-P1 R—|pi| 
(R) 
We have 
o—il(R 
F F F F 
OY dns / Di / PD gy a pineies (p) 
P— Pi P—Pi P-Pi P— Pi 
4(R) o+il(R) TR 
because the function fel has singularity only at p; inside 'z. This point is 
either a removable singularity or a pole. Hence, resp, oe } = F(p,). Passing 


to the limit as R > oo we get 


o—il(R) 


PF PF ao—ico 
lim i Fp) dp+ lim / EAs dp = 0+ / Ftp) dp = 27iF (p,). 
P- Pi 


R-0o Pp — Pi R-0oo Pp = P1 
y(R) o+il(R) atioo 


Finally we obtain the desired equality: 


a—100 


Zz l F(p) 1 
pit t= dp = Wik = : 
Je f(t) d ari pa (p1) = F(p1), Repi > 90 
0 


Thus, the Laplace transform of f(t) is indeed the given function Fp). 
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Taylor series, 135 
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uniform convergence, 120 
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